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Abstract. Based on the fact that projective monomial curves in the plane are complete intersections, we give
an effective inductive method for creating infinitely many monomial curves in the projective n-space that are set
theoretic complete intersections. We illustrate our main result by giving different infinite families of examples. Our
proof is constructive and provides one binomial and (n — 2) polynomial explicit equations for the hypersurfaces
cutting out the curve in question.

1. Introduction

One of the most important and longstanding open problems in classical algebraic geom-
etry is to determine the least number of equations needed to define an algebraic variety. This
number which is also known as the arithmetical rank of the variety is bounded below by its
codimension and above by the dimension of the ambient space, see [4]. Algebraic varieties
whose arithmetical ranks coincide with their codimensions are called set theoretic complete
intersections. Hence, an interesting problem is to ask if a given variety is a set theoretic com-
plete intersection or not. Although there are algorithms for finding minimal generating sets
for its ideal, there is no general theory for providing minimal explicit equations defining the
variety set theoretically. Therefore a related and more challenging problem is to find codi-
mension many polynomial equations which define a given set theoretic complete intersection.
Finding explicit equations for parametrized curves also attracts attention for applications in
geometric modeling (see e.g. [6, 8]).

Let K be an algebraically closed field of any characteristic and m; < --- < my,
be some positive integers such that ged(mp,...,m,) = 1. Recall that a monomial
curve C(my,my, ..., my,) in the projective space P" over K is a curve with generic zero
™,y oy T e yle=1 My where u, v € K and (u,v) # (0,0). Itis
known that every monomial curve in P" is a set-theoretic complete intersection, where K is
of characteristic p > 0, see [7, 10, 2]. In the characteristic zero case, there are partial results
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[12, 13, 3] and efficient methods for finding new examples from old, see [5, 9, 11, 15, 19, 20]
and the references therein for the current activity.

Even though a monomial curve in n-space is defined by either n — 1 or n equations set
theoretically, these equations are given explicitly only in particular situations. Indeed, Moh
provided n — 1 binomial equations defining the curve in question set theoretically in positive
characteristic, see [10]. In characteristic zero case, Thoma proved that this is possible, namely
a monomial space curve is given by 2 binomial equations, only if its ideal is generated by these
binomials, see [17]. Three binomial equations cutting out a monomial curve in P3 are given
by Barile and Morales in [1]. Later, Thoma generalized these by proving that every monomial
curve in n-space is defined by n binomial equations set theoretically and that n — 1 binomial
equations are sufficient if the curve is an ideal theoretic complete intersection, see [21]. He
also discussed what type of equations would be needed if the monomial curve in P? was given
by 2 equations, see [18]. Eto, on the other hand, studied in [5] monomial curves defined by
n — 2 binomials plus a polynomial.

The aim of this paper is to use the fact that monomial plane curves are complete inter-
sections and give an elementary proof of the fact (due to Thoma [19]) that their recursive
extensions are set theoretic complete intersections under a mild condition. Our main con-
tribution here is to give one binomial and (n — 2) non-binomial explicit equations for the
hypersurfaces cutting out the curves in question. Our main technique is a combination of the
methods of [7, 11] and of [14, 15].

2. The Main Result

In this section, we prove our main theorem, which can be used to construct infinitely
many set-theoretic complete intersection monomial curves in P”. Throughout the paper, we
study monomial curves C(my, ma, ..., m,) in P", where m; € (my,my, ..., m;_1) for every
3 <i <n,sothatm; = a;1my + --- + a;;—1m;—1 for some nonnegative integers a; ;. Note
that each monomial curve C(m1, ma, ..., m;) in P! is an extension of C(m1, ma, ..., mi_1)
in Pi—1, for every 3 < i < n, in the language of [15, 16]. From now on, C C P”" denotes a
monomial curve C(my, ..., my) of this form and is referred to as a recursive extension. Here
is the first observation about these special curves.

LEMMA 2.1. If C C P" is a recursive extension and 3 < i < n, then the following
equivalent conditions hold.

(I) There are non-negative integers a;i, b; and c; satisfying
m; = cimij—1 + bimo 4+ a;my, together with m;_1 > a;, mi—1 > b; and bz = 0.

(IT) There are non-negative integers «;, ;i and y; satisfying
m; = yimi—1 — Bimy — a;my, together with m; _1 > «;, mj—1 > f;i and 3 = 0.

PROOF. In this case, we can easily write m; = C;m;_1 + Bimy + A;m; for some
nonnegative integers A;, B; and C;, for all 3 < i < n, where B3 = 0. Denoting by |a] the
largest integer less than or equal to a and setting a; = A; — L%Jmi_l, b; = B;— L%Jmi_l
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andc¢; = C; + L%ng + L%me we can further express these integers, forall 3 <i < n,
as
m; = cimi—1 + bimy + a;m

sothatm;_1 > a; > 0, mj_1 > b; > 0, b3 = 0 and ¢; > 0. This proves the first part. As for
the second part and for the equivalence, one can use the following formulas:

o =10 ifa;=0 5 _ [0 if b =0
' m;_1 —a; ifa,'>0, ' mi_l—bi ifbl'>0,
and
Ci if a; = and bi=0,
o ci +my if a; = and b; >0,
i= o +my if ;>0 and b; =0,

¢;i+my+m; if a; >0 and b; > 0.
O

EXAMPLE 2.2. Consider the monomial curve C(1,2,3,5) C P*. Then, the integers
in Lemma 2.1 are not unique as can be seen below.

5=1-341-240:-1=3-3-2-2-0"1
=1-340-242-1=2-3-0-2-1-1
The following is crucial to prove our main result.

LEMMA 2.3. Let C in P" be a recursive extension and «;, 8; and y; are some non-
negative integers as in Lemma 2.1. If yi — Bi —a; — 1 > 0 and my; > Bi(my — my), then
Fi_1 = x;”_il 4+ Gi—1 4+ Hi—1 € I(C) forall 3 <i < n, where

Ni
mi—1 - kB; ki k(vi—B:i—ai —1
Gi_q :Z(_l)k< ’k >x{€a1x2/5tx;”_zl Vtxlkxo(l/t Bi—ai ),
k=1

mi_q
Mi—1\ _ajmi—1—k) _bi(mi—1—k) _ci(m;—1—k h
Hi—1 = Z (—1)k< lk )xf -1 )xz (i1 )xl-c_(I" ! )xl{‘xoo ,
k=N;+1
Ni=mi_y —miandho =k(a; +b; +c¢; —1) = bi(mi—1 —m2) —aj(mj—1 —my).
PROOF. First, we prove that G;_1 and H;_; are polynomials, i.e. their monomials have
non-negative exponents.
For G;_1, we only need to check the exponent of x;_1. By k < N;, we have m; — ky; >
m; — (mj—1 —m1)y;. Since m; = yym;_1 — Bimy —a;my and y; —«; > B; + 1 it follows that
m; —kyi = (yi —aj)m1 — Bima > (B + Dmy — Bimo = my — Bi(ma — my).
Therefore, m; — ky; > 0 by the hypothesis m| > B;(my — my).
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For H;_1, we only check if hp > 0. Since k > N; + 1 =m;_1 —m1 + 1,

ho > (mi—y —my + D(ci +bi +a; — 1) —bi(mi—1 —ma+1) —ai(mi—_y —my).
Thus,
(2.1 ho = (mi—y —my + D(c;i — 1) + bi(my —m; + 1) +a;.

It follows that, iy > 0 as long as ¢; > 0. We now treat the case where ¢; = 0, in which case
(2.1) becomes

(2.2) ho > bi(my —my+1)+a; — (mj—1 —my + 1).
Notice first that the assumption y; — 8; — o; — 1 > 0 yields

2.3) bi—1>@mj—_1—mp) if q; =0 and b; >0,

ai—1>@mj—1—my) if ¢ >0 and b; =0,
ai+bi—1>mj—1 —my)+ (mj_1 —my) if g >0 and b; >0.

We see immediately that 7o > 0 as soon as a; > 0. If a; = 0, then from (2.2) and (2.3),
we obtain

2.4 ho > (mi—1 —mp +2)(my —my + 1) — (mj—1 — m2)

> (my—m1 + 1)(mj—1 —mz) > 0.

To accomplish the goal of proving F;_1 € I(C), we make use the fact that 7(C) is the
kernel of the surjective map defined by

. my my—mj ,,mj Mp—Mp—1,,Mp—1 mp
. 3 e e ey ) IR 9 ’
¢ : K[xo xp] — Klu u v u v v

where ¢ (x;) = u™ ™y fori = 0,...,n with the convention mg = 0. Recall that
F € I(C) = ker(¢) iff the sum of the coefficients of F is zero and F is homogeneous with
respect to the grading afforded by degc (x;) = (m, — m;, m;). It is not difficult to check that
the monomials in F;_; have degree m; (m, —m;_1, m;_1) and thus F;_; is homogeneous with
respect to this grading. Since ZZZ‘O‘ (—Dk (m"k”) = 0, the proof is complete. O

THEOREM 2.4. Let C in P" be a recursive extension and «;, B; and y; are some non-
negative integers as in Lemma 2.1. If y; — Bi —a; — 1 > 0 and my > Bi(my — my), then C
is a set-theoretic complete intersection on F| = xi”z — xé"'xg”_ml and F», ..., F,_| defined
in Lemma 2.3.

PROOF. Itis clear that F; € I(C). Together with Lemma 2.3, this reveals that C lies
on the hypersurfaces defined by these polynomials. Therefore, it is sufficient to prove that the
common zeroes of the system 1 =--- = F,_1 =0liesin C.

If xo = 0, F; = Oyields x; = 0, and in this case we first prove thatxy = --- = x,_1 =0
by F, =--- = F,_1 = 0. It follows easily from (2.1) that 7o > 0, when ¢; > 1, as otherwise
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we would get¢; = 1, b; = a; = 0 and thus m; = m;_1. Assume now thatc; = 0. If ¢; =0
and b; > 0,then g > Oby (2.4). Ifa; > Oand b; > 0,a;+b; —1 > (mj—_1 —m1) by (2.3) and
hence hg > 0. If a; > Oand b; =0, hp > Oexceptwhena; =k =N; + 1 =m;j_1 —m; + 1
and m1 > 1 in which case x; divides the monomial in H;_; correspondingto k = N; + 1. In
any case, H;_1 = 0 whenever F;_; = 0 and xo = x; = 0. Similarly, G;_; = 0 whenever
Fi_1 = 0 and xo = x; = 0, under the assumption@ > Qor y; — B —a; — 1 > 0. So,
assume that o; = Oand y; — i —a; — 1 = 0 forevery 3 < i < n. Then, 8 > O for
4 < i < n as otherwise we would get y; = 1 and m; = m;_;. Since B3 = 0, «3 = 0 and
y3 — B3 — a3 — 1 = 0 can not occur. So, G, = 0 whenever F», = 0 and xo = x; = 0,
which together with H, = 0 implies that x = 0. On the other hand, x, divides G;_1 when
Bi > 0, for every 4 < i < n. Therefore, in any case G;—; = 0 whenever F;_; = 0 and

xo = x1 = 0, for every 4 < i < n. These prove our claim that x; = --- = x,_; = 0 by
F, = ... = F,_1 = 0. Thus, the common solution is just the point (0, ..., 0, 1) which lies
onC.

On the other hand, we can set xg = 1 when x9 # 0. Therefore, it is sufficient to
show that the only common solution of these equations is x; = ¢, for some t € K and
for all 1 < i < n, which we prove by induction on i. More precisely, we show that if
Fi_1(1,x1,...,x,) =0,and x; = ¢, ..., xj_1 = t"i-l thenx; = t"",forall2 <i < n.
Clearly m; = ¢;m;j—1 + bimy + a;m implies ged(m1,...,m;—;) = 1forall3 <i <n. In

particular, gcd(m, my) = 1, which means that there are integers £, £, such that £; is positive
and £1my + £oym; = 1. From the first equation F; = 0, xi”z = x;"'. Letting x; = T™, we
get xp = T2, where ¢ is an m1-st root of unity. Setting t = gl T, we get x; = t"! and
x2 = "2, which completes the base statement for the induction.

Now, we assume that xo = 1, x; = ", ..., x;_; = t™-1 forsome 3 < i < n.
Substituting these to the equation F;_; = 0, we get

N; )
O — (tmi,l )m,- + Z(_l)k <mlk—1) (tml )k(x,- (tmz)kﬂ,' (tmi,] )m,-—ky,-xl(c
k=1

mi_|
+ Z (_1)k< ! 1)(tml)at(mt—l_k)(th)bt(mt—l_k)(tml—l)Ct(ml—l_k)xlk'

k
k=N;+1
Since m; = yym;j_1 — Bimy — aym| = ¢c;mi—_1 + bymy + a;m1, this is nothing but

mj—

Z(_l)k (mll:l ) (tmi)}ni—l—kxlk — ("M — )" =0,
k=0

Hence x; = " completing the proof. O

EXAMPLE 2.5. Consider the monomial curve C(1,2,3,my4) C P*, where mg > 3.
Note that my > B;(my — my) is satisfied if and only if §; € {0, 1}. Clearly, we have 3 =
1-241-1=2-2—-1-1s0p3 =0and y3 = B3+ a3 + 1. By Theorem 2.4, the rational
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normal curve C(1, 2, 3) C P3 is a set theoretic complete intersection on Fi, F;, where
Fi = x12 — X0X2,
_ 3 2
Fy =x5 — 2x1x2x3 + x3X0 -

Either m4 = 3c4, for some integer c4 > 1; or for some positive integer c4, we have my =
3ca +1ormg = 3ca+2. If mg = 3ca,thenmg =c4-3—-0-2—-0-1,50 B4 =0 and
y4 > Ba+ as + 1 forevery c4 > 1. So, C(1,2,3,m4) C P* is a set theoretic complete
intersection on Fp, F», F3, where F3 is as follows

3cy 2cq cq—1 cq 2 2c4—2 3 3c4—3 : _
X3 =3x3  xaxgt T+ 3x3" x4 xg — X3Xy , if mg=3c4>6.

When m4 = 3ca + 1, thenmg = (c4 +1)-3—-0-2—2-1, s0 B2 = 0 and the condition
y4 > Ba + a4 + 1 is satisfied for every c4 > O exceptcs = 1. So, C(1, 2,3, my4) C P* is a set
theoretic complete intersection on Fi, F», F3, where F3 is as follows

Jc3°4+1 - 3x12x32L4x4x64 24 3xi‘x§4 lexéc“ 4_ xixgc“ 2, if mg=3csa+1>7.

For the exceptionmy4 = 4, weseethat4 =0-3+4+2-240-1=2-3—-1-2—-0-1s0f4 =1
and y4 — B4 — a4 — 1 = 0. Hence, C(1,2,3,4) C P* is a set theoretic complete intersection
on Fy, F», F3, where

= x? - 3xzx32x4 + 3x§x§ - x;?xo.

Finally, if m4 = 3c4+2,thenm4 = (c4+2)-3—2-2—0-1 and the condition y4 > B4+aa+1
is satisfied for every ¢4 > O but 4 = 2 meaning that m| > B4(my — m1) is not satisfied. The
latter condition was just to make sure that the power of x;_1 in G;_ is non-negative. Since,

= x;”” — 3x§x3204x41x64_1 + 3x§x§4_2xfxgc4_2 - xixgc“_l

and the powers of x3 are non-negative for every c4 > 2 and F3 is clearly a polynomial.
Thus, Theorem 2.4 still applies and C(1, 2, 3,4) C P* is a set theoretic complete intersection
on Fi, Fp, F3 if my = 3c4 + 2 > 8. For the exceptional case where m4 = 5, we have
5=3-3-2-2—-0-1=2-3—0-2—1-1soinbothcases y4 — 84 —as — 1 = 0. But, in
the first case B4 = 2 and in the second case 84 = 0 and we can apply Theorem 2.4 with the
second presentation. Therefore, C(1,2,3,5) C P* is a set theoretic complete intersection on
Fy, F», F3, where

F3 = xg - 3x1ng4 + 3xfx3x] — xgxg .

REMARK 2.6. In [5], Eto studies necessary and sufficient conditions under which a
monomial curve is a set theoretic complete intersection on n — 2 binomials and one polyno-
mial. In contrast, our curves are set theoretic complete intersections on one binomial F; and
n — 2 polynomials F?, ..., F,—1 with more than two monomials.
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REMARK 2.7. Only when 8; = 0 and m; = 1, Theorem 2.4 is a special case of
Theorem 2.1 in [11] but as long as §; > 0 or m; > 1 it improves upon the condition that m;
must satisfy, fori = 3,...,n. Namely, Theorem 2.1 in [11] requires for m; = y;m;_1 —
Bimy — a;my that y; > Bimy +a;ymy if my > 1 and y; > Bimy + «; + 1 if m; = 1 whereas
our main result needs only y; > B; + «; + 1. It is an improvement also of Theorem 5.8 in
[15] in that starting from a monomial curve in P? our main result can produce infinitely many
new examples in P" for every n > 3 whereas Theorem 5.8 in [15] can only produce them for
n = 3. Finally, Theorem 3.4 in [19] implies Theorem 2.4 but its proof is not as elementary as
our proof and does not give the equations cutting out the curves.

The following consequence, which illustrates the strength of our main theorem, can be
proved by imitating the proof of Proposition 2.4 in [11].

PROPOSITION 2.8. If gcd(mj—1,m1) = 1 and m; > max{m;_imy, mij_1(m;j—1 —
m1)}, for all 3 <i < n, then the monomial curve C(m1,ma, ..., my) in P" is a set-theoretic
complete intersection.

PROOF. From the condition gcd(m;_1, m1) = 1, there exist positive integers A; and B;
such that m; = Ajm;_1 — B;jm. Since m; > m;_1(m;j_1 — m1), we have Ajm;_1 — Bim| >
mi_1(m;j—1 — my). Subtracting B;m;_1 from both hand sides and rearranging, we obtain the
following

Aimi_1 — Bim;_1 > —Bim;j_1 + Bim +m;_1(mj—1 —my).
Dividing both hand sides by m;_1(m;—1 — m1) yields

A; — B; - B;

>———+1.
mi—1 —mj mi—1

On the other hand, the hypothesis m; > m;_jm yields

A; B; m; . . .
! ! —— "' >1, which implies — >
mp  mj_| mj_1mi mi_1 mi

Bl' >m1—Ai

Therefore, we can choose positive integers 6; satisfying the condition

A,’ — Bl' —Bl' Bl' mi — Al'
> +1> 9,' > — > —.
mij—1 —mj mi—1 mi—1 mj

Then we can set y; = A; +m16; and o; = B; + m;_10; so that
m; =y;mj_1 —oa;my where m;_1 >a; >0, y;>my, yi—o;—1>0.

Since B; = 0, the condition m| > B;(m2 — m1) holds and it follows from Theorem 2.4 that
the monomial curve C(m1, ma, ..., my,) is a set-theoretic complete intersection. ]
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3. Finding the Equations

In this section, we briefly explain how we find the equations cutting out the set theoretic
complete intersections. We work within the most general set up but explain how we construct
the polynomial F,, for a fixed n > 2. Assume that

n—1 n
Myl = Pmy — E aim; = E ajm;

i=1 i=1
for some non-negative a; and «;. These give us two homogeneous binomials:
A o) Ap—1
C— xg X)X, X )™
and
(x?' cooxpn — xgxn+1)m" .

As in the proof of Theorem 2.4 when we substitute xo = 1, x; = ", ..., x, = ",
in our equation F,, = 0, we would like to end up with ("'t — x,41)™ = 0. If we do

o . . n=1 g .
the substitution in the first binomial, we get (18" — izt iMiy,+1)™ = 0 instead. To

=l g
resolve this we divide the first polynomial by x,,zi:l %™ and to get the same degree in the
n—1 .
monomials of both expressions we divide the second binomial by xozi=1 @) Bt some

monomials will have negative powers and these two expressions are not polynomials anymore.
If there exist an integer N with 1 < N < mj, such that m,, 11 > Bk for 1 < k < N and
Mpp1 >k + Y ' ai(my, — k) for N + 1 < k < m,, then we can make up a polynomial F,
by taking the first N 4 1 monomials from the first expression and by taking the rest from the
second one. This explains why we restrict ourself in the main theorem. Let us illustrate this
by an example:

Consider the rational normal curve C = C(1,2,...,n,n+ 1) C P"*+1. We have

n+1=2-n—-1-m—1)=1-n4+1-1.

These give us the following binomials:

Xy = Xn—1xn41)" = 2"+Z( D < ) S, and

(x1%n — X0Xn41)" Z( 1)"( ) S S RIS G D LB S

1

Dividing the first one by x”~! and the second one by x, ., we get the following:

n
1 k("N 1-2k k k
xpt +Z(—1) (k) w2 X, and
k=1
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n—1

k(T —k _n—k k—n+1_k
S0t ()t e+
k=0

n+1-2k
n

first expression and xg_”‘H defines a monomial only for the last two terms in the second
expression. Thus, if we take N = n — 2 and replace the last two terms of the first expression
with the last two monomials, we get the following expression:

It is now clear that x is no longer a monomial for k satisfying 2k > n + 1 in the

N
n _ _ _
F, = x;l'ﬂ + Z(—l)k <k>x2’+1 kalrf_lxlrfﬂ + (=D" 1n}qx,lx:l'_irll + (=D)"xox; ;-
k=1

Note that this is a polynomial if and only if n + 1 —2k > Oforall 1 <k < N = n — 2, which
holds if and only if n < 5.
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