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A Diffusion Process with a Brownian Potential
Including a Zero Potential Part

Yuki SUZUKI

Keio University

Abstract. A one-dimensional diffusion process with a Brownian potential including a zero potential part is
studied. The maximum process and the minimum process of the diffusion process are also investigated.

1. Model and results

Denote by W the space of real-valued continuous functions on R vanishing at 0, and W
the space of real-valued right-continuous functions on R with left limits. Let a € (0, 1/2) be
fixed. For w € W and A > 0, define Thw € W by

0 for 0 < x < e,

w(x) otherwise.

(Thw) (x) = {

We denote by 2 the space of real-valued continuous functions on [0, 00), and for v € £2
and t > 0 we write X(1) = X(¢t,w) = w(t), the value of w at . Forw € W, A > 0
and x¢ € R, P;ffw denotes the probability measure on £2 such that {X (¢),¢ > 0, P;fw} is a
diffusion process with generator

g d( _r d
L= Ee( W)(X)EG ( W)(X)E)

starting from xg. Let P be the Wiener measure on W, and Pf" be the probability measure on
W x £2 defined by

P (dwdw) = P(dw) Py, (dw).

For each A > 0 we regard the process {X (), > O, 73;0} as one defined on the probability

space (W x £2, P;f“), which we call a diffusion process with a Brownian potential including

a zero potential part. We study the behavior of the process {X(¢), > O, PS} att = e*

(A = 0).
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Brox ([1]) and Schumacher ([7]) studied a one-dimensional diffusion process with
a Brownian potential, and Kawazu, Tamura and Tanaka ([5], [6]) investigated a one-
dimensional diffusion process in an asymptotically self-similar random environment. More-
over, in [4] and [3] a one-dimensional diffusion process with a one-sided Brownian potential
was studied, and in [8] a one-dimensional diffusion process with a random potential consist-
ing of two self-similar processes with different indices for the right and the left hand sides of
the origin was investigated.

Our present model is a variant of the diffusion in [1], [7] and also that in [4], [3]. To
study the behavior of our process {X(¢),t > O, 772} att = e*, we regard W as a disjoint
union of three subsets A;, B, and Cy; for the definition, see (1.3)—(1.5). We show that X (e*)
exhibits quite different behavior depending on whether it is conditioned on A;, B; or C,
(A — 00). The behavior of X (e*) conditioned on B, is much different from the result in [1],
[7]. Roughly speaking, in this case with high probability X (e) is not at the bottom of the
“valley” but in the interval where the potential is identically zero; for the precise meaning of
this, see Theorem 1.1 (ii).

Hereafter we restrict W to a suitable subset of W that has P-measure 1 to avoid unpleas-
ant cases. For w € W and p € R, we set

o(p) =0(p, w) =sup{x <0:w(x)=p},
L =¢(w) = sup[x <0:w(x)— min w(y) = 1} ,
x<y=<0

V=V(w)= min w(x).
¢=<x=0

We define b = b(w) € (£,0) by w(b) = V. We note that b is determined uniquely by w
(P-a.s.).
To study the behavior of our process, we regard W as a disjoint union of three subsets

A, B and C defined by

A=AUA",

AN={weW:0@) <o(=1+a)},

AN ={fweW:wd) >0, (1 —a) <o(—a)},

B={weW:w() >0, c(—a) <o(l —a)},

C=fweW:w() <0, o(-1+a) <o(a)}.
(See Fig. 1-Fig. 4 in the next page.) We note A’ N A” = A’N{w € W : w(l) > 0} and
have P{A’} = a, P{A"} = (1 — a)/2, P{A} = 1/2, P{B} = a/2 and P{C} = (1 — a)/2.
Moreover, we remark that

Vw) < —a if weA. (1.1)



DIFFUSION PROCESS 251

a
— 3 i
—a -a
-1+a -1+a
Fig. 1. we A’/ Fig. 2. we A" N (A
Yy y
------------------------ 1-a R P}
------------------------ a B R EEEETEEEEY P CRRER I/}
1z Tz
"""""""""""" - a R A R ]
-------------------------- -1+a I Ay e & o1
Fig. 3. weB Fig. 4. weC
For w € W and A > 0, we define 7)w € W by
() () AT w(A2x) for x <0,
w) (x) =
» e~ 2y (e*x) for x > 0.
Note that
d
{taw, P} = {w, P}, (1.2)

where < means the equality in distribution. To state our result, for each A > 0 we regard W
as a disjoint union of three subsets A, , B, and C,, defined by
AAZ{wGWItAwGA}, (1.3)
B)LZ{wEWIT)LwGB}, (1.4)
CAZ{wGWItAwGC}. (1.5)
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(See [3], [8].) We notice that each P-measure of A,, B, and C,, is equal to that of A, B and
C, respectively.
In the following theorems, we denote by P{- - - |-} the conditional probability.

THEOREM 1.1. Forany e > 0 the following (1)—(iii) hold.
1) Agn;o P{E; s e|Ax} =1,

where
Eine={weW: piyew)>1-—¢},
praew) = PL {b(mw) —e < 272X (*) < (b(maw) + ) A0}
(i) lim P{Ep, .|B,} =1,
A—>00
where
Ezpe={weW:pi(w) >1-¢},
P2 (w) = P%w{o < e_a)LX(e)L) < l} ’
(i) lim P{E3;.|C;} =1,
A—00
where
Espe={weW:psy(w)>1-¢},
Pasew) = Py {—(explw(e™) + e e} ng) < e X (") — 1 < ¢}.

The following corollary concerning the occupation time is obtained from the proof of
Theorem 1.1 (cf. [3]). In the following, 1 denotes the indicator function of the (generic) set
E.

COROLLARY 1.2. Forany ¢ > 0 the following (i)—(iii) hold.
@) All)ngo P{E4 ;. e[Ax} =1,

where

Egpe={weW:psy (w)>1-¢},
A

e
Paje(w) = P%w{e_kf Lo(t,0) 2. () +e) a0 (A X (0)dt > 1= 8} '
0
(i) lim P{Es; ¢|B} =1,
A—00
where

ES,A,E ={weW: pS,A,e(w) >1—¢},
s

e
Psae(w) = P(T)Aw{e_k'/o Lo, (e X (t)dt > 1 — 5} )

(i) lim P{Ee ;. |C;} =1,
A—00
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where

Ee,e ={w e W: pgie(w)>1-—c¢},

A

e
P6,.e(W) = 1%)}’“”{(A / L1 _explu(ecty+ei2eype. 1 1oy (€ P X ())dt > 1 — e}.
0

253

Next we consider the maximum process and the minimum process of {X(¢),¢ > 0, Pg}.
For o € £, we set X(t) = X(t,w) = maxg<s<; X(5,w) and X(1) = X(t,0) =
ming<s<; X (s, ). We study the behaviors of the processes {(X(®),t >0, Pg} and {X(1),t >

0, PYyatr = e
To study the behavior of the maximum process, we set, for w € W,

H = H(w) = max w(x),
{<x=0
M = M((w) = max w(x).
b<x<0
Note that
Hw) <a if wed .
We divide A" into two subsets A, and A, as follows:
Al={weA :M<V+1},
Ay ={fwelA:M>V+1}.
(See Fig. 5 and Fig. 6 below.) Moreover, we set
D=A"NA)®B.
(See Fig. 2 and Fig. 3.) We have P{D} = (1 — a)/2.

Y Y
-------------------------- 1-a RGNS e e =g
------------------------ a R R ]

,,,,,,,,,,,,,,, . M
T e ‘
¢ b 0 1 z ¢ b
fffffffffffffffffff V+1
---------------------- -a FEERREEERGE SRR RN
------------------------ —1+a IR R NEE Y EREEREEE fab & 7]
v
v

(1.6)
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To state our result on the maximum process, for each A > 0 we regard W as a disjoint
union of four subsets A ,, A7, ,, D; and C;, where

A, ={weW:nweAl},
A, ={weW:nweAl},
D) ={weW:nweD}.

Note that each P-measure of Al[, . A’H’ , and D, is equal to that of A/, A/, and D, respec-
tively.

THEOREM 1.3. Forany ¢ > 0 the following (1)—(iv) hold.
() lim P(E7aclA);) =1,

where
Erae={weW: pryew)>1-¢},

Piae(w) = P%w{eA(H(”“’)_S) < X(e") < HHmwWte) | e”ks} .

(i) Ali)l‘lgo P{Es ;. e|AY ;) =1,

where
Egjpe={weW:pgjy (w)>1-—¢},
psie(w) = PP [P W= <X (eh) < HHmuTER) 5\ pare}
and ¢x) > 0, A > 0, is assumed to satisfy limye(d) = 0 and

liminf; 0o A(log A) "'e(A) > 2.
(iif) lim P{Eo; c[Ds} = 1,
— 00

where
Eg e ={w e W: po; c(w)>1—¢},
P96 (W)
= P, {expl—w(e™) — e”/%e} < e7*X(e*) — 1 < exp{—w(e™) + e/ 2e} A e}
(v) lim P{Ejo;..|Cs) = I,
A—>00
where
Ejone ={w e W: prose(w) > 1 — e},
piosew) = PL, {exp(—e™ e} < e™*X(e") — 1 < &}.

To study the behavior of the minimum process, we set, for w € W and y > 0,

¢y = &) = suplx < b(w) s w(x) ~ min w(y) =y|. (17
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Notice that {1 = ¢. The following theorem is concerning the minimum process, where we
have more precise upper bound of X (¢*) than the corresponding result in [4].

THEOREM 1.4. Lete > 0ande(r) > 0, A > 0, satisfy limy o €(A) = 0.
€ Ali)n;o P{E11 s elAs} =1,

where
Eitae={weW: prire(w) >1—¢},
Pilae(w) = P%W{Cue(fxw) <272 X(eM) < C—ey(mw)}

and (L), A > 0, is assumed additionally to satisfy liminf)_,  A(log M le(n) > 4.
(i) lim P{Ei2,.|Byr} =1,
A—00
where
Eizae={weW: pia,;(w) >1-¢},

pr2a.ew) = PP ol —a+e nw) < A7?X() <ol —a—e(), nw)},

and e(1), A > 0, is assumed additionally to satisfy liminfy_, oo A(log 1) " le(X) > 2.
(iii) Alim P{E13,.6Co} =1,
— 00

where
Eizne={weW: pi3ire(w) >1—¢},

pi3se(w) =P o, nw) < 27X () <o(a—e(), nw)},

and e(1), A > 0, is assumed additionally to satisfy liminfy_, oo A(log 1) " le(X) > 2.

2. Preliminaries
For w € W and A > 0, define G, w € Wby

rw(r"2e%x) for x <0,
(Gaw)(x) =10 for 0 <x <1,
e 2y (x) for x > 1.

For xp € R, Pé‘; » denotes the probability measure on £2 such that {X (), > 0, Pé‘i wiisa
diffusion process with generator

EG}JU =

L Gww 4~ 4
2 dx dx

starting from xo. We can construct such a diffusion process on a probability space (2, P)
as follows ([2], see also [4], [8]). Let {B(t),t > 0} be a one-dimensional Brownian motion
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starting from O defined on (5, }~’), and set
l t
L(t,x) = liil(}—/ 1 x+e)(B(s))ds, t>0, x e R (local time).
el0 € Jo

We also set

X
SG,w(x) :/ e(ka)(y)dy’ xeR,
0
t
AGw (1) I/ e~ HGw)(S6;w '(B(S)))ds
0

o0
=/ e 2GWSe T D L dx, 1> 0, 2.1
—00

X(t;0, Gaw) = Sg,w (B(Ag,w (1)), t>0. (22)

Here SGW_1 and AGW_1 denote the inverse functions of Sg,, and Ag,, respectively. For
xo € R, define (G w)™ e Wby (GHrw)*(x) = (Grw)(x + xp), x € R, and set

X(t; x0, Gow) = x0 + X (¢ 0, (Grw)*™), t=>0.

Then, on (fj, 13), we get a diffusion process {X (¢; xo, G, w), t > 0} starting from xyp whose
generator is LG, .

LEMMA 2.1. Foranyw € Wand A >0
(X(0).120,PY, ) = le™ X (@), 120, P}

PROOF. We can prove the lemma in the same way as in [6] (see also [1]) by using the
equality

(Gr(mw)(x) = (Thw)(e™x), xeR. O

Owing to Lemma 2.1 and (1.2), we obtain Theorem 1.1 from the following proposition
by the same argument as in [8, p. 531] (see also [3]).

PROPOSITION 2.2. (i) There exists a subset A* of A with P{A\A*} = 0 such that,
foranyw € A* ande > 0

lim P b —& <172 X () < (b+e) A0} =1. (2.3)
—> 00

(ii) There exists a subset B* of B with P{B\B*} = 0 such that, for any w € B*

lim P3 {0 < X(*1729) <1} =1. (2.4)
A—00
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(ili) There exists a subset C* of C with P{C\C*} = 0 such that, for any w € C* and
e>0
Jim Pg o, {—(exple™Pw() + &)} Ae) < X)) — 1<} =1. (2.5)
—> 00
In Section 3 we present lemmas on hitting times of the diffusion process constructed in

Section 2. In Section 4 we prove Proposition 2.2. In Section 5 we show Theorem 1.3 and in
Section 6 we show Theorem 1.4.

3. Estimation on hitting times

In this section we estimate hitting times of the diffusion process introduced in Section 2
by improving (or using) the method in [8] ([1], [4]). For w € £2, we set

(@) =1(q,w) =1inf{t >0: X(t) =¢q}, qgeR.

In the following lemma which is used to prove Theorem 1.4, we have more precise
estimation on a hitting time from above than that in [8] ([4]).

LEMMA 3.1. Letw € Wand p < p, < xo < 0 for all sufficiently large ). > 0.
Assume w(p,) = w(x) for all x € [py, xo] for all sufficiently large ). > 0. In addition,
assume (i) maxp<x<o w(x) < a or (ii) w(l) > 0. Then for some C > 0

Tim P r (02 p) < €M Py =1, 3.1)
where
J(A) = max{w(py) — Vi —2a + 42" "loga + 1" loglog 2,
w(py) —a—+22""logr + 27! logloga},

Viy= min w(x).
Pr=<x=0

PROOF. We set

T(q; x0, Gow) =inf{t > 0: X(#; x0, Ghw) =q}, ¢ €R,
T(g)=inf{t >0:B(t)=q}, qe€R,

which are defined on the probability space (22, P ). The assertion (3.1) is equivalent to
Jim_ Pir (02 py: A2e % xp, Gow) < CeM M) = 1. (3.2)
We just prove (3.2) in the case x¢o = 0 and the assumption (i) is satisfied. We set
Ej = {t(A e p;; 0, Gaw) < 7(1; 0, Gaw)} .
By the assumption (i), we have

Jim P{t(02ep; 0, G,w) < 1(1;0, Gow)} = 1
— 00
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and therefore
Jim PlE;} =1. (3.3)
By (2.2) and (2.1), we observe
T p;; 0, Gaw) = Ag,uw (T (SG,w (2™ p2)))

o0
= / T OOLT (S0 (W™ ), S6m(1))dx. (3.4)
Ase” 4% p

A

On the set E;, the right-hand side of (3.4) equals

1
/ =GO LT (SG,0 (2™ p3)), S6,u(r))dx
)‘Ze—akp)L

1
d 2 —ak —(Grw)(x) SGw(x)
= [SG,w(A e ™ p)I e GO (T (~1),
M A2e—aip, 1SG, w(A2e=a% p;)|

0 0 2,—an
_ A4e—2aA/ exw(y)dy/ e LT (1), SG,w(A e z)
P Pi |Swa()\Ze_a)‘P)\)|

)dx

)dz

0 1
S
e [Cenoay [ o, Gy
P 0 1SG;,w(A7e™ py)

I+ 1, . 3.5)

Fort > 0, we set K(t) = sup, g L(#, x). Since 0 < K(T(—1)) < o0 (ﬁ-a.s.), we have for
all sufficiently large A > 0

I)\ < |p|2K(T(—1))6)‘@(“)_‘/*_2&4_4)‘_1 logX) , ﬁ_a's. ,
I, < |p|K(T(_1))ex(w(m)—a+2r'1ogx), Poas.

Set E; = {K(T(—1)) < logx}. Then we have limj_, « P?{Ei} = 1, and for all sufficiently
large A > 0 the following holds on E; :

Lo+ 15 < (Ipl* + [pher? ™.

Therefore we have

Jim P{L, + 1L, < (Ip)* + |phe Py =1. (3.6)
—00
By (3.3)-(3.6), we obtain (3.2) in the case xo = 0. |

The following lemma is easily obtained from Lemma 3.1.

LEMMA 3.2. Letw € Wand p < xg < 0. Assume w(p) > w(x) forall x € [p, xo].
In addition, assume (1) max ,<x<o w(x) < a or (ii) w(1) > 0. Then for any ¢ > 0

. A2e~xq 2 —ah AJr+en
Ali)n;o PGW {ft(Ae ™ p) < e =1, 3.7
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where

Jr = max{Jy — 2a, w(p) — a}

Jo — 2a, if min w(x) < —a,
. p=<x=<0 (3.8)
w(p) —a, if min wkx) > —a, ‘
p=x=0
Jo = w(p) — min w(x).
p=<x=<0

LEMMA 3.3. Letw e Wand p < x9 <0.
(1) Assume w(p) > w(x) for all x € (p, xol. Then for any ¢ > 0

lim P)Lze"’)”xo{_[(AZe—akp) > MU m2a=ey — 1
A—00
where Jy, = w(p) — minp<y<x, w(x).
(i) Assume w(p) > w(x) forall x € (p, 0] and w(p) > a. Then for any ¢ > 0
Jim PY ,{t(Pe™p) > AT = (3.9)
where Jj is defined in (3.8).
PROOF. We just prove (ii). We show
lim P{t(02ep; 0, Gw) > &VI9y =1, (3.10)
which is equivalent to (3.9). As in the proof of Lemma 3.1, we have
t()»ze_“p; 0, Gyw)

o
S
L 1Se,u02ep) [ e @Oy, Do)

TR ix
A2e—ahp 1SG, w ()uze_“)‘p)|

1
_ _ SG w(x)
> |SG,w(A e p)| e G (T (—1), A0
e 26—t p 1SG,w(A2e=a )|

0 0 2,—ak
_ A4e—2ak'/ ekw(y)dy/ MO L(T(=1), SG,w(A2ez)
p p

)dx

————)dz
1SG,w(A2e=* p)|

0 1
S
—{—)\28_“/ eAw(y)dy/ L(T(-1), kaw(f)x)dz
P 0 15G,w(Ae™"p)|

= Il + 1V, . 3.11)

First we estimate 111, . We observe that

0
|SG;Lw()\23_aAZ)| B fz M) gy,
1SG,u(2e=p)l [ ehugy

-0
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as A — oo uniformly on any closed interval contained in (p, 0]. From this, it follows that
S,w(Ae )
1SG,w(A2e* p)|

as A — oo uniformly on any closed interval contained in (p, 0]. Therefore, by virtue of the
classical Laplace method, we have

L(T(=1), )= L(T(=1),0) >0 (P-as.)

1 ~
lim —loglll) = Jo—2a, P-as. (3.12)
r—00 A

Next we estimate /V; . Since

S6,w(2) _ ez

1S, w(A2e=4p)| 52 19 Jhw(u) -0
Grw D A fpe du

as A — oo uniformly on any closed interval contained in (0, 1), we get
1 ~
lim —loglV, =w(p) —a, P-as. (3.13)
A—>00 A
in the same way as above. By (3.12) and (3.13), we obtain
1
lim —log(Il, + 1V,) = J;
A—>00 A

in probability with respect to P. Therefore, by (3.11), we arrive at (3.10). |
LEMMA 3.4. Letw € W and assume o (a) > —o0. Then for any ¢ > 0
Tim P, ,{r(1) < Uy =1,
where Jj; = max{— ming4)<x<o w(x) —a, 0}.
PROOF. We can prove the lemma by following the proof of Lemma 3.1 and using
Jim Pe ,(t(1) <t(Fe o (a))) =1 (3.14)
instead of (3.3). O

The following lemma can be shown in the same way as Lemma 3.3.

LEMMA 3.5. Letw € Wand p > 1. Assume w(p) > w(x) forall x € [1, p). Then
foranye >0

Jim P {T(p) > exple™ (U — o))} = 1,
—> 00

where Jyjj = w(p) — minj<x<p w(x).
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4. Proof of Proposition 2.2

First we prepare two lemmas which are used to prove Proposition 2.2 (i). We show these
lemmas by using the method in [8] (see also [3], [4]).

LEMMA 4.1. There exists a subset A* of A with P{A\A*} = 0 such that for any
w € A* the following holds: for any sufficiently small u > O there exists 8o > 0 such that for
any § € (0, §p)

lim PO {t(Pe™¢_,) < 172070y = 1 .1
A—00 A

PROOF. Letw € A.Inthecase M < V + 1, we let u > 0 satisfy w(¢1—,) > w(x)
for all x € (¢1—y4,0]. Then we can apply Lemma 3.2 to p = ¢1—, and xo = 0 because
of (1.6) or the definition of A”. In this case the assertion (3.7) holds for J; = w(¢i—,) —
ming, , <x<oW(x) —2a = 1 — u — 2a because of (1.1). As a result, we get (4.1) for any
6 € (0, u).

Inthecase M > V +1, weletu € (0, 1) and set cop = 0. For some integer n > 2 we take
by <ck <0,kef{l,2,...,n},satisfyingo(—a) =c; >c2 > --->cp—1 > b >cp =1y
and

wi(£r) > wi(x) forall x € [, cr—1],
wr(ly) <a if weA, 4.2)
wi(Lr) — ming <x<o wi(x) < 1,

forany k € {1,2,...,n}, where wy € W is defined by

w(x) for x > ¢,
—x +w(ck) +cr for x <cg.

wi(x) = {

Note that we can take cx, k € {1,2,...,n — 1}, independent of u. By (4.2) and Lemma 3.2,
we have, forany k € {1,2,...,n}and g > 0

. }‘2 —ahe, _ 7
)Lhm PG)il)k Ck I{T()\.Ze akzk) < e)n(Jk 2a+£k)} =1 ,
—>00

where J; = wi () — ming <x<o wr(x) < 1. Therefore, for any k € {1,2,...,n} and
8k € (0,1 — Jg), we have

. AZ —akr _ _ o
)\hm PG;U Fr(W2e o) < 1720700y = 1
— 00

Using the strong Markov property, we obtain the lemma in this case, too. O

LEMMA 4.2. There exists a subset A* of A with P{A\A*} = 0 such that for any
w € A* the following holds: for any v > 0 satisfying ming,, <x<¢ w(x) > V and any
5 € (0,v)

Jim Pl TP e M) > 720y = 1 4.3)
—00
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PROOF. Letw € A andv > 0 satisfy ming,, <x<¢ w(x) > V.Inthecase M <V +1,
we can apply Lemma 3.3 (i) to p = {14, and xo = 0, and because of

J=w(i4y) — min wx)=1+v, 4.4)

{1+USXSO

we get (4.3) for any § € (0, v). We show (4.3) in the case M > V + 1. For ¢,—1 < 0 defined
in the proof of Lemma 4.1, we have, for any sufficiently small § > 0

lim PO (t(Ze ¢, ) < 072Dy = 1 (4.5)
A—00 A

We note that w({1+y) > w(x) forall x € (¢14v, cn—1]. Therefore, by Lemma 3.3 (i), we have,
forany ¢ > 0

. e,y 2 —an AT —2a—e)y _
Ali)n;o PG {t(Ae Y C14y) > € “aTEN =1. (4.6)
By (4.5), (4.6), (4.4) and the strong Markov property, we obtain (4.3) for any 6 € (0, v) in
this case, too. ]

Let us now prove Proposition 2.2. To prove (i) and (ii), we use the coupling method in
[6] (see also [8]).

PROOF OF PROPOSITION 2.2. First we show (i). Let w € A and set

L if wed,
“lt+m if weA N @A),

In the case w € A” N (A)°, 1 > 0 is chosen to be small enough that C(n;) =
minj<y<ity w(x) > 0. Let v > 0 satisfy

min  w(x) >V .7
C140=x=¢
and
w(lisy) <a ifwed. 4.8)
Then we have
lim PJ {t(r) > T\ 015)) =1, (4.9)
A—00

because of (1.6) and (4.8) (in the case w € A’). We set K, = [A2e~*{14y, r] and define the
probability measure m; on K, by
e~ (G () gy

m; (dx) = —fKA e_(GAw)()’)dy .
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This is the invariant probability measure for the reflecting L, ,,-diffusion process on K. Let
g€ (0,b—2¢). Inthe case w € A” N (A)¢ we have

m {(A2e (b — ), \2e (b + &) A 0)}

_ 0 vy

fﬁﬂ e MM dy + ) ~2eah 4 \~2eal f11+m exp{—e2w(y)}dy

By virtue of (1.1) and (4.7), we have

(b+e)N0
lim 27! log/ ey =V >a,
A—00 b—e
lim 2~ log f e MWy < v,
h—oo 140,00\ (b—¢,(b+£)10)

1+m
lim e~ %*/2 log/l exp{—e*?w(y)}dy = —C(n1) < 0.

A—00

Therefore we get

Jim m{(Ae b —e), A2 (b +e) A0 =1 (4.10)
—00

in the case w € A” N (A')°. As easily seen from above, we get (4.10) in the case w € A’, too.

We introduce {XiR) (t),t = 0}, the reflecting L, ,,-diffusion process on K with initial
distribution m; defined on the probability space (2, P). Since this is a stationary process, we
have, by (4.10), forany ¢t > 0

Jim PIXPa) e 02 b — ), 2P (b + ) A0} = 1. 4.11)
—00

We couple the processes {X (¢; 0, Gyw),t > 0} and {XiR) (t),t > 0} as follows: two pro-
cesses move independently until they first meet each other; then they move together until they
go out from (A2e~%*¢14,, r); after going out from the interval they again move independently.
Let

o, =inf{r > 0: X(t; 0, Gaw) = X X (1)},
o, =inf{t > 0, : X(1; 0, G, w) ¢ (A2e™ L1y, 1))
By (4.11), it follows that
Jim Ploy < t(W2e (b —¢):0,Gw)} = 1. (4.12)
— 00
By using (4.12) and Lemma 4.1 for sufficiently small u > 0 satisfying {1—, < b—¢, we have,

for any sufficiently small § > 0

lim Plo, < 1720-0y — 1, (4.13)

A—00



264 YUKI SUZUKI

Moreover, by virtue of (4.9) and Lemma 4.2, we have, for any §’ € (0, v)

lim Plo] > 172040y = | | (4.14)

A—00

Using (4.13), (4.14) and (4.11), we obtain, for any ¢ € (0,5 — ¢)
lim P{X (1729, 0,Gw) € We (b —¢), 2 b +e) A0} =1
—00
by the same argument as in [6] (see also [8]). Therefore we get (i).

Next we prove (ii). Let w € B. In this case, in Lemma 3.4 we have J;; = 0 and therefore
forany e > 0

lim P2 {t(l) <e)=1. (4.15)
A—>00 A

We set ¢q = o(l —a + &), where & > 0 is chosen to be small enough that
ming<y<g(1—q) W(x) > —a. Then we have V= ming<y<o w(x) > —a. Applying Lemma
3.3 (ii) to p = ¢, we have, for any §e ©,8&)

lim P, (r(2e™q) > P20y — 1 (4.16)
Moreover, for any n > 0, we see that
lim Pt +n) >t} =1. (4.17)

Choose np > 0 satisfying C(12) = minj<y<i4y,, w(x) > 0, and set I?A = [Aze_”)\q, 14+n2].
We define 71, a probability measure on K, by

e~ (G gy

my(dx) = W .
We observe
m; {0, D} = 1
32ea [0 =0 0)dy 4 1+ [ expl—eat/2u(y)}dy
— 1, asi— o0, (4.18)
since

0
lim A" log/ e MOy =V <a,
A—00 q

I+n
lim e~%/2 log/ exp{—e™*w(y)}dy = —C(n2) < 0.
1

A—00

Let {)N(ER) (t),t = 0} be the reflecting L, -diffusion process on K » with initial distribution
;. defined on (§2, P). We couple {X (1; 0, Gaw), 1 > 0} and {X¥ (1), > 0} in the same
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way as we coupled {X(¢; 0, Gyw),t > 0} and {XiR)(t),t > 0} in the proof of (i). By the
same argument as there and using (4.15)—(4.18), we obtain (ii).

Finally we prove (iii). Let w € C. In this case, in Lemma 3.4 we have 0 < J;; < 1 —2a
and therefore for any § € (0, 1 — 2a — J1)

lim P2 {t(1) <M172a79y =1, (4.19)
A—00 »

By Lemma 3.5, for any ¢ > 0 there exists C’ > 0 such that

im Pl {1+ ) > exple™?C'}} = 1. (4.20)
By (4.19) and (4.20), we get, for any ¢ > 0
Jim Py (X @20y <1 +e)=1. (4.21)

On the other hand, we let ¢ € (0, —w(1l)) and choose n3 > O satisfying M(n3) =
maxi<y<i4n; W) < w(l) + (< 0). We observe

PL 1t —exple™(w(1) + &) > t(1 + n3)}
exp{e®/2(w(1) + &)}
S explea/ 2w (x)Ydx + expledt/2(w(1) + )}
— 1, asi — o0, 4.22)

since

A—00

lim e~**/?log /1 o exp{e*?w(x)}dx = M(13) < w(l) +¢.
Using (4.22) and Lemma 3.5, we have for some C” > 0
Jim PG, {T(1 —exple™?(w(l) + €)}) > exp{e/*C"}} = 1. (4.23)
By (4.19) and (4.23), we get
lim PE (X (@172 > 1 —exp{e™*(w(1) +e)}} = 1. (4.24)
Combining (4.21) and (4.24), we obtain, for any ¢ € (0, —w(1))
Ali)n;o PY ,{—exple?Pw@) + o)} < X( ') 1 <} =1.

Therefore we get (iii). (]

5. Proof of Theorem 1.3

We obtain Theorem 1.3 from the following proposition in the same way as obtaining
Theorem 1.1 from Proposition 2.2.
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PROPOSITION 5.1. (i) There exists a subset (A))* of A, with P{A}\(A})*} = 0 such
that, for any w € (A})* and e > 0

lim PY (7078 < X (1720 < HH0H0) gy = 1 (5.1
—00

(i) There exists a subset (A})* of A}, with P{A},\(A})*} = 0 such that, for
any w € (A’”)#, e > 0and e(A) > 0,2 > 0, satisfying limy_e(X) = 0 and
liminfy_, oo A(log 1) " le(r) > 2

Ali)n;o ngw{e“H_”_s) < X(M1720)) o pH=ate() \ oy — 1 (5.2)
(ili) There exists a subset D* of D with P{D\D*} = 0 such that, for any w € D¥ and

e>0

lim PQ ,(fi(e) < X)) —1<g(e)nel =1,
A—00

where
fi(e) = fule, w) = exp{—e™2(w(1) +¢)},
9.(8) = gi.(e, w) = exp{—e™*(w(1) — &)}

(iv) There exists a subset C* of C with P{C\C*} = 0 such that, for any w € C* and
e>0

im Pe i) <X —1 <e} =1, (5.3)
— 00

where
hy.(g) = exp{—e™/%¢} .
To prove Proposition 5.1, we prepare three lemmas.

LEMMA 5.2. Letw € W and assume w(1) > 0. Then forany ¢ > 0and & € (0, &)
A1im PL T+ fi(e)) < exp{—e™E}} =1. (5.4)
— 00

PROOF. Assume w(l) > 0 and let ¢ > 0. Then we have f,(¢) | 0 as A — oo. Note
that

t(1+ fi(e); 1, Gaw) = T(fa(e); 0, (Gaw)). (5.5)
Forn € (0, 1), we set

E; = {t(f(e); 0, (Gaw)") < t(=n; 0, (Grw)h)}
and observe

n

P(E:} = :
S expleai/2uw(x)da +
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By the definition of fj (¢), we see that
1+ fi(e)
/ exp{e®/*w(x)}dx < exp{e/* (M), —w(l) — &)}, (5.6)
1

where M; = max|<y<14 £ () wW(x). Since M, | w(l) as A — oo, the right-hand side of (5.6)
converges to 0 as A — oo. Therefore we get

lim P{E,}=1. (5.7
A—>00

On E,, by the same argument as in the proof of Lemma 3.1, the right-hand side of (5.5) is
equal to

fie) G 1
/ e~ G O LT (S, )1 (f.(6D)), Syt (¥))dx

-n
d fa(e) e )1( ) ( S(G w)l(.x) )
dg l ONCHN S e , W 7 Vg
(G w) (fr(e)) /;;7 e () S(G;Lw)'(f)‘(g)) o

=1 +1I (5.8)

where

X
S(ka)l (.x) = /0 e(G)‘w)l(y)dy s X € R,

1+ fi(e) 1 S -1
I)/L :/ exp{ea)\/zw(y)}dy/ L<T(l), (wa)l(Z )>dZ,
1 1-n S(ka)l(fk(g))

I, = I, x 1V},
1+ /.(e)
11 =/ exp{e™?w(y)}dy,
1
1+ fi(e) S z7—1
v, = / exp{—e‘“\/zw(z)}L<T(l), M)dz.
1 SG ! (Sr(8))

We note that 0 < K(T'(1)) < oo (ﬁ-a.s.), where K (-) is defined in the proof of Lemma 3.1.
From this, we can estimate /; and II; as follows:

I < nK (T (1)) exple™/> (M), — w(1) —¢)}, P-as.,

I, < K(T (1)) exp{e™/{M), — C, — 2(w(1) + £)}}, P-as.,
where C;, = minj<x<i4 ) w(x). Using M, | w(l) (as A — oo) and C;,, 1+ w(l) (as

A — 00), we get

limsupe “*/?log I, < —e, P-as.,
A—00

lim sup e ~**/? log I, < =2(w() +¢) <—¢, P-as.

A—00
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Therefore, for any & € (0, ¢) we have

lim P{I] + II] < exp{—e*/%}} =1. (5.9)

A—00
By (5.5) and (5.7)—(5.9), we obtain
Jim Plt(1+ fi(e); 1, Gaw) < exp{—e*%g}} =1,
—00

which is equivalent to (5.4). a

LEMMA 5.3. Let w € W and assume w(l) > 0. Then for any ¢ € (0, w(1)) and
p<0

lim P {t(l+ gu(e)) > T2 p)) = 1. (5.10)

PROOF. Assume w(l) > O andlet e € (0, w(1)). Then we have g; (¢) | 0as A — oo.
For any p < 0 we observe

Pg T+ gi(e)) > T(W7e " p))

L+ [ explet 2w (x))dx
32emah [P rrdx +1 4 [ explen/2w(x)}dx

Setting C; = minj<y<|4g,(s) W(x), we have

1+, (e)
/ exp{e®?w(x)}dx > exp{e™/?(C) —w(1) + &)} (5.11)
1
Since C; 1 w(l) as A — oo, we see that the right-hand side of (5.11) tends to 0o as A — 00
and we obtain (5.10). d

The following lemma can be shown by the same argument as in the proof of Lemma 5.2.

LEMMA 5.4. Letw € W and assume w(1l) < 0, and let ¢ > 0 and J = max{w(1) —
e, —2¢}. Then for any & € (0, —J)

)Llingo P(l;w{r(l + hy(e)) < exp{—e‘”‘/zg}} =1.

Let us now prove Proposition 5.1.

PROOF OF PROPOSITION 5.1. First we show (i) by employing the method in [3, Lemma
6.1]. Let w € A’. We observe, for any sufficiently small ¢ > 0

2 0 rw(x)
A fgl_g/ze dx

ngw{r(eA(H—a—e)) < ‘C()Lze—a)x{l—eﬂ)} = o (H—e) +A2 fO e () Jx
C1—e/2

—1, asi— oo,
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since limy_, oo A7 ! log fg_‘p/z Mgy = maxg,_, ,<x<ow(x) = H —¢/2 > H — &. Com-

bining this with Lemma 4.1, we have

lim Pg (77979 < X (M2} =1. (5.12)
A—00

Moreover, in the case w € A} we have, for any ¢ € (0,a — H) satisfying
min{l+g/2§)€§§ wx) >V

Jim PG {z (@) > 102 e p)h = 1,
—00

since maxg, ., ,<x<0 w(x) = H + ¢/2 < H + ¢. Combining this with Lemma 4.2, we have,
forany ¢ € (0,a — H)

lim PQ (X (M7 < HHat9) = 1 (5.13)
A—00

By (5.12) and (5.13), we obtain (i).

In the case w € A, we show (ii) by improving the method in [3, Lemma 6.1]. In this
case we have, for any sufficiently small & > 0 max;,, <x<o w(x) = H and therefore for all
sufficiently large A > 0 satisfying e(A) <a — H

M H+e()
22 f;?ﬂ W@ gy 4 M H+ER)

er(H+e()

PO, AT (@ H 00y > 1 (3%e™ gy 1)) =

= )\-2|§1+g|e)"H 4 eMH+e()
_ |
A2 Cigele M) 417

(5.14)

We notice that there exists & > O such that for all sufficiently large A > 0 e(A) > (2 +
£0)2~ ! log 1. Therefore the right-hand side of (5.14) converges to 1 as A — co. Combining
this with Lemma 4.2, we get

lim PQ  (X(M!720) < HH-ate0D) = (5.15)
A—00

By (5.12) and (5.15), we obtain (ii).

Next we prove (iii). Let w € D and ¢ > 0. In this case, in Lemma 3.4 we notice
0 < Jyp < 1 — 2a. Therefore, by combining Lemma 3.4 with Lemma 5.2, we get, for any
sufficiently small § > 0

A1im P T+ fi(e) < 17279 =1, (5.16)
—00

On the other hand, we let ¢ € (0, w(1)). By combining Lemma 5.3 with Lemma 4.2 in the
case w € A” N (A')¢ and with (4.16) in the case w € B, we have, for any sufficiently small
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>0

lim PY (T(1+ gi(e)) > 21720490y = 1, (5.17)
By (5.16) and (5.17), we obtain, for any ¢ € (0, w(l))

lim PY  {fi(e) < X172 — 1 < gi(e)} = 1.
A—00

Therefore we obtain (iii).
As to (iv), we get (5.3) by using (4.19), Lemma 5.4 and (4.20). [l

6. Proof of Theorem 1.4
Theorem 1.4 is obtained from the following proposition.

PROPOSITION 6.1. (i) There exists a subset A* of A with P{A\A*} = 0 such that,
forany w € A* ¢ > 0and e(\) > 0,A > 0, satisfying limy_o0e() = 0 and
liminfy_, 0o A(log 1) " le(r) > 4

lim PG, (377 e < X(@T) <227y e} = 1. (6.1)
(ii) There exists a subset B* of B with P{B\B*} = 0 such that, for any w € B¥ ¢ > 0

and e(A) > 0, A > 0, satisfying lim) _, « €(A) = 0 and lim inf) _, o A(log M le(n) > 2
lim PY (e ol —a+e) < X)) <22 Po(l—a—e()) =1. (62)

—00
(ili) There exists a subset C* of C with P{C\C*} = 0 such that, for any w € C* and
e(r) > 0,1 > 0, satisfying limy_, o0 (A) = 0 and liminfy_, 5o A(log 1) "'e(X) > 2
lim Py (e Po(a) < X' 7)< 2P o(a— ()} =1. (6.3)
— 00

PROOF. First we prove (i) by improving Lemma 4.1. Let w € A. In the case M <

V + 1, we can apply Lemma 3.1 to p = ¢, p = {1-¢(n) and xo = 0 because of (1.6) or the
definition of A”. In this case the assertion (3.1) holds for

JO)=1—2a—¢e() +41r "logr + A " loglog A, (6.4)

since V) in Lemma 3.1 is equal to V for all sufficiently large A > 0 and (1.1) holds. We notice
that there exists £ > 0 such that for all sufficiently large A > 0

e() > G+ EDA " log. (6.5)
By (6.4) and (6.5), the assertion (3.1) yields

lim Py t(2e™ 1) < H(1=2a=6"ogh)y _ (6.6)
—00
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for any & € (0, &1). By (6.6) and Lemma 4.2, we obtain (6.1).
Inthe case M > V + 1, we can apply Lemma 3.1to p = ¢, px = {1—¢1) and xo = ¢,
defined in the proof of Lemma 4.1. By the same argument as above, we get, for any & € (0, &)

)L2€7a)»
m P

. _ _ |
Aliﬂx) o Cn ]{‘1,'()»26 al;l—s(k)) < e)\(l 2a—&X log)\)} — l (67)

By (4.5), (6.7) and the strong Markov property, we obtain (6.6) for any £& € (0, &) and
therefore (6.1) in this case, too.
Next we prove (ii). Let w € B. We can apply Lemma 3.1 to p = o(1 —a), pp =
o(l —a — e(})) and xo = 0. In this case, in the lemma, for all sufficiently large A > 0
V). = ming (1 —g)<x<o W(x) > —a. Therefore the assertion (3.1) holds for
JAO) =1—2a—¢e() +22""logh+ 2" loglog A . (6.8)
We notice that there exists & > 0 such that for all sufficiently large A > 0
e(h) > (24 &)1 " loga. (6.9)
By (6.8) and (6.9), the assertion (3.1) yields

lim PO {r(12e o (1 —a — () < (17208 ogh)y —
A—>00

for any & € (0, &). From this and (4.16), we get (6.2).
Finally we prove (iii). Let w € C. By (3.14), (4.19) and (4.23), we have, for some
Cc’">0

Jim PY ,{t(2e 0 () > exple™/*C"}} = 1. (6.10)
—00

On the other hand, we set g;, = o (a — ¢(A)). Then we observe

eaA

ai 2 0 Aw(x)
edr 4 ) que dx

Py (T M qy) < T()} =

and
0
)2 / FUDdx < |g; | expli(w(gs) — a + 21" Tog )
qx

< |o(a)| exp{r(—e(X) + 21" log 1)} . (6.11)

The right-hand side of (6.11) converges to 0 as . — o0, since (6.9) holds in this case, too. As
a result, we have

lim PO {t(e™gq)) <t(1))=1. (6.12)
A—>o00

By (4.19), (6.12) and (6.10), we get (6.3). a
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