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Introduction.

Let k be a rational function field over the finite field F, with g elements. In 1974
D. R. Hayes [Hal] constructed the maximal abelian extension of k developing an idea
of Carlitz. In his construction he uses ‘“‘cyclotomic” function fields which are closely
analogous to classical cyclotomic extensions of the rational number field.

In this paper we give genus formulae for the maximal “real’’ subfields of cyclotomic
function fields, and apply the formulae to the determination of cyclotomic function
fields and their maximal real subfields with divisor class number one respectively.

1. Preliminaries.

In this section we provide a quick review of Carlitz-Hayes’ theory.

Let k be as in Introduction. We fix a generator T of k such that k=F(T) and put
R=F,[T]. We denote by oo the prime divisor corresponding to the pole of T i..
ord ()= —deg(f) for f e R. We define an action of R to the additive group of k an
algebraic closure of k as follows. For any uek,

wul=u'+Tu,
u*=oau (xeF)).

It is easily checked that this action endows £ with an R-module structure. For an M e R
we put

Ay={iek ; M=0}

and Ky, =k(A,). In the following we assume M € R\ F,. Then we can prove the following
facts, which are quite analogous to the case of the classical cyclotomic theory.
1. Asa polynomial in u over k, u™ is separable of degree ¢°, where d is the degree
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of M.
2. Suppose M =a] [P" is the factorization of M into powers of monic irreducibles
(x€ F,). Then

Ay=D Apn (direct sum)

and each Ap. is a cyclic R-module and naturally isomorphic to R/(P").
3. The extension K,/k is an abelian extension and its Galois group G,, is
canonically isomorphic to (R/(M))*.

(RI(M)* — Gy
Amod M — o,

where 6, : A+> 14, L€ A,,. Hence the degree of the extension is equal to

r

D(M)=¥R/(M))* = Hl HRI(P)* = Hl g™ gt ~1)
i= i=

when we decompose M as M=[];_, P} and let d;=deg P, (when we decompose M

into powers of irreducibles in the later sections, we use this notation). And if Q is a

finite prime which does not divide M, then o, is given by the Artin symbol. .

4. Let M= P". Then only Pand oo ramify and P is totally ramified in the extension.
And the generator A of Ap. is a generator of the principal ideal of Kp. lying above P.
We call these fields K,, cyclotomic function fields after Galovich-Rosen [G-R1].

5. Put Go={0,€Gy; AcF;}. Then G, is the inertia group of P, where P is
any prime divisor of K, lying above co. We denote by Kj, the fixed field of G,. The
infinite prime oo splits completely in Ky, the ramification index e, =e(P.,, Ky/K)=
g—1, and the inertia degree f,, = f(P, Ky/Ky)=1. We call K}, the maximal real subfield
of K,,. Note that if g=2, then K,,=K},.

For more information and proofs, refer to the papers of Hayes [Hal] and Galovich
and Rosen [G-R1] [G-R2].

2. Differents and genus formulae.

We continue to use the notations in the previous section.

First we calculate the differents of cyclotomic function fields and their maximal
real subfields.

THEOREM 1. Let M=[]]_, P" be the factorization of MeR into powers of
irreducibles and d;=deg P;. The differents D(K,,/k) and D(K,,/K 3,) are given in the follow-
ing formulae:

D=1 41 T1 Pi2, M

colw
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D(Ky/Ku)=25"% 11 P2 if r=1, 2

Pyo| oo
D(Ky/Ki)= 1 PL?* if r=2, (3)
Py |

where 4, is the unique prime divisor of Kpr: lying above P;, P, runs over ®(M)/(q—1)
prime divisors of K, lying above o, and s;=n,®(P?)—q*™~1. Note that 4;s in the
above equalities should be regarded as divisors of K.

ProoOF. First we prove (1). If r=1, then the formula is proved by Hayes [Hal].

By 5 in section 1 we find that oo is tamely ramified in the extension K,,/k, therefore
the exponent of P in the differentis e, —1=¢g—2.

The remaining part is the non-oo-part. For simplicity we restrict our attention to
the case r=2. The other cases can be shown by the same argument. By 4 in section
1, the fields Kpp (i=1, 2) are linearly disjoint, and the non-co-part of the differents
D(Kpri/k),, (i=1, 2) are relatively prime. So by the formula

D(KM/KPTI)wD(KP’l'l/k)oo = D(KM/Kpa'z)ooD(KPsl/k)oo s
we have ‘

as divisors in K,,. Hence the formula (1) follows from Hayes’ formula for r=1.

If r=1, then both P and P_, are tamely and totally ramified in the extension K,,/K j;.
Therefore we get the formula (2) immediately. Suppose r>2 and let A be a generator
of A, Then obviously K,,= K;{(A). Let O,, and O;; denote the integral closures of R
in K,, and K}, respectively. Then we see that the discriminant of O,,/O}; divides the
discriminant of A:

d(A)=(NomKM/K;,f'(A))=( I1 alq- 1)/1‘1-2) —peha-),

acFgq

where

F@)=Trr(h, Kfy ; = ] w—ad)=sa=1—3a71 .

x
acFy

Corollary 1.9 of Galovich and Rosen [G-R2] shows that 4 is a unit of O, if r>2.
Hence we find the discriminant of 0,,/O}; is trivial, so the extension is unramified
outside oo. Since the oco-part is the same as (2), the formula (3) follows. O

CorOLLARY 1 (Genus Formulae). Let g,, and g;; be the genera of the fields Ky,
and K y; respectively. They are given by the formulae below:
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L P(M) ¢(M)
29y —2=—2®(M)+ =led§(P"') +(q *2) )
29t —2=(@n—2 M _2 0 e (5)
q—1 q—1
29;,—2=q—1—1{(2gu—2)—jw’( —2)} if r22. ©

In equation (5) d=d, and n=n,.

Proor. If (4) is once proved, then the formulae (5) and (6) are straightforward
from the Riemann-Hurwitz formula:
_ 290 —2=[Ky : K3 1295 —2) +deg(D(Ky/K3y)) - N
So we show (4). Let 4; be as in (1) in Theorem 1. If the prime divisor #; of K, is
decomposed as (£, £, - * #,)° in K),, then the degree of 4, as a divisor of K, is

~ ~ - M
degy pi=degarl(£1 /2" "~ £5)") =€ifigi X di =Ky : Kpp] % di:% xdy,

where f; is the inertia degree. Therefore the degree of the different is

‘ (M )

Z —di+(q—2)——

i=1 ¢(P ‘) qg—1’
where the second term is determined by 5 in section 1. Now the proof is complete by
the Riemann-Hurwitz formula. |

3. Algebraic function fields with divisor class number one.

Let L be an algebraic function field of one variable with the finite field F, with ¢
elements as a field of constants. We denote by Div®(L) and P(L) the group of divisors
of degree zero and the group of principal divisors of L respectively. Then the divisor
class number 4, is defined by

hy=#Div°(L)/ (L)) -

It is well-known that 4, is finite.

First we note that if a function field L has genus zero, then the Riemann-Roch
theorem implies that L is a rational function field and so 4, =1.

In this section we give some criteria for general function fields over finite fields to
have divisor class number one.

~ ProposiTiON 1 ([Ar] or [Mac]). Suppose L is as above and assume that g>4 and
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its genus #0. Then hy is larger than one. ‘ Od

ProPOSITION 2 ([M-Q1]). Let L be a function field over the finite field with q ele-
ments (q<4) and g (#0) its genus. If the divisor class number of L is one, then one of
the following properties holds:

(@) g=2and g<4,

(b) g=3andg=1,

. (¢) gq=4andg=1.
Moreover suppose q =2 and let N be the number of F,-rational points of the curve associated
with L. Then N is not greater than one. O

ReEMARK. If L has genus one, then the argument in [M-Q] shows that 4, = N.

4. Divisor class number of cyclotomic function fields.

In this section let 4,, and h;; denote the divisor class numbers of the cyclotomic
function field K, and its maximal real subfield K}, respectively.

LEMMA 1. Let K\ be a cyclotomic function field and N the number of F -rational
-points of the associated curve. Then we have

N> 45_(1‘{2 .
q—1
The same holds for the maximal real subfield K;; of K,,.
PROOF. By 5 in section 1 we find the absolute degree of the points lying above
the infinite point co is one. Hence they are F -rational. Thus the number of F -rational
points is not smaller than the number of the points lying above oo, which is equal to

D(M)/(g—1). O

THEOREM 2. For the cyclotomic function field Ky, hy=1 if and only if its genus
gu=0. The same holds for K.

Proor. If &(M)/(g—1)>1, then Theorem 2 follows from Lemma 1, Proposition
2 and the remark after Proposition 2. Hence we consider the case ®(M)/(g—1)=1. By
the definition of ®(M) it is easy to see that &(M)/(g—1)=1 if and only if

r=1, d1=n1=1, if q=29
r=2, d=n=1(i=1,2), if g=2,
r=1, d1=n1=1, if q23.

For the above cases the genera are zero. The converse part is trivial by the remark in
the beginning of section 3. This completes the proof of Theorem 2. O
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By Theorem 2 we have only to find the fields with genus zero for our purpose.
The next lemma is easy, but useful.

LEMMA 2. Suppose L/K is a finite extension of algebraic function fields over a finite
field. And let g; and gy be genera of L and K respectively. Then we have g, >gk.

PrOOF. If gy is zero, then the lemma is obvious. So we may assume gx#0. By
the Riemann-Hurwitz formula we have

29, —2=(2gx—2)[L : K]+ (degree of different)>(2gx—2)[L : K]=>(2gx—?2) .
Hence we have g; >gy. O

LEMMA 3. Letg>3. Suppose M=P"anddegP=d. If g5, =0, then (n,d)=(1, 1),
(1, 2) and (2, 1).

PROOF. Suppose d(n—1)>2. Then dn>2 and d/(dn—2)<1. By the trivial inequal-
ity

q'"" Ng"-2)>q-2,

we have

dn_ ,d(n—1) (n—1) __
9 7 >qd 1+1.
q—1 q—1

Thus

n__ _din—1) (n—1) _
- >(qd 1+1)x d .
qg—1 qg—1 dn—2

Therefore we have

n__ dn—1) (n—l)_l
(dn—2) Q_ - d(_qd—
q—1 q—1
because dn—2>0. By the genus formula (5) we get 2g,;,—2>0. This is impossible by
the assumption g;;=0. Hence we have d(n—1)<2 i.e. n=1 or (n,d)=(2,1). If n=1,

by (5)

+l)>0

‘1
—2=@d-2)?
qg—1

(d—2)((—f;ll—l)=0.

q—.
Thus we have d=1 or 2. O

_d,

SO
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We are now in a position to determine the fields with divisor class number one. We
start with treating the maximal real subfields. We can neglect the case g=2 by 5 in
section 1. Let r=1. It is easily verified by the genus formula (5) that the converse of
Lemma 3 is also true. Thus we have three cases for g . =0:

(@) P"=P,,degP,=1,

(b) P"=P, ,degP,=2,

(©) P"=P2 degP,=1

for g=3.
We next consider the case that M contains at least two distinct prime factors.
1. ¢g=3:

(@) r=2: By Lemma 2 only P,, P, and P? (for notations as in the argument after
Lemma 3) can be a factor of M. So we have the following table of genera for this case.

TABLE 1. Genus of the Field K} (¢=3,r=2)

M PP, PP, P,P? P,P, P2P, P2P??

g 0 2 1 25 16 10

By Table 1 we have the only one case i.e., M =P P, (P, # P, deg P, =deg P)).

(b) r=3: PP canbe a factor of M. Then other factor of M cannot be a polynomial
of degree 2, because if P, or P? is a factor of M, then the genus of the field is larger
than zero by Table 1 and Lemma 2. Hence we need to compute genus for the only one
case i.e. M= P, P P/ in the obvious notation. For this M we have g,,=0 by the genus
formula (6).

(c) r=>4: There are exactly three monic polynomials of degree one over F,. Hence the
case r >4 is impossible. ‘

2. g=4: In this case we need another lemma.

LEMMA 4. Let q>4, r>2 and suppose M is one of the following types:
(D M=H:1=1P1,i’ degPl,i=la
(2 M=1_[::2=1P2,ia deg P, ;=2,
(3) M=]]2,P},degP, =1.
The genus is greater than one if and only if one of the following inequalities holds:

ri=23, r,=2 and ry;>2.

ProOF. First we prove the case (1). Put n,=d;=1 in the genus formula (4) and
let r=r,. Then we have

29 —2=(q— 1y " q(r—1)—2r).

By the genus formula (6) we have
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29y —2=(q—1)y"%(r—2)q—-2r+2).
Hence, if g5; =0, then we must have
r’—4r+2<(r—2)q—2r+2<0,

since obviously r<g. Hence r must be equal to 2 or 3. Coversely if r=2, then
2gy,—2=—2. Thus in this case g;;=0. Let r=3. Then we must have 2g;—2=
(g— 1Xg—4)<0. This is impossible because g=>4.

Let r=r, and M be as (2). The same formulae give the following equalities:

2gp—2=(*— 1) " @2r—1)g*>—q—4r),
29 —2=(q+1Xg>— 1Y "2Q(r—1)g®> —4r+2).
Therefore, if g5 =0, then we have
2r2=3r+1)<2(r—1)¢>*—4r+2<0,

since r<g?. Hence we have r=2. But conversely if r=2, then 2g3—2=(q+ 1X2¢*>—
6)>0. Thus the genus cannot be zero in this case. This completes the proof of (2).

The case (3) follows from a similar method like (2). We compute the genus and
the remaining part is omitted, as its proof is easy.

29m—2=q"(g— 1) " (2r—1)g—31),
295 —2=q(g—1)"22r—1)g—3r+2).

(a) r=2: ByLemma 4 we havetodetermine the genera of the following four cases.
(A) M=P,Py, (B) M=P,P,, (C) M=PP?, (D) M=P3iP,,

where deg P, =deg P} =1 and deg P,=2.
(A): By the argument in the proof of Lemma 4 we have g;;=0 in this case.
(B): The genus formulae (4) and (6) show that

29 —2=2q—1Xg*—q—4),
and
29u—2=¢>—q—6.

Hence g3 =0 if and only if g —g—4=0. This is impossible, because g is an integer.
(C): In this case we have

29u—2=q(qg—1)2q—-5),

and
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295 —2=q*-3q.

Hence g ;=0, if and only if g> —3¢+2=0. This is also impossible, because g=>4.
(D): In this case we have

29 —2=4q(q—1)3¢*—29-7),

and

294 —2=q(2¢*—q—5).

But the right hand of the equation is greater than zero when ¢ >4.
(b) r=>3: By Lemma 4 and Lemma 2 we need not consider these cases.

Summarizing the above results, we obtain the following theorem.

THEOREM 3. The divisor class number h;; of the maximal real subfield K;; of the
cyclotomic function field K,, is one, if and only if M is one of the following types:

@ Ifq=3,then())M=P,,QM=P, 3)M=P%, () M=P,P,,(5) M=P,P,
where deg P, =deg P =deg P{=1, deg P,=2 and P,, P'| and P are relatively prime.

(b) If q=4, then (1) M=P,, (2) M=P,, 3) M=P2, (4) M=P,P, where
deg P, =deg P\ =1,deg P,=2 and P, # P]. - , d

Now we turn our attention to the cyclotomic function fields. We shall prove the
next theorem.

THEOREM 4. The divisor class number hy, of the cyclotomic function field K,, is one
if and only if M is one of the following types:

(@ Ifq=2,then(1) M=P,,(2Q) M=P,,(3) M=P3},(4) M=P,P',(5) M=P P?,
6) M=P,P,, (7) M=P,P\P,, where deg P,=deg P, =deg P|=1, deg P,=2 and
P,, P| and P’ are relatively prime. :

(b) Ifq=3, then (1) M=P,, (2) M=P,P', where deg P, =deg P\ =1 and P, #
P. ' :
(c) If q=4, then (1) M=P,, where deg P, =1.
ProorF. Let M=][];_, P! be the factorization of M. We start with the case r=1

and g=2. Put r=1 and g,,=0 in the genus formula (4). Then we can easily find the
solutions of the equation. They are as follows:

M=P1,P2 andP%,

where deg P, =1 and deg P,=2.

Next we consider the case r>2. Suppose ¢=2 and r=2. Note that there is only two
monic irreducible polynomials of degree one and only one of degree two. Hence we
have the only five possible cases for the genus zero. Their genera are in Table 2.
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TaBLE 2. Genus of the Field K, (¢=2, r=2)

M PP, PP, P,P? P2P, P2P??

Iae 0 0 0 2 1

Let r=3. In this case the only possible case is M=P,PP,, where deg P, =
deg Pi=1, deg P,=2 and P, # P}. For this M the genus is zero. By the remark in
the case r=2 it is impossible that r is larger than 3.

Suppose ¢=>3. By Lemma 2 we have only to compute the genera for the cases in
Theorem 3. By the genus formula (4) we have the following two tables (the notations
are as in Theorem 3).

TaBLE 3. Genus of the Field K, (¢=3)

M P, P, P? PP, P,P\P’"

Oae 0 2 1 0 1

TABLE 4. Genus of the Field K, (g=>4)

M P, P, P? PP,

In 0 (@+1Xg—2)2 (¢9—1Xg—2)/2 (g—1)g—-2)

The terms in Table 4 are greater than zero.
This completes the proof of Theorem 4. O

Remark on the unique factorization.

Let O, be the integral closure of R in K,,. It is known that O,, is a Dedekind
domain. Hence the order of its ideal class group is finite. We call it the ideal class
number of K,, and denote it by h¥;. There is a relation between h,, and h¥ known as
the F. K. Schmidt formula:

*,
Wmu=hy,

where ry, is called the regulator of K,,. (For its definition see [Ar] or [Mac]. The latter
also includes more general facts concerning this remark.) If the divisor class number
hy is one, then the ideal class number 43 must be one. Hence then O,, has the unique
factorization property. It is equally ture for O5,. We can find these M’s by Theorems
3, 4 and the proof of Theorem 2. On the other hand, for the case A, #1, it is still
unkndwn for which polynomial M the rings O,, and O j; have the unique factorization
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property, because of the regulator.

For further results on ideal class numbers of cyclotomic function fields, see the
papers of Galovich and Rosen [G-R1] [G-R2] and Okada [Ok].

Appendix. Elliptic curves associated with cyclotomic function fields.

By the similar method which we use in this paper we can also determine the
cyclotomic function fields with genus one. They are as follows:

THEOREM 3. The maximal real subfield K 5; of the cyclotomic function field Ky, is
elliptic if and only if M is one of the following types:

@) If q=3, then M =P, P}, where deg P, =deg P, and P, # P’,.

(b) If q=4, then M= P, PP, where deg P, =deg P} =deg P}, and P,, P and
P17 are relatively prime.

There is no cases for genus one when q= 5. O

THEOREM 4. The cyclotomic function field K, is elliptic if and only if M is one of
the following types:

(@ Ifq=2, then(1) M=P32P?? (2) M=P3, (3) M= P3P, where deg P, =deg P/,
and P # P.

(b) If g=3, then (1) M=P2 (2) M=P,P|P|, where deg P, =deg P, =deg P/,
and P,, P'| and P are relatively prime.

There is no cases for genus one when q=>4. O
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