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Abstract. In this paper we study the interface regularity of the solutions to the differential systems defined
by differential forms (for example, stationary Maxwell systems) on N (> 3)-dimensional Riemannian manifolds.
Our results are natural extensions of the results of Interface regularity of the solutions for the rotation free and the
divergence free systems and Interface vanishing for solutions to Maxwell and Stokes systems.

1. Introduction

We will start by describing previous results. First, let 2 C R? be a bounded domain
with a C?!-Lipschitz boundary. Let M be a hypersurface in R>. Assume that M divides £2
into two domains 24, i.e., 2 = 2, U (2N M) U £2_ (disjoint). Let ' = 'y = 32+ N M,
and let v be the outer unit normal vector field on I'_. I" is called an interface. If M is of C*! s
then v has a C¥=1-1 0 WK-®_extension to §2, which is denoted by the same symbol v. Let B
be an R3-vector valued function on £2. For x € I, set

Bi(x):= lim B(), [Blf=By—B_onTr.

li
243¢&
Let J be an R3-vector valued function on §2-, and let ¥ be a function on §2. The regularity
properties of the solutions to the systems

rotB=J, . rotB =0, .
() in 2+, (2) in 24,
divB =0, divB =1,
have been obtained by T. Kobayashi, T. Suzuki, and K. Watanabe [8] for (1) (Maxwell sys-
tem), and M. Kanou, T. Sato, and K. Watanabe [5] for (2):

THEOREM 1.1 ([8]). Let M C R3 be a C*'-surface, androtJ € L*(2+)3. If B €
H'(2)3 is a solution to (1), then v - B € H?, (£2).
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THEOREM 1.2 ([5]). Let M C R® be a C*'-surface, and v € H' (2+). If B €
H'(82)3 is a solution to (2), then v x B € H? (£2)°.

loc

Here, we will describe a historical background. In [3], Geselowitz studied the problem
for Magnetoencephalography (MEG), which arises in mathematical medicine. We will give a
rigorous explanation for MEG. £2 is a “head”, §2_ is the outside of the head, and I" is the
surface of the head. Let B be a magnetic field, and let J be an electric current. The problem
is: whether we can determine the electric current J by measuring the magnetic field B in £2_
(the outside). For (1), J has a discontinuity across the interface I". (For example, J # 0 on
I',J =0in £2_.) In [9], T. Suzuki, K. Watanabe, and M. Shimogawara investigated some
properties of the solutions to (1) by using the Newton potential. They also studied the inverse
problem, under the assumption that J is a dipole.

When J has a discontinuity across I", we do not expect that B itself gains a one-rank
higher regularity in §2. However, we have a higher regularity property in £2 of the normal
component of B (cf. [6, 8]). Precisely, in [7], T. Kobayashi, T. Suzuki, and K. Watanabe
obtained the same result as Theorem 1.1 by assuming that M is a C?-surface. In [8], they
improved this result and obtained Theorem 1.1 as stated above. In order to prove Theorem
1.1, they used the Green and the Gauss formulas instead of the Newton potential. In [5], M.
Kanou, T. Sato, and K. Watanabe obtained Theorem 1.2 as stated above.

In [6], we studied an extension to the Euclidean space 2 C RV (N = 3). We used
differential forms, 1 or 2-forms and write them as

N
B = ZBidxi (I-form), J = Z Jijdxi Adxj (2-form) .
i=1 1<i<j<N
For 1-forms A = Y Aldx; and B = YN, Bidyx;, an inner product is defined by
(A,B):=YN A'B.
We write 9 B! /0x; as B} The differential operators dy, d1, 8o, 61 on forms are defined
by

N
dof =) fidxi. diB:= Y (B} — B\)dx; ndx;,
i=1

= 1<i<j<N

N N N
80B :=—Y_Bl, 511::—Z<ZJ,”>dx,»,
i=1 i=1 =1

where f is a function, B is a 1-form, and J is a 2-form. Let H™ (D, RK ) be a (RK -vector
valued) Sobolev space of rank m on D which is a domain in RV. Denote the outer unit normal
vector field on I'_ by v. Assume that v has an extension to §2, and that v is identified with a

I-formv = ZZNZI vidx;.
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Consider the following systems:

@ 1MB=7 ol 5 eli(@uRY)
m ) 5 )
508 — 0. + 1 +
diB =0, . 1
&) in 2., veH(Qu).
SoB =1,

BY and B? are defined by
B':=(w,B)v, B':=B-B'.

THEOREM 1.3 ([6]). Let B and J satisfy (3). If B € H'(£2; RN) and [B]T = 0 on
I, then (v, B) € H? (£2) holds.

loc

THEOREM 1.4 ([6]). Let B and  satisfy (4). If B € H'(2; RY) and [B]* = 0 on
I, then B® € H} () holds.

The main purpose of this paper is to generalize Theorems 1.3 and 1.4 to Riemannian
manifolds. That is, we will prove Theorems 2.1 and 2.2. We consider this problem from
mathematical interest.

The remainder of this paper is organized as follows: In §2, we state the terminologies of
Riemannian geometry, and some of the main theorems. In §3, we provide the Green and the
Stokes formulas of L2-type. In §4, we present proofs of the theorems.

2. Riemannian Geometry and Main Theorems

We follow the terminology of [2]. Let (M, g) be a compact orientable C°°-Riemannian
manifold of dimension N. Let TM = Uyey Ty M and APT*M = Uyey AP TIM.

Let X' (M) be the set of smooth vector fields on M, and A” (M) be the set of p-forms on
M. The exterior differential operator d), : A?(M) — APHL(M) (p = 0, 1,2) is defined by,
for X,Y,Z € X(M), as

(dow) (X) :=Xo,
diw)(X,Y) =Xo@¥) —You(X) —o(X,Y]),
() X,Y,Z) =Xw,Z) —Yo(X,Z)+ Zw(X,Y)

forw € AP(M).

V is called a connection if V satisfies the following three properties:
V:XWM)x X(M) > X(M), (X,Y) — VxY andfor f, f1, fr € C°(M)and X,Y,Z €
X(M),

Vax+pyZ = HiVxZ + LVy Z,
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Vx(Y +2) =VxY +VxZ,
Vx(fY) =X()Y + fVxY.
Furthermore, the Levi-Civita connection V satisfies
XY, Z2)) = g(VxY, Z) + g(Y, Vx Z), 2.1
VxY —VyX =[X,Y]. 2.2)

Throughout this paper, V denotes the Levi-Civita connection. The covariant derivative Vo €
APFTL(M) of a p-form w (p = 0, 1, 2) is defined, forw € A?(M) (p =0,1,2)and X, Y, Z €
X (M), by

(Vo)(X) .= (Vxo) = Xw,
(Vo)(X, Y) = (Vyo)(X) :=Yo(X) —o(VyX),
Vo)(X,Y,Z) .= (Vzo)(X,Y) = Zo(X,Y) —w(VzX,Y) —w(X,VzY).

Let {ex}k=1,..,~ be alocally defined orthonormal frame field of T M, i.e., g(e;, ej) = §;;.
And let {§;}1<;j<n be the dual coframe field satisfying ¢; (§;) = §;;. We denote V,; by V;.
The co-derivative §,, (p = 0, 1) is defined as follows:

N N
Gow) = — Y _(Vio)(e), Gro)(X) ==Y (Vio)(e, X).
i=1

i=1

We set g := g(3/dxx, 3/dx;), and (¢¥) = (g)~". The operator t : AL(M) — X (M)
is defined by w(X) = g(w*, X), for all X € X(M). In a local coordinate system, for @ =
vazl ' dx;, we have

oF = gl —.
i=1 j=1 9xi

Furthermore, b denotes the dual operator of f.
We define an inner product (-,-), on /\17 T'M (p = 1,2) as follows: for v =

SN @ldxiandn =N nidx; € T*M,

N
(@, M1 =g, n") =Y glo'n/;
ij=I1
forw=Y_;_jcy@’dx; ndxjandn =Y,y n'dx; ndxj € N TiM,

N
(w,n)2 = Z a)klnmn(gkmgln . glmgkn) )

k,l,m,n=1
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—_ VN =i _ VN =i
Moreover, forw =) ;. @& and n = ) ;_, 7'& we have

(@)1 = g, n*) =Y &',
i

andforo =3, ;v @& NEjandn =37 ;_; y17& AEj we have
~ ki =ki
(w,m)2 = Z W
I<k<I<N

Let D C M be a connected open submanifold. We define an inner product on A” (D)
(p = 1, 2) as follows: for w, n € AP(D),

(@, m)p.p =/D(w(X)J7(X))pdvg(X),

where dvy is the volume element. As w(x) € A\ T¥D for w € AP(D), we use (w, 1)) :=
(w(x), n(x))p for w, n € AP (D) throughout this paper.

Let L2(A1’(D)) be the completion of A” (D), with respect to the norm || - ||, p corre-
sponding to the inner product (-, -) » p.

First, we define the Sobolev space of order m € N U {0}. For a multi-index o =
(1,02, ...,ay) € NU{OHY, we denote e := e}'e)? - - - €. We define

H™(A%(D)) =H™ (D)
=(f e LXD); la| =01 +or+ - +ay =m, e f € LA(D)},

and we define the Sobolev space of order m + o where m € NU {0} and 0 < 0 < 1, as
follows: f € H™9(D) if and only if f is in H™ (D) and satisfies, for || = m,

e () — e FOIP?
/D/D d(x, y)N+20 dvg(x)dvg(y) < 00,

where d(x, y) is the distance between x and y. For A!(D) and A%(D), we define the Sobolev
spaces as

H"F)(AN(D)) = {w € LA(A'(D)): 1 2Vi < N,w(e;) € H" (D)},
H")(AX(D)) = {0 € LX(AX(D)); 1 <Vi <N,1 <Vj <N,
w(ei, ej) € H™ (D)},

For s < 0, we define H*(D) as the dual space of
H,*(D) = {¢ € H*(D); ¢ has a compact support}. For p =0, 1, 2, we set

Hi.p := H(dy; D) := {w € L*(AP(D)); dpw € L*(APT1(D))},
Ha, p := H(Sp; D) := {w € L*(APTH(D)); 8,0 € L*(AP (D))},
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and define norms || - |34, , and || - [, , by
ol , = lollp,p + ldpollp+1,0
ol , == lollp+1.0 + 18p@llp,p -

Let £2 C M be a smooth connected open submanifold, and let H be a smooth subman-
ifold with codimension 1. We assume that H divides §2 into two submanifolds 2. Let
I' =TIy =082+ NH,andletv € X(M) be an outer unit normal vector field on I"_.

DEFINITION.  For B € H'(A(£2)), we set
B":= (", B)v", B'=B—B".
We consider the following system:

diB=1J,

in 20, JeHG, Ry, dJ=0, yecH (2. (23)
SoB =,

We set, for a function f andx € I,

fe = _lim (), [f1f=fy—f-onrl.
+3E—>x

Forany 1 <i < N, [B(e;)]* = 0if and only if [B]* = 0.

We say that B satisfies (2.3) in a submanifold D C M, in the sense of distributions,
if for C € A%(D) = {C € A*(D); C has a compact support} and ¢ € A8(D) = {p €
A%(D); ¢ has a compact support},

(B,61C)1,p =(J,C)2,p and (B,dop)1,p = (¥, ¥)o,p
hold.

THEOREM 2.1. Assume that [1//]J_r = 0 on I', and let B satisfy (2.3) in 2+ in the
sense of distributions. If B € H'(A'(2)), then B satisfies (2.3) in §2 in the sense of distribu-
tions. Moreover, (V’, B); € H? (82) holds, that is, (V*, B)| € H2(§2) for any N-dimension

loc

compact submanifold ' C $2.

THEOREM 2.2. Assume that [J1T = 0 on I', and let B satisfy (2.3) in 24 in the
sense of distributions. If B € HY(AY(£2)), then B satisfies (2.3) in §2 in the sense of distribu-
tions. Moreover, BT € HI%JC(Al(.Q)) holds, that is, B® € H*(A'(2')) for any N-dimension
compact submanifold ' C $2.

REMARK 2.1. We see thatif ¢ € H'(£24) satisfies [¢p]T = O0on I', then ¢ € H'(2).
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3. Preliminaries

In order to prove the Green and the Stokes formulas of L2-type for Hy,p and Ho p, we
will now prepare some lemmas.
We define the divergence of X € X' (£2), div(X), by

N
div(X) =) gler, ViX).
=1

LEMMA 3.1. Let D C $2 be an open submanifold. For X € X(£2), we have

/ div(X)dvg :/ g(X,v)dSg,
D oD

where v is the outer unit normal vector field on 0D and d Sy is the surface element.

PROOF. See[1]. O

The relationship between the Levi-Civita connection V and the exterior differentiation
dj is given by
(diw)(X,Y) = =(Vo)(X,Y) + (Vo) (¥, X) ,
where w € A1(£2), X, Y € X(2).

The following lemma shows relationships between the Riemannian metric and the Levi-
Civita connection.

LEMMA 3.2. (a) g(Vjei,e;) =0.(b) g(Viei,ej) = —g(Viej, e;).
PROOF. (a) From (2.1) and g(e;, e;) = §;;, we obtain
0=cejglei,e;) = g(Vjei,e) + glei, Vie;) =2g(Vjei, e;) .
(b) We have
0=ceig(ei,ej) = g(Viei, ej) + g(ei, Viej),
which shows that g(V;e;, ej) = —g(Vie;, e;). a
We will use a trace operator and an extension operator, defined as follows.

LEMMA 3.3. Let D C M be an open set with C*°-boundary d D (codimension 1).
There exists a bounded operator (trace operator) y : HY D) — HY*@D), such that
y® = @|yp on ID for @ € C*®(D). Moreover, there exists a bounded operator (extension
operator) E : H'/2(dD) — H'(D), such that y E¢ = ¢ for ¢ € C®(dD).

For a proof, see §8 in [10].

Though, the Green and the Stokes formulas of L2-type are well-known, we can not
find the proofs. So, we give proofs of Propositions 3.1 and 3.2. Let D C 2 be an open
submanifold and let v be the outer unit normal vector field on 9 D.



90 MAKOTO KANOU, TOMOHIKO SATO AND KAZUO WATANABE

PROPOSITION 3.1. Forany w € H(8p; D), we have y(w, vb)l € H_1/2(8D). Fur-
thermore, for f € Hl(D),

(0w, F)o.p = (@, dof)1.p — /a v nvfds, 3.1)

holds.

PROOF. When no confusion can arise, we omit y. First, we prove the formula (3.1) for
w e AY(D) and f € C*®(D). Note that

div(o®) = —8p(w) .
We have

N
So(fw) == (Vi fw)(e)

i=1

N
= Z{ei(fa)(ei)) — fo(Vie)}

i=1
N

= =D lei(NHole) + fei(w(en)) — fo(Vie))
i=1

= —(dof, w)1 + foo(w).

Integrating both sides and using Lemma 3.1, we obtain

(00, F)o.p = (@, dof)1.p — /8 Fo(@t s,

— (0. dof)1p — / y (@, )y fdS,
oD

Remark that (3.1) holds for € A(D) and fe HY(D).

Next, we need to prove y (w, V") € H~'Y2(@D) for w € H(So; D). It is sufficient to
prove that faD y(w, v")ldeg is well-defined for any f € HY2(3D). From Lemma 3.3, we
see f = Ef € H'(D). We know that A'(D) is dense in H (8p; D)(= H1,0) with respect to
the norm | - [|3, ,- Therefore, we can find some sequence {wy}x C AV (D), such that

“Cl)k - a)”'HLo - O (k — OO) .

For wy, we see that

/BD (@i, v")1 fdSy = (wr, dof)1.0 — (Sowk, flo.p -

The right hand side converges to (w,dof)1.p — (Sow, f)o.p. Hence, the left hand side
y(w, V)1 is determined as an element of H~1/2(3 D). a
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PROPOSITION 3.2. Forany w € H(dy; D), we have y (V" A w) € H™/2(A%(dD)).
Furthermore, for n € H'(A%(D)),

(dio, )20 = (@, 810} 1. + / (W A @, 1)2dS, (32)
oD

holds.

PROOF. By a similar argument to the proof of Proposition 3.1, we see that it suffices
to prove (3.2) for o € A'(D) and n € A*(D). Letw = o*& and n = n'/& AEj fori < j.
We calculate the inner product between djw and 1. Note that

&) =g(.e).

Fixing i < j, we calculate (djw, n)2,p and (w, 81n)1,p for the cases [I] k = i; [II]
k= j;and [III] k # i, k # j, separately.
[1]. k = i. By Lemma 3.2 (a), we see that

diw(ei, e) = —ejo' — o'&(Vie)) + w'§(Vje)
= —eja)i — a)ig(Viej, e)+ a)ig(Vjei, e;)
=—cj0 — a)ig(Viej, e,
and

N N
S1M(e) ==Y _(Vim(er, &) = — Y _{em(er, ei) = n(Vier, ei) — nler, Vie;)}

=1 =1

=

== e[n7{E (et () — &EienEj(en)}]

=1

N
+ ) 0 (& (VienE;en) — &i(enEj(Vien)

=1

N
+ Y 0 (eng(Vie) — & (VienEj(en)

=1

N
=ein =" > & (Viey) + 0 g (Vie) — £(Vjei)
=1
N
:ejnlj + 77”{ — Zg(V,e,, ej)+g(Viei,ej) — g(Vje;, e,')}
=1
=ejn’ + ,71]{ — Zg(V;el, e;j) + g(Vie;, ej)}.
=1
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From Lemma 3.2 (b), we obtain

N
(diw, )2 = (@, 811 = —¢; (@) —o'e;(n')) + o0’ Y g(Vier, e))
=1

N
=—¢j(@'n’) =o'y Y gler, Viej)
=1
= —div(a)inijej),

where we used div(fX) = Xf + fdiv(X), as X = e, and f = w'n'/. Therefore, from
Lemma 3.1, we have

(diw, n)2,p — (w,810)1,p = —/ g(@'nlej, v)dS, .
9D

[II]. k = j. We see that
diw(ei,ej) =ew(ej) —w(Viej) —ejw(e;) +w(Vje;)
= eiw) — W Ej(Vie)) + ' (Ve)
= e,wj — a)jg(V,'ej, e;j)+ a)jg(Vje,', ej)
= eia)j + a)jg(Vjel-, ej),

and
N

N
§100(ej) = =Y (Vimer.ej) = —Y_{em(er, ej) = n(Vier, ej) — nler, Vie;))

=1 =1
N
= —ein’ + 1" { > g(Vier &) + g(Vje. e»} :
=1
This implies that
(diw, n)2 — (w, 8111
N
= (ejw) + @' g(Vjei, ej)n"’ —w’ < — e + 1Y { Z g(Vier, e)) + g(Vje;, ej)})
=1
N

=nej0) +wlem’ —oln Yy g(Vier, e)
=1

= diV(a)j nij e).

Hence, integrating both sides yields

(diw,m)2,p — (w,81n)1,p = / g(@'n'e;, v)dS, .
aD
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[III]. £ # i, j. We see that
diw(ei, ej) = (Vio)(ej) — (Vjw)(ei)
=ciw(ej) —w(Viej) —ejw(e;) + w(Vje;)
= —o' & (Vie)) + " & (Ve
= —o"g(Viej, ex) — g(Vjei, ex)},
and

N N
S1M(er) ==Y _(Vim)(er, ex) = — Y _{em(er, ex) — n(Vier, ex) — nler, Vier))
=1 =1

=

==Y e[n7{E et (ex) — &i(en)E;(en)}]

=

z ~

+ )0 (& (VienEj(ex) — &i(en)E; (Vien)

=1

N
+ Y 0 & (g (Vier) — & (Viewéj(en)
=1
=n"{8;(View) = §(Vjen)
=n"{g(Viex, ej) = 9(Vjex. e}
By performing calculations similar to those performed in [I] and [II], we obtain
(diw, M2 = (w0, 8171 .
Moreover, in general we find that
o man ~ @8mo =Y [ (@@ilev) - g(one; mas,
. JoD
i<j
N i : b N
Letv=7> ;" v'e. Since v’ =) ;" v'&, we have
> (9@ neiv) = g@nie;. v) =Y (@ nv — winiv])
i<j i<j

= (@' — v = " Aw. 2.

i<j

Therefore, we obtain
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(dio, )20 = (@, 810} 1.0 + / (0 A @, 1)2dS,g .
oD

4. Proofs of Theorems

LEMMA 4.1. If f € HY($2), then we have (a) [f]"_|r = 0 on I" as an element of
H'Y2(I"), and (b) [V’ A do f15 = 0 on I' as an element of H='/2(A%(I")).

PROOF. Let {f,}, C C™®(£2) be a sequence approximating f in H'(£2). Let y+ :
HY(£24+) — HY2(I':) be the trace operators by Lemma 3.3. Then, we see that y+ f €
H'/2(I"). We now prove that ||y f — Y—S gy = 0:

ly+f —v-Flmeay = v+ f —v+fo+v-fa —v-Fllaea
=cllf = fullggyy + 11— fllare.y)

-0,
for some constant ¢ > 0 as n — oo. Forany C € A(Z)(.Q), we have
0=(dido fu,C)2.22

— [ (@dofy, Craduvy + / (drdo fo, C)advg
24 2

— (dof. 81C) 1.0 + /F [0 Adofy. C)a1*dS,
— (. 5081Cho. + / L7, 81001TFdS, + / [0 Adofy. O)aTtdS,
r r

- / [0° Adofy. C)al*dS, .
r
By letting n — oo, we obtain didpf = 0. Hence, we can deduce that dy f € H2 0, and
V" Adof1T = 0on I' as an element of H~1/2(A%(I")). O

DEFINITION. We define differential operators (v, do) by

(v, do) f :=(dof)(v) = v(f), for fe H (D),

N N
(v.do) B :=_(v.do)(B(e)&i = Y do(Ber)(v)& . for B € H'(A'(D)).

i=1 i=1
From the definitions of the operators #, b, and (v, dp), it follows that
(do(v”, B)1.v")1 = g((do(v”, B)1)*,v) = (do(v", B)1)(v)
= (v.do)(V". B)1 . 4.1
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DEFINITION. For B € H'(A'(D)), we set
SovB := =", (v, do)B)1,  Sor =80 — o -
PROPOSITION 4.1. Let B € H'(A'(£2)). Then, we can decompose 8o B as follows:
80B = (v, do)v’, B — (do(V”, B)1, V)1 +80: B” + (0", B)ido(v')  (4.2)
in leoc(.Q) (which is the set of L*(2')-functions for any N-dimension compact submanifold
Q' C ). Moreover, assume that 5B = W € H'(§2). Then we have
[(do(V”, B)1, v")11E =0 (4.3)
as an element of H='/2(I").
PROOF. First, we prove (4.2). We start by showing that
(°, (v, do)v"); = 0.
Since (v*, V)] = 1, we have
N N N
0=(.do) Y v(e)* =) do(’ (e () =2 v(1 (e;) 1 (ei) .
i=1 i=1 i=1
This implies that

N
(7, (v, do)V")1 = (vb, Zdo(vb(el-»(v)s,»)

i=l1 1

N
=D 0 E)1do(v (e))(v)

i=1

V2 (e)do (v (¢;)) (v)

™M=

1

—_

V(v (e)) = 0.

Il
.MZ

1

1

We can then compute &g, B*, §o: B", and 89, B" as follows:

SovBT =—(", (v, do)B")1 = —(v,do)(v", B")1 + (v, do)v’, B");
= ((v,do)v”, BY)1,
80:B” =80B” — 80, B” = 80B" + (v°, (v, do) B"),
=80((V", B)1v") + (v°, (v, do) (v, B)1v"))1
= —(do(v", B)1,v")1 + (0", B)18o(v") + (v, do)((v°, (v°, B)1v")1)
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— ((,do)v", (", B)1v")
= —(do(v", B)1,v")1 + (0", B)180(v") + (v, do)((V", B)1)
— (", B)1((v, do)v’, ")
=", B)18o(v")
SovBY ==, (v, do)((v", B)1v"))
==, do)(v", (0, B)1v")1 + (v, do)v”, (v°, B)1v")
=—(v,do)(v", B)1 = —(do(v", B)1,v")1.
It follows that
80B = (v, do)v’, B")1 — (do(v", B)1,v)1 + Soc BT + (v, B)18o(v") .
Now, we prove (4.3). From (4.2) and [¥]X = 0on I', we have
0= [y1F =[BT
= [((v,do)v", BT = [(do(v”, B)1, v")11E + [0 B"1E + [(v", B)18o(W)]E
= [(do(v’, B)1.v")1 1 + [80: BT1E.

Therefore, it suffices to prove that [80: BT]T = 0 as an element of H -1/ 2(1“ ).
We remark that V;e; is represented as

N
V,'el' = Zaijej s
j=1
for some a;j € C®°(M). For C = Z;v:l C/&; € A" (M) and v’ := v(e;), we define

5y Cl = —ei(Ch) + iaijcf . 8)Chi= =i do)C!,
j=1
and
scl=s"c -5l
Then, we see that

N
SOIBT = ZS(()IT)BU .

i=1

Therefore, foreach 1 <i < N, it suffices to prove that [8(()?3”']1r =0on[I.Forf e AO(M),
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we have
N N
Vadof =Y vaad afa= Y (laf—veflang.
k=1 =1 1<k<I<N
If f € H'(£2), then we have
e f —vieflf =0, k<l on T, (4.4)

from Lemma 4.1 (b). Therefore, we have

(5087 =[ ~ (B +viev, doy B ]

+
[ Z(Vk)zez Brz)+zv1v ek(B” :|

N +
= [ ka{v e; (B™) viek(B”)}:| =0.

k=1
(|

PROOF 01: THEOREM 2.1. Let A = —8ydp and B € H'(A'(£2)). Since B satisfies
(2.3), B € H? (A'(£21)). Set

luc

OB, in 2y,
|oh By, in 2.

For any ¢ € A8(.Q), we will prove that

(ff A(p)O,SZ = (Af, 90)0,52 .

From Proposition 3.1, we obtain

(dof,dowh,gz( / + / )(dof,domldvg
2, Ja_

= (/ ~|—/ >f80(d0<p)dvg +/ Lf (dog. V)1 17 dS,
24 2 r

=(f. 4¢)o.2-

On the other hand, from Proposition 3.1 and (4.3), we have
(o, dog)r.c = — ( |+ ) Godof . phodv, — [ 1dos. v nTtpds,
24 Q- r

:\/:Q(Af)@dvg = <Af, §0>0,.(2
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Hence, by the elliptic regularity theorem (cf. [4]), we have that (v*, B)| € H?

loc

(£2).

PROOF OF THEOREM 2.2. Let A = —(81dy + dodo) and B € H' (A (£2)).
By Proposition 3.1 and Lemma 4.1 (b), we obtain for any C € A(l)(Q) = {C

A'(£2); C has a compact support}

(80B",80C)o,2 = (/ +/ >50(BT)50(C)dUg
2, Jo_

— (B, dosoC)1.2 — / (BT, v")180(C)1*dS,
I
= (B, dpsoC)1.02 -

In addition, from Proposition 3.1, we have
(80B, 50Cho.0 = (doBoB", C1.0 — / [30(BT)(C. V") 1S,
r

We will prove that [80BT1T = 0. From the definition of 8y, we see that

So(fC) = —(dof, C)1 + féoC.
Therefore, we have

SoBT =80(B — (v, B)Y")
N

=—Y {eiB(ei) — B(Vien)} + (do(v’, B)1,v")1 — (v, B)18o(v"),
i=1

which implies that

N +
[80B71E = [— Y eiBen) + (do(v, B)1, Vb)li| :

i=1
From (4.1) and (4.4), we obtain

N +
[80B"1" = | = eiB(er) + (v, do)(v", Bh}

- i=1

N +
=| =D _eiBle) + (v, (v, do) B)1 + (v, do)”, B)1}

- i=1

N N +
=| =) eiBlei) + Y v(BleN)v(&) + (v, do)v’, B)1:|

- i=1 i=1

N N N +
=| =Y eBle)+y. Y. v(éz)ez(B(ei»v(si)}
i=1 -

i=1[=1



MAXWELL SYSTEMS ON RIEMANNIAN MANIFOLDS 99

N N N N +
[—}:}:w@»%wwo+§:§:wawmma»waﬂ
= i=1[=1 -

i=1 1

~

N N +
—[ Zv(él){v(fl)eiB(ei) - V(fi)elB(ei)}:|
—1 _

i =1

=0.
Hence, we have
(BT, dodoC)1,2 = (dodoB", C)1,2 -
Similarly, we can easily see that
(diB",di1C)2,0 = (BY,81d1C)1.02 -

From Proposition 3.2, we have
(d\B*,d\C)2,0 = (81d1B",C)1,02 +/ [(dB",v" A C)2]1dS, . 4.5)
r

We will now prove that [d; BT]*

and Lemma 4.1 (b), we obtain

=0onI". Fromd, 4(wAn) = (dyw) An+(=DPwAdyn

[diB']" =[d\B —d, (" (v*, B)DTT =[] —di (", B)D]E

=—[0", Byidiv + (=D A do(v’, B)11T

=’ Ado(W’, B)11T

=0.
Therefore, we have

(81d1B*,C)1,2 = (B, 81d1C) 1,2 -
Hence, we obtain
(AB",C)1.0 = (B, AC)1.0 .

As a result, we have BT € H? (AY(2)). O

loc
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