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Introduction.

Let the distributions P, be indexed by parameter 6 in a set @, where @ is a subset
of R'. We consider the testing problem

H:0=6, against K:60>60,.

In case that the alternative is close to the null hypothesis, we attempt to compare
two tests. A method of the comparison of two tests in the local sense was given by
Pitman (Noether [5], Pitman [6]). Pitman introduced the concept of asymptotic rela-
tive efficiency of two tests by choosing alternative sequences that approach to the null
hypothesis. Roughly speaking, his method is as follows. Let {T;,,}, {T5,,} be two tests
based on n,, n, samples, respectively, and a,,, B;,(6) (i=1, 2) denote the corresponding
levels and power functions. For i=1, 2 suppose that a;, >« (0<a<1) as n,— o0, and
choose the alternative sequence {6,,} approaching to the null hypothesis 6, so that
Bin(0:n,)— B (0<B<1) as n;—c0. Then Pitman defined the asymptotic relative efficiency
(ARE) of {T,,} with respect to {T,,} as the limit of the ratio n,/n,. The superiority or
inferiority between {T,} and {T,,} in the local sense is decided whether ARE>1 or
ARE<1. If ARE=1 then we consider the limit of the difference of sample sizes n, —n,,
what is called Pitman deficiency, as the second measure of comparison of the two tests.
In many cases it occurs that 6;, =0, + k;/</ n . But this alternative form is not appropriate
for the study of deficiency, because approaching to the null hypothesis is coarse. And
so we choose the alternative sequence of the form 6,,=0,+k;/</ n +l/n+m/(n/ n)
(i=1, 2). By expanding the power functions we compare the two tests under these
alternative sequences. Here /; may be related to the case when Pitman deficiency is infinite.
In this paper, however, we study the case when Pitman deficiency is finite only.

In section 1 we consider a method of comparison of two tests in such a case that
ARE=1. In section 2 the method is applied to two examples and in section 3 we refer
to the relation between our method and Pitman deficiency.
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§1. Comparison of two tests.

Let {P,: 6 @} denote a set of probability distributions on (R, &), where ©
denotes a parameter space which is an open subset of R'. # denotes the Borel o-field
on R'. We consider the testing problem

H:0=6, against K:0>0,.

Here 0, is a fixed point of @. For i=1, 2 let {T},} be a sequence of test statistics based
on n samples and a,, f,,(6) be the corresponding levels and power functions, respectively.
Suppose that «;,,—»a (0<a<1) as n—»o0 and B,,(0,)—B (0<pf<1) as n—oo for the
alternative sequence 0, =0, +k;/r/ n (i=1, 2). Then Pitman’s ARE of {T,,} with respect
to {T,,} is given by k,/k, under the appropriate conditions (cf. Noether [5], Pitman
[6]). This fact shows the {T;,} and {T,,} can be compared by comparing k; and k,.
If ky <k, (ky>k,) then {Ty,} ({T,,}) is superior to {T,,} ({Ty,}) in the local sense.
This conclusion suggests to us that Pitman’s ARE of two tests having the same asymptotic
level and the same asymptotic power is measured by the distance from the alternative
hypothesis to the null hypothesis. But if k; =k, then we can not compare {T,,} with
{T,,}. In this case when we discuss the comparison of two tests by the distance from
the alternative hypothesis to the null hypothesis its approach to the null hypothesis is
too coarse to compare. Therefore we choose the alternative sequence of the form

k l
(1.1) 0,=00+———+—+— "

\/—n;nnn.>

In many cases, for the alternative 0 such that </ n (8 — 6,) is bounded the power functions
of test statistics T,,=T,(X,, X,, - - -, X,) with asymptotic level a are approximated by
the normal distribution as follows.

(1.2) Bn(0) =1 —D(u,—¢,(0)) + ¢ (u, — cx(0))

x {\/1_ s(ua—c,(e))+—,ll—t(u,-c,.(e))}+o(n-l) ,

n
where @ and ¢ denote the standard normal distribution function and its density function,
u, is upper a-point of @, c,(0) =~/ n (8 — 0,)c, c is a constant, and s(x), #(x) are polynomials
of x, whose coefficients depend on the third and fourth cumulant of 7, under the
alternative 6, multiplied by n'/2 and n, respectively. In view of (1.2), and by Taylor
expansions, for the alternative sequence {6,} given in (1.1) we have

(1.3) B,(6,) = 1 — B(uy— k) + (u, — kc) {L Sty K 1)

NG

+it(ua, k, 1, m)}+o(n‘ b,
n
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where s and ¢ are free from n. For example, suppose that the distributions P, (6 € @)
have mean 6 and variance one, and let X, X,, ---, X, be independent identically
distributed observations from P,. Let

T=X1+X2+ c +Xn—n90
N/ R

Then we have the following Edgeworth expansion under the appropriate conditions.

1

NG

+ 71{ (_2%4 (= () — 3(u,— c,(6)))

Bn(0) =1~ D(u,— c,(0)) + P, — c,(6)) { 563 (U, —c,(0))*—1)

2
+ % ((uy— cn(6))° — 10(2t, — c,(0))® + 15(u,, — cn(g))))} +o(n~Y),

where c,(0)=+/ n (0 — 0,), and x5 and k, are respectively the third and fourth cumulant
of X; —6 under the alternative 6. By Taylor expansions, for the alternative sequence
{6,} given in (1.1) we have

1
Jn

+—1—<m+-l—lz(ua—k)~53—l((ua—k)2+2(u,—k)— 1)
n 2 6

ﬂ,.(9..)=1—¢(ua—k)+¢(ua—k){ <1+£63—((ua—k)2~1)>
+ X4, — k) —3(u,— k)
24 .

2
+'7€—;‘((u‘,,—k)5 —10(u,— k)3 + 15(ua——k)))} +o(n~1Y).
Therefore
— K3 2
S(uas ks l)“ 1 +Z((ua_k) - 1) ’
1, K3l 2
t(u,, k, 1, m)=m+—2—l (ua——k)—~6—((u,,—-k) +2(u,—k)—1)

+;—Z((ua—k)3 _ 3(u¢—k))+:—§((ua—k)5 —10(u, —k)® + 15(u, —k)) .

See Bhattacharya and Rao [3] with respect to the Edgeworth expansions. Albers [1],.
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Albers, Bickel and Zwet [2] give the validity of expansions of power functions for some
statistics.

Let Ty, T,, be two test statistics and f,,(0,,), B..(0,,) be corresponding power
functions for the alternative sequence {0;,} given in (1.1) with k;, /;, m; (i=1, 2). Suppose
that §,,(0,,) satisfy (1.2) for i=1, 2.

Bin(01) =1—D(u,—k;c) + Pp(u,— k;c) {—1— Si(uy ks 1)
n

1
+—t;(u,, ki, 1, mi)}+o(n_ .
n

If T, and T,, have the same asymptotic power then k;=k (i=1, 2). Put s,(u,, k, ,)=
sy(u,, k, 1) and t,(u,, k, 1y, m)=1t,(u,, k, I, m,). By these relations we will obtain the
relations between k, ! and m. We assert that if /; </, or /;>1, then {T,,} and {T,,}
are distinguishable in the sense of approaching order 1/n, if /, =1, and m, %m, then
{T,,} and {T,,} are distinguishable in the sense of approaching order 1/n(s/ n).

This method shows that the comparison of two tests in such a case that ARE=1
can be done more plainly by taking measurements with the distance from the alternative
hypothesis to the null hypothesis.

§2. Examples.

In this section we give two examples. In the first example we compare the envelop
power with the power of the locally most powerful test.

ExAMPLE 2.1. Let X, X,, -, X, be 1i.d random variables with distribution
function F(x—#6), 0 R'. Let f(x) be the density function of F(x), and be symmetric
about zero and positive on R!, and five times differentiable. We consider the testing
problem

H:0=0 against K:6>0.
Let T,, be the test based on

3 og(/(Xi— 0,1 CX0)}

where {0,,} is the sequence of alternatives satisfying (1.1), and let T,, be the test based
on

> SENIK.

Albers [1] gives the Edgeworth expansions of the power functions for the tests T, and
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T,, in detalils, prov1ded that the density function f(x) satisfies additional appropriate
regularity conditions and / n 0 is bounded. The expansions are as follows.

2.1) Bin(0in) =1—D(u,—a;) +% (b u + byyu,a;+ b3 + bia?)d(u, — a;)

+0(n=3?%),
where

=0, (nEo(y H(X)))"/? (i=1,2),
a3 = B X)) EsW X )} ,
A= Eo('/’22(1"1))/{1’:0(‘/’12(X1))}2 >
¥,(X)=r2X)/IfX)  (G=1,2),
E, denotes the expectation under the null hypothesis,
S9 denotes j-th derivative of f,

b1y =by;=—(az—3)/24,

biy=by=—(a;—3)/24,
biz=b,y3=—(a;—3)/24,
bia=Qaz—3a,)/72,
byy=(5a3—12a,+9)/72.

In view of (2.1), we obtain that for i=1, 2,

BulBi)=1- (u —( )) f,( I,, +Lnn“i>
PSRRI
+b,3+<k+1 ) } -

== B —kie) + s —ki0) | At
e

+0(n~372)

1 1
— (mic +—1Zc*(u,—k;c)
n n 2

+ kic(bilug + biZuakic + bi3 + kizczbm_))} + O(n - 3/2) ,

where c={E,(Y{(X,))}"/>. Since {T,,} and {T,,} have the same asymptotic power
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we obtain that k,=k,. Put k,=k,=k. Let 1 /\/ n-terms in B1.(0,,) coincide with
1/\/ n -terms in B,,(8,,), and similarly we do also about 1/n-terms. We obtain that

ll = lz ’
my —m,=k{(by, —b, DuZ+(baa—by)ku,c+(bys—by3)+(bay —b, 4 )k*c?}
=(ay—3a,+3)k3c?/24 .
REMARK. By easy calculations we observe that
az;—3a,+3=-3V,(y1(X1),

where V,, denotes the variance under the null hypothesis. Therefore we obtain that
my=m. '

ExampLE 2.2. Let X, X,, -, X, be iid random variables with normal
distribution with mean 6 and variance one. We consider the testing problem

H;6=0 against K:60>0.

We consider two tests as follows.

T1"=\/;A_’", T2n=ﬁ7n/sn’

where

X,=

x|~
e

X, =Y (G—X)n—1).
1 i=1

The critical region of T,, with level a is given by
T,2u,,

where u,=®~ (1 —a). Its power function is as follows.

(2.2) B1n(01n)=Pg, (T1n=u,)

= 1 —¢(ua—\/—n_91,,)
1= P(uy—k )+ k)

NG

+%{m1 —(“—"2"1)1—12-} d(u,—k)+0(n32).

Next, the critical region of T,, is given by
T2n ; Cn>s

where ¢, satisfy that Py(T,,=c,)=a. The power function of t-test is calculated by
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Hodges and Lehmann [4]. They give the normal approximation of the power function
as follows.

@.3) Bonl(620)=1—E(®(c,5,—/ 1 65,)
=1 _qj(ua—ﬁez,,(l -i"‘z‘_>>+0(n—2)
4n
l 1 (kyu;—4
=1-— di(ua,—-kz)-i-\/%;¢(uar‘k2)_—n‘<~i‘_§;‘r—n'3

B(uy—ky)
+ e A v
2

In view of (2.2) and (2.3) it must be k, =k,, because B,,(0,,)— B as n—> for i=1, 2.
Put k; =k, =k. We compare (2.2) with (2.3) in the same way as Example 2.1, and we
obtain that

>¢(ua—kz)+0(n_3’2).

ll =12 P
ku?
4 .

ml_m2= -

§3. Relation to Pitman deficiency.
We consider the following testing problem.
H:0=60, against K:60>6,.

Suppose that for i=1, 2 the sequence {T,} of test statistics and the sequence {c;,} of
real numbers satisfy that

(CRY - =P (Tpzcyp) —a (O<a<l)

as n—o0 and following Edgeworth type expansions are permitted with the alternative
6 such as </ n (8 —0,) is bounded.

3.2) Bin(0) = Po(T 2 ci)

=1—D(u,—c,(0)+ {i $i(tes €4(0))

NG
+ —:l— tl'(uav cn(e))} d’(ua — C,,(O)) -+ O(n— 3/2) s

where c,(8)=+/n(0—0,)c, c is a constant, u, is upper a-point of ®, and s(x, y) and
{(x, y) are polynomials of x, y.
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THEOREM 3.1. Suppose that for i=1, 2, {T,} satisfy (3.1) and (3.2), and B,,(0:) > B
(0<B<1) as n—>oo for 0,,=0y+k;// n. If s, =s, then Pitman deficiency, denoting it as
d, of {T,,} with respect to {T,,} is finite, and

2(t2(ua’ kC) - tl(ua’ kC))
kc ’

d=

where k satisfies that 1 — ®(u,—kc)=p.
PROOF. Let 0, =0,+k;/v/n; (i=1,2). For i=1, 2 we obtain that

(B3)  BinfOin)=1—D(ty—~/ 1; (61, — o))
1
+ {f 5t /1O = 0000+ 1t 7B~ eo)c)}

X @ty —/ 11 (Bin,— 00)c) + O(n; %)

=1-— ¢(ua_kic) + ¢(u¢'— S (ua’ k; C)+ ti(ua’ kic)}

k;c) {\/l,’z "
+0(n;3?).

Let n% be the solution of equation B,,,(02,,)=B1,(01,,) under the condition such as
034, =0,,,, and define d, as d,=n% —n,. By equation 0,, =0,,,, we observe that
d
ky= [Tt

ny

In view of (3.3), we observe that

(3.4) ﬁzn;(gzn;)=1—‘p( Uy — / & ~ky )
+¢(u - / % ){ sy (e [P k)
n,
tz U, / klc }+0(n1_3/2).

By using Taylor expansions we observe that
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1/2
ny+d, =(1+ﬂ) =1+ 2d" +0(n;?,

n, ny ny

+0(n73?),

1 _ 1 (1+$'~)_1/2= 1
N/ ny+d, \/_n—l ny </ ny

1 1 a\"t 1
=—(1+—"—) =—+0(n;?),

ny+d, n, n, n,
<P(ua— ny+ k,c)=d§<u,—k,c—kICd”+0(n1'2))
n, 2n,
= By k)~ T G, — k) + O ),
2n,
‘ k
d)(u,— P+ 4y klc)=¢(u¢—klc—-—d" 1c+0(nf2))
n, 2n,

=d(u,— k() +0(n;"),

A (ua, n+d, klc)=s2 (u,,, klc+d;klc+ O(nfz))
n

n 1

=S2(ua’ klc) + O(nl_ 1) ’

d
1y (ua, ﬂf—"klc> =1, (ua, kyot 2FC O(n;2)>
ny 2n,

=13(Up, k1) +O(ny ") .

In view of (3.4) we observe that

B2ns(O2n3) =1—P(u,— k) + dp(u,— k) {L 82(y, k1)

VAL
+_1-(t2(u¢, klc)——d"l;c)} +0(n73?).

hy

It must be that k, =k,, because {T,} and {T,,} have the same asymptotic power. Put
k1 =k2 =k. By equation ﬂln1(91”1)=ﬂ2";(02n5), we Obtain that
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1

1
(3.5) 81 (U, k&) +—1,(u,, kc)
n

1

3
_—

1
§2 (uas kC)+——(t2(u¢, kc —%)-{- O(ni‘3/2) R

A n,

In view of (3.5) if s, =s, then we obtain that

1 Atk k)= 1ty k)
" kc

+0(n;1?).

The proof has been completed.

REMARK. In Theorem 3.1, n, is not necessarily an integer. But by stochastic
interpolation we can avoid the difficult situation. That is to say, we define B2ns(02s) as
follows.

ﬁzng(ozn;) =(1-n3+ [nSJ)ﬂz[..;l((?zp,;]) +(n3— [nf])ﬁz[n;] + 1(02[;.;1 +1)
where [x] denotes the integer part of x (cf. Hodges and Lehmann [4]).

Let 0,,=0o+k,// n +1/n+mj(ny n) (i=1, 2). If two tests {T,,} and {T,,} have
the same asymptotic power then k; =k, by the discussion in the proof of Theorem 3.1.

THEOREM 3.2. Let 0,,=0y+k// n +1/n+m;/(ny/ n) (i=1, 2). Suppose that, for
i=1, 2, {T,,} satisfy (3.1), (3.2), and B;,(0;,)>B (0<B<1) as n—o0. Let d denote Pitman
deficiency of {T,,} with respect to {T,,}. If s,=s, then

d= 2(m1 —mz) ,
k

where k satisfies that f=1— ®(u,—kc).
PRrROOF. In view of (3.2) we obtain that for i=1, 2

1

O =1- Bt~/ 7 O —00)+{ 7

n

5i(ts /1 (01n—05)c)

+ % 1i(ttes /1 (81— 90)6)} P, —/ 1 (0,,—06)) + O(n>?) .

Similarly as the proof of Theorem 3.1, using Taylor expansions we obtain that
1

n

—ke)l3c?
+l{m,c+u_c_

ﬁin(oin) =1- ¢(ua - kC) +

(ic+5:(u,, kC))P(u, —kc)

+ L c(u,— kc)s;(u,, kc)
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+ lics;(uas kC) + ti (ua, kC)} ¢(ua —kC) + O(YI— 3/2) .

Let 1// n-terms (1/n-terms) in B,,(6,,) coincide with 1/\/ n-terms (1/n-terms) in
B24(0,,). It follows that

Lic+sy(u,, ke)=1,c+s,(u,, kc) ,

1
mic+ > (uy—ko)l2c? + 1, c(u, — kc)s, (u,, kc)+ 1 csy(uy, kc) + t,(u,, kc)

=myc+ —;— (u,—ko)I2c? + Lye(u, — kc)sy(uy, kc) + 1yesh (U, ke) + ty(u,, kc) .

Since s, =3s,, it follows that /, =/,, and

_ tz(uw kC) - tl(uaa kC) _E
c 2

The proof has been completed.
By applying Theorem 3.2 to Example 2.1, we have

_2Am;—my) (—ay3+3a,—3)k%c
k 12 '

d

This value coincides with the asymptotic deficiency given by Albers [1].
For Example 2.2 we obtain that

This value coincides with the value given by Hodges and Lehmann [4].
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