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Abstract. Let.A; be a uniform algebra with a Choquet boundary Ch.Aj, j = 1, 2. In this paper we prove that
if ¢ : exp A; — exp Ay is a surjection and satisfies the equality
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for any f, g € exp .Aj, then ¢ is of the form
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for any f € exp.A;, where « is a continuous function from Ch.A; into {1, —1}, ¢ is a homeomorphism from Ch.A;
onto Ch Ay and K is a clopen subset of Ch.Aj;.

1. Introduction

The study of isometries between Banach spaces has a long history dating back to the
1930’s. The most fundamental and classical result is the Banach-Stone theorem describing
the form of the linear isometries between the Banach spaces of all complex-valued contin-
uous functions on compact Hausdorff spaces. We refer to [1] for an excellent comprehen-
sive treatment of that research area. The celebrated Mazur-Ulam theorem has the same vine,
which states that any surjective isometry between normed real-linear spaces is automatically
an affine transformation followed by a translation.

Metric-like norm conditions for transformations between subsets of semisimple commu-
tative Banach algebras have recently been studied extensively in the literature. The main rea-
son is that, in many cases, such conditions are strongly encoding that the transformations can
be extended to linear and multiplicative maps between the algebras under the consideration.
Hence, such properties can be used to characterize algebra isomorphisms. As a reference, we
mention the recent survey article [3]. Miura, Honma and Shindo discovered the following
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theorem (a simple case of Theorem 3.1 in [6]); let .A; be a uniform algebra with a Choquet
boundary ChA;, j =1,2.If ¢ : exp A} — exp A3 is a surjection such that the equality
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holds for any f, g € exp.Ai, then there exist a clopen subset K of Ch.A; and a homeomor-
phism ¢ : Ch Ay — Ch.A;j such that

o)) f(e(y)) for y e K,
oD fle(y) for ye ChA\ K

for any f € exp .A;. If the equality (1) holds for any f, g € exp A1, then we get the equality
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for any f, g € exp.A;. Surjective maps satisfying the above equation were studied by Hatori,
Hirasawa, Miura and Molndr; they proved that such unital maps are group isomorphisms
(Theorem 4.3 in [2]). The purpose of this paper is to refine the result by describing the form
of such maps.

¢(NHy) = (@)

’

.

THEOREM 1. Let A; be a uniform algebra with a Choquet boundary ChA;, j = 1,2.
If ¢ : exp A1 — exp Ay is a surjection and satisfies the condition

¢(f) ¢ (g) B f '
ma"{@‘lﬂm’ m”Hm}—m"{Hg 1Hoo’ 7 1HJ ©

for any f, g € expAj, then there exist a continuous function k : ChAy; — {1,—1}, a
homeomorphism ¢ : Ch Ay — ChA; and a clopen subset K of Ch Ay such that

P fle) Y for y e K,
= " 4
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forany f € exp Aj.
Considering k = —1, we note that the form (4) of ¢ holds the condition (3) and is not

represented by the form (2).

2. Preliminary

In this paper R, R4, C, T are the set of real numbers, the set of non-negative real num-
bers, the set of complex numbers and the 1-torus of complex numbers, respectively. Recall
that a uniform algebra .4 on a compact Hausdorff space X is a closed unital subalgebra of
complex-valued continuous functions on X which separates the points of X. We denote the
exponential group of A by exp A = {¢* € A : u € A}. The Choquet boundary of A is
denoted by ChA.
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Throughout the paper, let /A; be a uniform algebra and d; : exp A; x expA; — Ry a
map defined by
]
f o0

for every pair f, g € exp Aj, j = 1, 2. Note that d; is a metric-like quantity, but not a metric
on exp A; exactly since the triangle inequality is not satisfied for d; as a simple example
shows; d;(1,3) =2 >3/2=14+1/2=4d;(1,2)+d;(2,3). We say thatamap ¢ : exp 4| —
exp A, is a d-preserving map with respect to dy and d> if da(d(f), $(g)) = di(f, g) holds
for every pair f, g € exp Aj.

s-am 51

3. Proof of Theorem 1

We begin with the following proposition.

PROPOSITION 2. Let ¢ : exp A1 — exp Ay be a surjective d-preserving map with
respect to di and d>. Then ¢ is a homeomorphism for the topology induced by the uniform
norm.

PROOF. It is clear that ¢ is an injection, hence it is a bijection. We verify that ¢ is
a norm continuous map. For any f € exp.A; and sequence {f,}°, of exp.A; such that
fan— fasn — oo,
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as n — oo. Therefore ¢ is a norm continuous map. Since ¢! is a d-preserving map with
respect to d> and dj, in a similar way we infer that ¢_1 1S norm-continuous. O

LEMMA 3. Ifx € Tandu,u’ € Cwithu # u, e" = " and " = & then
k=1,-—1.

PROOF. Asu # u' and e" = ¢, there is a non-zero integer n with u — u’ = 2nzwi. In
a similar way, there is an integer m with k (u —u’) = 2mmi. Thusk = 1, —lsincex € T. O

Theorem 1 is proved by applying Proposition 2 and Lemma 3.

PROOF OF THEOREM 1. Putgo(f) = ¢(1)‘1¢(f) forany f € exp A;. Itis clear that
¢o(1) = 1 and ¢y is a surjective d-preserving map with respect to d; and d,. By Theorem 4.3
in [2] and Proposition 2, we have that ¢q is a group isomorphic homeomorphism. For every
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u € Ay, we consider the map
a:Rst+— ¢ole™) cexpA,.

Since ¢ > e’ is a norm continuous one parameter group in 4| and ¢y is a group isomorphic
homeomorphism, the above map « is a norm continuous one parameter group in A. Using
Proposition 6.4.6 in [7], we obtain the generator v € A of «, that is

e’ =¢oe"™), teR.
Defining T'(u) = v, we obtainamap T : A; — Ay which
do(e™) =eTW | teR, ueA.

It is easy to check that 7(0) = 0. We claim that T is a surjection. Considering ¢, in the

place of ¢, we infer that there exists a map S : Ay — A such that ¢ Le!v) = ¢/S® holds
for every t € R and v € Aj. This easily implies that v = 7 (S(v)) holds for every v € Aj;.
Hence T is a surjection.

We claim that 7T is an isometry. For every pair u, up € Aj, we compute

1 1
—di (e, ") = — max{[le’ 17 — 1|5, [le" 274D — 1|0}

It lt]
etlur—u2) _ etlua—u1) _q
S S N

3

! [e¢)

— lur — uzlloo

as t — 0. Similarly, we obtain

1 1
mdl (e, e"?) = mdz(fﬁo(e’”‘), $o(e'?))

_1
ot
= IT (1) — T (u2)lloo

dz(etT(ul), etT(uz))

ast — 0. It follows that for any pair uy, up € A we have |lu; —uz|loo = |7 (1) — T (©2) || 0o-
Thus T is an isometry. As T (0) = 0, the celebrated Mazur-Ulam theorem [4] (c.f [8]) asserts
that T is a surjective real-linear isometry between A; and A;. Applying Theorem 1.1 in [5],
there exist a continuous function ¥ : ChAy; — T, a homeomorphism ¢ : Ch Ay — ChA;
and a clopen subset K of Ch.A; such that

k(Mu(p(y)) for ye K,
k(Mu(p(y)) for ye ChAx\ K

Tu)(y) = {

for any u € A;. We verify that the range of « is contained in {1, —1}. Take y € Ch.A and
u € Aj arbitrarily. We putu’ = u + 27i € A;. We consider the case of y € K. Then it is
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clear that u(p(y)) # u'(¢(y)) and e“®)) = ' @) We have that
e = po(e") = go(e”) = ).
Therefore, we get the equality

KM@ — U @)

Applying Lemma 3, we obtain x(y) = 1, —1. Similarly, we infer that « (y) = 1, —1 in the
case of y € ChAj \ K. Thus the range of « is contained in {1, —1}. Consequently, we deduce
that ¢y is of the form

$0()(¥) = do(e")(y)
=" ()

KW@ for y e K,
eK(y)m for y e ChAx\ K

Fle(y)<®) for ye K,
f(w(y))K(y) for y e ChAy \ K

for every f = e" € exp.A;. It is clear that ¢ is of the form (4) by the definition of ¢9. The
proof is complete. g
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