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Introduction.

In this paper, we consider the mixed problem for the wave equation in the domains
{(t, x, y, W) | t>0,x>0,y>0,weR"} and {(, x,y, 2z, w) I t>0,x>0,y>0,z>0,we
R"}. On the boundary x=0, an oblique boundary condition is given and on the other
boundary (y =0 or z=0), the Dirichlet or Neumann boundary condition is given. Such
a problem was considered in [1], [2], [5], [14], [16] and [17].

The aim of this paper is to give the energy inequality for the above problem with
non-homogeneous boundary condition, with the aid of which we can prove an existence
and uniqueness theorem. Our result is an extension of the result in [1], [16] and [17].
This energy estimate is the same as the one for the mixed problem in the domain with
smooth boundary. The similar result is obtained only in [16] and [17].

Our method is to reduce the mixed problem for the wave equation in a domain
with a corner to the one for symmetric hyperbolic systems of first order with positive
(or non-negative) boundary condition on the boundaries. This method is discovered in
[27], and is given in Appendix. Such a method is treated and developed in [18], [7],
[19], [20], [22], [24] and [26], and used in [17], [23] and [25]. In [27], we improved
the results in [19: §4] and [26: §3], and obtain our results by the use of its reformation
in [27].

As for the other results on the mixed problem for hyperbolic equations in a domain
with non-smooth boundary, we can refer to [6], [13], [15] and [21].

As for the other symmetrization on the Cauchy problem and the mixed problem
for hyperbolic equation, we can refer to [3], [4], [8], [9], [10] and [11].

An outline of this paper is as follows. In §1, we give the notations. In §2, we state
the problems and the results. In §3, we discuss the symmetrization of the mixed problems
(P.1), (P.2) and (P.3). In §4, we treat the boundary estimate of the solution. In §5, we
prove Main Theorem 1. In §6, we prove Main Theorem 2. In §7, we prove Main
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Theorem 3. In Appendix, we state a result in [27].

§1. Notation.

R™ (C™) : m-dimensional real (complex) Euclidean space .
R™ : the set {(x, y)| x>0, ye R" "'} .
[, ]: the inner product in C™.

(u, v)=f f j u-vdwdydx or J J J f u-v dwdzdydx .
(V] 0 R 0 (o) (1) R"
{u,v) =J j u-vdwdy or j j f u-vdwdzdy .
0 JR» 0 Jo JRn
Lu, v =f I u-vdwdx or f J f u-vdwdzdx .
o R» (1) 0 R"

o) = f ? J ” J w5 dwdydx.
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2

dwdxdt




INITIAL BOUNDARY VALUE PROBLEM 63

oS
‘ "t”a<6t> <6x> (62) (i)pu

Ludy,, - -+ the norm of Sobolev space H,,(R:, x R%,)
or the norm of Sobolev space H,,(R., xR}, xR%).

KDy, 1= JJ J f
a+ﬂ+y+6+|p| mJo

—ut oy |?

‘ “(ar><ax>(ay>(aw)"

KuX»,, - - - the norm of Sobolev space H,, (R}, x R} b+ X RY) .

e—w<a,><ax>< V()
BT
e

o0
Fx, U= J J e~ 3t iwly(x, w) dwdx
cwdmn

(w=(wls"',wn)a C=(C1,"'5Cn)ﬂ W'C=Z;=1Wj j)'
AL i =F (2 + P+ F 0y (=L P+ +16I1DY).

H#,, ,[(RY)' x R™] : the space of functions which are obtained by the completion of
C&[(RY) x R"] with the norm || u||,, .. o ([=3, 4).

2

dwdzdxdt .

dwdydxdt .

2
dwdydx

2

dwdzdydx .

§2. The statement of the problem and the result.

We consider the mixed problems

*u  0%u n
L[u]=2%_9oH"
== & aw

u(O, X, Vs W)=u0(x’ i) W) s ut(09 X Vs W)=u1(x’ Vs W)

W)u "“f(t X, y: W)
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(P.1)

(P.2)

and

(P.3)

where w=(wy, w,, -
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Ou ou & ou
Bl [u] |x=0=_+b(ta ) W)_+ Z dj(t> Y, W)—'
Ox dy j=1 ow;
ou
—c(t, y, w)a_t+7(ta Ys W)u|x=0=g(ta ¥, W)

B2[“]|y=0=u|y=o=h(t, X, W)
L (t, x, y, w)eR. x RL. x RY xR">

rl’l [u]=f(ta X, Y, W)

u(0, x, y, wy=uy(x, y, w), 4,0, x, y, w)=u,(x, y, w)

| Bl [u]|x=0=g(t’ Y, W)

ou
B3[u:”y=0='5_ =h(t3 X, W)

y=0

L(t, x, y, w)e RL x R, x R} x R"

u 0*u Pu Pu 0 u
[Lz[u]= 2 A2 Ayz 2—Z 2
ot 0x* 0Oy 0z* j=1 Ow;j

u(O, xa y9 Z, W)=uo(x, y’ Z, W) ’ ut(os X, y’ Z, w)=u1(x, y, Z, W)

+m(t, x, y, z, wWu=f{(t, x, y, z, w)

Ou Ou ou & 0
B4[u] |x=0 =—+ bl(t9 Y z, W)——+b2(t, 2z, W)——-+ Z dj(ta Y 2, w)'l
0x oy 0z j=1 ow;

ou
—C(t, Y, 2, W)-ét_+y(t: » 2z, w)u|x=0=g(t’ Y, 2, W)
BS[u] |y=0=u|y=0=h(t’ X, Z, W)
Bs[“]|z=o=“|z=o=k(t, X, y, W)
L (¢, x, y,z, w)eRL xR, xR} xR xR",
-,w,) (n=1), the coefficient m belongs to @°((R.)3xR"

(#°((R1)* x R") and is constant outside a compact set in (RL)3 x R" (R1)* x R"), the
coefficients b, d;, c and 7 in (P.1) and (P.2) belong to B'((R1)? x R") and are constant
outside a compact set in (R%)? x R, the coefficients b,, b,, d;, c and y in (P.3) belong
to #'((R%)? x R") and are constant outside a compact set in (R1)? x R".
We assume the following condition for the problem (P.1) or (P.2),

(A.D)

n 1/2
|1+c|—|1~—c|>2{|b|2+jzlldj|2}

for all (¢, y, w)e RL x RL x R".
We assume the following condition for the problem (P.3),
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n 1/2
(A.II) |l+c|—|1——c|>2{|b1|2+|b2|2+.ledjlz}
. =

for all (¢, y, z, w)e RL x R%, x RL x R".

REMARK 1. Assume the condition (A.I) ((A.II)). Then, the boundary operator
B, (B,) satisfies the uniform Lopatinski condition.

Now, we state our results.

MAIN THEOREM 1. Assume the condition (A.I). Then, there exist positive constants
C and p, such that, for a solution u of (P.1) which belongs to X, JL(RY)? X R™], the
following energy inequality holds,

2.1) W@, u+ sl wlf, e+ <UDT et KUDE e
1
< C{Ill u(0) llIZ, +7 WA, e+ <GD8 e+ <<h>>f,u,z}

for all te R, and all u> u,.
REMARK 2. Under the condition

n 1/2
|1—c|—|1—c|zz{|b|2+ Zl|d,-|2}
. j=

for all (¢, y, w)e RL x RL x R", we hope to solve the problem (P.1) in future.

MAIN THEOREM 2. Assume the condition (A.1). Then, there exist positive constants
C and pq such that, for a solution u of (P.2) which belongs to #, ,[(R})>x R"], the
following energy inequality holds,

1 o\ 2
22 MuONR a+ sl ]2 et <udd et n Y. <<A;5*"2“("‘) “>>
j=0 ay 1=j,mt

1 1
< C{HI u(O) |II3, . +7‘—||f||,3,,.,:+ <g>3,u.t+7<A§53,uh>>3,u,:}

for all te R. and all u=> u,.

REMARK 3. For the problem (P.2) with homogeneous boundary conditions, the
condition (A.I) is replaced by the following conditions:

n 1/2
|1—c|—|1—c|22{|b12+.Zlidm}
j=

and

n 1/2
(1561, 0)#(1,1) (|5|=(|b|2+j§1|djlz))
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for all (¢, y, w)e RY x R x R". Then, we have
1
(23) Nu@ 3, .+ el u||§,“,tSC{|” u(0) |[13, +_I';”f”%,u,t} .

MAIN THEOREM 3. Assume the condition (A.II). Then, there exist positive constants
C and p, such that, for a solution u of (P.3) which belongs to #, ,[(R})*x R"], the
following energy inequality holds,

(2.4) M@ T+ s} et <udi, e+ KD, e+ KD

1
< C{III u(0) |13, +7||fII%,,‘.: +4g08,u e+ KDL e+ <<<k>>>§,,.,.}

for all te R, and all u> p,.

ReEMARK 4. Under the condition
n 1/2
|[1+c|—| 1—C|22{|b1 2416217+ 3, |de2}
i=1

for all (¢, y, z, w)e R x RL x R% + R", we hope to solve the problem (P.3) in future.

REMARK 5. We will treat the regularity problem of the solution u of the problems
(P.1), (P.2) and (P.3) in future.

§3. The symmetrization of the mixed problems (P.1), (P.2) and (P.3).

In this section, we transform the mixed problems (P.1), (P.2) and (P.3) to the ones
for symmetric hyperbolic systems of first order which have a positive boundary condition
on a boundary x=0 and a non-negative boundary condition on the boundary y=0
(z=0), by using the result in [27].

We set
U, u,—u,+0,(x—if)u,+0,(p—iqu,
(3.1 U= U, — 0, (u,+u,) + (a+ifyu,+ (p+iqu,
U, u,
v/ \ ,

where u,, —u,,—u,,—u,,=0, 0, is a complex constant, a, B, p and g are real constants
which satisfy the inequalities a®+ %<1 and p*+¢*<1.

LeEMMA 3.1. U satisfies the following equation:
3.2) M,U=4,,U,+A4,,U,+4,,U,

where
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1 0 O 0 -1 0 0 0
_ 01 O 0 0 1 0 0
M = A = )
! 0 0 yl —al”’ 1 0 0 ym —am
0 0 —al sl 0 0 —am sm
0 a—if y —a
4 oa+if 0 70, —ab,
' Y 0, —2yRe{6:(a—if)} 2aRe{fi(x—if)} | ’
—a —ab, 2aRe{f,(x—if)} —2sRe{,(a—ip)}
0 p—iq —a s
p+iq 0 —ab, 50,
Ay3=

—a —af; —2yRe{0,(p—iq)} 2aRe{0;(p—iq)} ’
s 50, 2aRe{f,(p—iq)} —2sRe{6,(p—iq)}

a=Re{(“"ﬁ)(P+’Q)}: l=1+|01|29 m=1'—|91|2’
y=1—a?2—p% and s=1—p*—g>.

ProoF. By simple calculations, we obtain Lemma 3.1. Q.E.D.

REMARK 6. We have that

COROLLARY- For U=t(U17 U23 U3, Y Um Un+ 1)=t(ut—ux1’ 92(ut+ux1)9 uxp T

>0

M, >0 if and only if { 2
ys—a*>0.

b

U, _,,U,), we have

M,U,=4,,U, + _22 A4,;U,,
J=

where u,—):_ U, =0,

]

M,=diag(1,1, 146, [% -+, 1+16,%, 146, 1),
A21=diag(_1, 1, 1“'92 |2, ° .9 1_|02|2! l_lez |2)9

0 0 1 0 0 0 0 1
00 6, 0 0 0 06, g
e 18 0 e 0 0 0 0 ,
0 18 0 0
0 0)
0 0
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( 1
0,
0
...... , Ay = 0
kl g, o - - - 0)

From now on, we treat the symmetrization of the problems (P.1), (P.2) and (P.3).

Firstly, we consider the problem (P.1) under the condition (A.I).

The functions c(t, y, w), b(t, y, w) and d{t, y, w) belong to #'((R%)?> x R") and are
constant outside a compact set in (R%)? x R". Therefore, by the condition (A.I), we obtain

09 At o
We set
sp=y it 1o Zoqepa 3 g,
2 @y, we®))? xR [1+c| i=1
(3.6) 0,={(t, y, W RS xR x R*| | 1—clt, y, w)| <o)

0,={(t, y, W e RY x R% x R"| | 1—c(t, y, w)|>0/2} .

Then, {O;}%, is an open covering of R, x R} x R". Therefore, we have the functions
@,(t, y, w) and ¢,(t, y, w) which belong to Z(R%)?> x R"), ¢; + ¢, =1 on (R%)? x R" and
supp[e;1< 0; (j=1, 2). Now, we consider the localization problem for (P.1)

f Ll[‘Pju] = (ij
(9uX0, x, y, w)= 00, y, wlu,
) ((pju)t(os X, Y, W) = (Pj(o’ Y, w)ul + (pjt(oa Y, W)uo

(3.7
B,[oul|,—0=[B1, @;Ju|.=0+ @£t, y, Wgl(t, y, W)
By[oju] |y=0=¢j(ts 0, w)h
L (t, x, y, W)e RL x R. x R. x R"
(U=12).
We set

3.9 v;=ft, y, whlt, x, y, ) (j=12),



(3.9)

and

(3.10)

where
(3.11)
and

(3.12)

Then, we have the following theorems by Corollary of Lemma 3.1.

INITIAL BOUNDARY VALUE PROBLEM

U, / V1, — (015 +701)
U, 03(vy,+ (015 +7v1))
U3 Uly
U, Viw,
U# .
\Un+3 \ vlw,. /
Un+4) L1
/ vV, \ Uy — (V22 +702) v
V, 04V + (V2 +702))
Vs Uy
V4 vZW1
V= . = .
Vats Uaw,

\Vn+4) \ U2 /

SO

T 1+l y, W)

1—c(t, y,w)
0,= / —_—
1+c(t, y,w)

65

THEOREM 3.2. For U in (3.9), we obtain

(3.13)

(M3U,=A3U,+ 430U, + Y, A3U,,+EsU+F,
j=1

U(()’ X, Y, W)= Uo(x’ Y, W)

1 P3U|x=o=G3(t’ ¥, W)

Q3U|,=0=H3(t, X, w)

| (¢, x,y, w)e R x RL x Ry xR"

69
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where
My=diag(1,1,1+|65%, -+, 141653, 1),
Ay=diag(—1,1,1—=]65)% -+, 1—]0,]%, 1),

0 0 1 0 1 0\
00 6, ( 0 -
1 8, 0 0 0
Azo= ) Az, =
° 0 18, 0 0 0
0 01 3
\0 : 0 1/
E;- - -an (n+4) x (n+4) matrix which has the property that for E;=(e;;), €;
belongs to B°((RL)? x R") and is a constant outside a compact set in
(RL)* xR,
F3=’(.i:93.i:09“"0) (f=(p1f)a
1—c 2b 2d, 2d,

P3=(1, —_

NI

—1+c’_1+c’ ’

’0)’
1+c¢

/1000 0
01 0 O 0 .
0 0 0 1
O3= 0
kO 010
0 01
2
G3= _—{[Bla (Pl]u|x=0+¢1(t’ Y, W)g} >
1+c¢

H3=t(ﬁt_5x_7ﬁ; 030(Et+5x+7ﬁ), Ewla )
(E=(P1(t, 0’ W)h ’ 930=63‘y=0 ] '?='Y|y=0) s

and there exists a positive constant C such that

s B B)

(3.14) {[AQ,U, U]l=C[U,U] forall UeKer P,
' [45,U, U]=0 forall UeKerQ,.
REMARK 7. In [27], we obtained the same result for second order hyperbolic

equations in R!, x R, x R" as (3.13) and (3.14) (see Appendix for a result in [27]).



INITIAL BOUNDARY VALUE PROBLEM 71

Here, we give the proof of Theorem 3.2 by the same method as the one in [27].
Proor. By simple calculations, we have (3.13). Furthermore, we get easily
[430U, U]=0 forall UeKerQ;.
Let UeKer Q. Then, we obtain

(3.15) U,=0,U,+ 12-|l-)c Us+ 142-c led <€3= \1/‘3":)
We set

’(3.16) I=[A,U, U] for UeKer P,

and

317 |b‘|=(|b|2+§1 | a!,.|2)1/2 .

Then, we have
(3.18) I={—|U1|2+IU2|2+(1—I03|2)IU3|2+(1—I03I2)jZI +3I2+|U,.+4|}-
For | 5]>0, by (3.15), we get

2
+?(bU3 Zd 3>

|5|1/2 |U| |03|

JS+el ./|1+c|
b
"Il;' 3+Z|5| j+3|t 1+ |2|5|2{|U3|2+Z| +3|}

, 2|5|) ) {2|e”3|2|5| 4lb'|2}( 2 2>
S(l(;" +|1+c||U2|+ Tt+cl 11+cP sl +j;1|Uj+3| '

We notice that (3.19) holds for | 5|=0. By (3.18) and (3.19), we obtain

» ~ 2|5|}
3200 I><1—|0,>— U,|?
(3.20) { 10| Trcl | U, |

21851216] 4161 }( c )
+<{1—]051*>— Us >+ Uir3? |+ Upeal®.
{ 1051 e | Us| j§1| j+3l7 )+ Upsal

2

G19 U=

<|851?|U, 1> +4 2|2

We set
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216,151 415V

A5 e

3.21 K,=1—0,]>- ,
(3-21) ! 101 [1+c]| [1+c|

By Rec>0, supp[¢,]1<0,, (3.11) and 8, =(1—c¢)// &, , we get

(3.22) 185> <d,, 10512 <8y .
Then, by (3.6) and (3.22), we have
2|5]
K,>1— —060=20,—05=05,>0
1 |1+C| 0 (4] 0 (1)
and
4|5\ ( 2I5I>
Ky>l———{14+——)6
277 M+e) I1+cl/)°

=(1+ 2| 5] )(1_ 2|5) _50)
[14c]| [1+c¢|

2|b'|) _ _( 2|5|)
z( +iper)@o—d0={ 1471 )80>0

Therefore, we have Theorem 3.2.

THEOREM 3.3. For V in (3.10), we have

] .
(M V,= AV + AoV, + ), AV, +E,V+F,
j=1

VO, x, y, w)y=V(x, y, w)

(3.23) )
P4V|x=0= Gt y, w)
Q4Vly=O=H4(t’ X, W)
L(2, x, y, w)eR:L x RL xR x R"
where

M, =diag(1, 1, 14|63, ---, 14|60, 1),
Ay=diag(—1,1,1—]6,)%,---,1—|6,[% 1),

0 (

0
0
1

oo

0

1
0, 0 - -
O ) « e O

FEYIEN

Q.E.D.
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E, - - - an (n+4) x (n+4) matrix with the same property as E,,
F4=t(.;:04ﬂ0’-“,0) (i'=¢2f)’

P4=(1, _o,, 2b 2d, 2d, ,O),

" 1+c¢’ 1+¢. > 1+ec

Q4=Q3 ’
2
G4= _T_{[Bla ¢2]ulx=0+(p2(t’ i w)g} ’
+c
H4=t(ﬁt_ﬁx—fﬁ’ 040(ﬁt+ﬁx+7ﬁ)9 ﬁw;s T ﬁwn’ ﬁ)
(h=(t, 0, wh, 040="04]y=0s T="7]y=0) »

and there exists a pbsitive constant C such that

{[A4V, V]1>C[V,V] forall VeKerP,

(3.29)
[4.,0V, V]=0 forall VeKerQ,.

ReEMARK 8. In [27], we obtained the same result for second order hyperbolic
equations in R}, x R, x R" as (3.23) and (3.24) (see Appendix for a result in [27]).
Here, we give the proof of Theorem 3.3 by the same method as the one in [27].

PrROOF. By simple calculations, we obtain (3.23). Furthermore, we get easily
[A40V, V]=0 forall VeKerQ,.
Let VeKer P,. Then, we have
2b 2 2

3.25 Vi=0,V,+ Vi+ adVi.s.
( ) 1 47 2 l+C 3 1+Cj§1 jv j+3
We set

(3.26) J=[A,V, V] for VeKerP,.

Then, by the same method as the one in Theorem 3.2, we obtain

(3.27) Jz{l—|e4|2<— 21b] }|V2|2

[1+4c|
210,1%16|  4/b? ( : )
1—10,1>— - Vil*+ Vieal? |+ Varal?
+{ |04 ] M+c| |1+c|2 [ Vsl j;1| j+3| | Va+al

where |5'|=(|b|2+2;'=1 | ;)12
We set

2|5]

|1+c¢]|

21017151 _ 415

,  K,=1—16,*—- i
4 104l [1+c| |l+c|?

(3.28) Ky=1—]0,1*—
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By (A.I) and (3.12), we get
(_M=el 2|b| _|1+c|—|1—c|—2|5|>0

3.29 K,= =
(3.29) 3 [14+¢| [l+c| [1+c|
and

[1—c| 2|1—c||B] 4|5)?
3.30 K,=1— — -
(3.30) 4 [14+c]  [1+c)? |l+c|?

2|5} ) 1
={1+ 14+c|—|1—c|-2|6D>0.
( Tl |1+c|(| [—I |—2|b])

Therefore, we have Theorem 3.3. Q.E.D.

Secondly, we consider the problem (P.2) under the condition (A.I).

THEOREM 3.4. For U in (3.9), we obtain
( MyU,= AU, + A30U,+ ), A3;U, +EU+F,
ji=1

U(Oa X, ¥, W) = Uo(x’ Y, W)

3.31 )
( ) P3U|x=0=GS(t’ ys W)
Q5U|y=O=HS(ts X, W)
L (¢, x, y, w)eRL x RY x R. x R"
where

QS =(0’ 0, 19 09 R 0) ’ HS = (pl(t9 Oa w)h+(p1y(t’ 0’ w)u(t, X, 0, W) ’
and there exists a positive constant C such that

{[A-_,U, Ul>C[U,U]  forall UeKerP,

(3.32)
[430U, U]=0 forall UeKerQs.

PrROOF. By simple calculations, we have (3.31) and
[430U, U]=0 forall UeKerQ;.
Also, we obtain
[4,U, U]=>C[U, U] for all UeKer P,
by the proof of Theorem 3.2. Q.E.D.
THEOREM 3.5. For V in (3.10), we have



INITIAL BOUNDARY VALUE PROBLEM 75

[ MV, = AV +AyoVy+ Y, AV, +EJV+F,
i=1

O, x, y, w)= Vo(x, y, w)
(333) { P4le=0=G4(ta y, W)
. Q6V|y=O=H6(t’ X, W)
| (¢, x, y, w)eR.L x RL xRL xR"

where
06=05s=(0,0,1,0,---,0), Hg=q,(t, 0, wh+ ¢,,(t, 0, wu(t, x, 0, w)
and there exists a positive constant C such that

(3.34) {[A4V, V1>C[V,V]  forall VeKerP,
[A,0V, V120 forall VeKerQg.
PROOF. By simple calculations, we have (3.33) and
[A4V, V]=0 forall VeKerQg.
Also, we get

[A.V, V]=CL[V, V] forall VeKerP,

by the proof of Theorem 3.3. Q.E.D.

Thirdly, we treat the problem (P.3) under the condition (A.II).
We use the same method as the one in treating the problem (P.1) under the condition

(A.D.
We set
o I f b >+|b,|? i |d|2)1/2}
=— in 1— + + ;
! 2(:,y.z,w)e(ti?)3xk"{ |1+CI(| 1P+l =
(3.35)

O0,={(t y,z, We®\)* < R"| | 1—c(t, y, z, w)| <5, }
10:={(t, .z, We®L)* x R*| | 1 —c(t, y, z, W) | > 8,/2} .
Then, 8, >0 and {0,}%., is an open covering of (R%)? x R". Therefore, we have the
functions (¢, y, z, w) and y,(t, y, z, w) which belong to Z((R%)* x R"), Y, +¥,=1 on
(R1)? x R" and supp[y = (4] ; (=1, 2). Now, we treat the localization problem for (P.3)
Lz[‘/’ju] = '/’,f
Y1), x, y, z, W)=y (0, y, z, wluo
W ju)t(O’ X, Y, 2z, W)=V ](0, Vs 2, Wy +§ jt(oa ¥» Z, Wg
(3.36) B[y u] |x= o=[B8s, ‘/’j]ulx=o +Y (L, y, z, wg
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We set
(3.37)

(3.38)

and

(3.39)

where
(3.40)
and

(3.41)
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B5[¢ju]|y=0 ='//j(ts 0’ Z, W)h
BG['//ju] |z=0 =l/’j(t9 Y, 0’ W)k
t x,y,z,w)eR,Y xR, xR, xR, xR"

(=1, 2).

v;=Y (L, y, z, wh(t, X, , 2, w) (=12,

(U1 \ ( U1, —(V1x+704) \

U, 0501, + (V15 +70,))
U3 vly
U4 V12
U= Us _— le1
Un+4 v1w"
Un+5/ \ 01 )

/ Vi \ / V2 — (U2, +702) \

V, O6(v2 + (V2 +702))
V3 va )
V4 LPY

y=1| Vs |= V2w,

Vn+4

v\ )

S

T+t y,z,w)

1—ct, y, z, w)

06= .
1+c(t, y, z, w)
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Then, by the same method as the one in the proof of Theorem 3.2 and Theorem 3.3,
we have the following theorems.

THEOREM 3.6. For U in (3.38), we obtain

n

[ M,U,=A;U,+ A70U,+ Aq0oU, + Y, A7;U,, +E,U+F,
ji=1

i=
U@, x, y, z, w)=Uy(x, y, z, w)

(3.42) 1 PyUl|c=0=Gs(t, y, 2, W)
Q,U|y<o=H,(t, x, 2, )
R,U|,—o=K,(t, x, y, W)

L (8, %, 5,2z, we(RL)* x R"

where
M,=diag(1,1,1+]05)2,---, 1+]65|2, 1),
A7=diag(—1, 1, 1-—‘05|2, Y l'—|05 |23 1)9

0 0 0 1 0\
0 0 1 (
0 0 0 06 (o -
0 g 0 0 0 0 O
1 0 .
Aq0= s . ’ Ayo=|1 85 0 0 ’
0 0 0
0
01 0 0 1)
( 1 0)
65 ¢
0 0
..... , A7n— ,
1 8 0 - - 0
\o0 - - - - 0 1/

E, - -- an (n+5) x (n+ 5) matrix with the same property as E, ,
F7=t(fl’05f1’0"”30) (f1=v.),
P7=<1, 1—c 2b, 2b, 2, 2d, ’ O) ,

—\/E’_1+c’_ 1+¢’ 1+¢  °  1+c
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/1 0 00 0 0\
0100 0 -
0001

Q,= >

) 0
0 010
\0 0 1/
/1 00 00 0 0)
01000 0 :
001 00
R=|0 0001 ’
0 0
0..010
Vo - - - . - .01/
2

G,= —‘1—:;{[34, '/’1]"|x=o+'/’1(ta ¥z, wg},

H,=%hy,—hy,—7.1hy, 951(h11+h1x+')’1h1), hy., h1wp Tt hlw..9 hy)
(hy=¥4(t, 0, z, Wh, 05, =05|,-0, 71 =7|y=0) »

K="k, —kix—72k1, Osp(k1+ K1+ 72K1)s Kyys Ky *s Kyw,s K1)
(ky=yY,(t, 9,0, wlk, 05,=05 |z=0’ ?2=7|z=o) >

and there exists a positive constant C such that

[4,U, U]=C[U, U] forall UeKer P,
(3.43) [4,0,U, U]=0 forall UeKerQ,
[A4700U, U1=0 forall UeKerR,.

THEOREM 3.7. For V in (3.39), we have

(M8Vt=A8Vx+A80Vy+A800VZ+ AB]'VWj+E8U+F8
j=1

i=
VO, x, y, z, w)=Vy(x, y, 2, )

) PgV|.—0=Gsl(t, y, 2, )
QsVl],—0=Hs(t, X, z, W)
RgV|,=0=Ks(t, X, y, W)

| (8, x, y, 2, W) e(R})* < R"

(3.44)




INITIAL BOUNDARY VALUE PROBLEM
where
Mg=diag(1,1, 14662, -+, 1+]66/%, 1),
Ag=diag(—1,1,1—]04% -+, 1—|64)%, 1),

0 0 1 0 g g g
0 0 06 O * 0 0 0
1 66 0 .

Ago= ¢ . ’ Agoo= 1 gs 0
0 0 0

0 01 0‘

0

..... , AS”_
1 6 0

0

0
0

Eg: - an (n+5)x (n+5) matrix with the same property as E;,

F8=t(f29 Bsfza 0,---,0) (f2=V¥2f),

P8=(19 —06’— 2b1 s 2b2 s 2d1 s T, T 2dn 90)9
1+c¢ 1+c 1+c¢ 1+c¢c
Q0s=07;, Rg=R,,
2
GS: ——i_{[B4’ '1’2]u|x=0+|//2(t’ Y, Z, W)g} ’
+c

0
1

Hy="(hyy—hyy—71hs, 061(hor+hox+71h2), hozy Bayys * * 5 Baw,s B2)

(hy=Y5(t, 0, 2, Wh, 06, =0¢|,=0, Y1="|y=0) »

Ky="(kys—kax—72k2, Os2(kai+K2x+72K2), Kays Kasws = * 75 K2, K2)

(ky=yY,(t, y,0, wlk, 0, =05 |z=09 V2= ?|z=o) )

and there exists a positive constant C such that

[4sV, V]1=CLV, V] forall VeKerPg

(3.45) [AgoV, V1=0
[Asoo v, V] =0

forall VeKerQg
forall VeKerRg.

79
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§4. Boundary estimates.

In this section, we prepare several propositions to estimate the boundary value of
u on the boundaries y=0 and z=0.
Firstly, we consider the problem (P.1) under the condition (A.I).

We set
[ U, \ (u,—ux+,/ 2 "1uy\
U, u+u+/ 2 " lu,
U, u,
' Us Uy,
4.1) ' U= . =
Un+3 u,

\Un+4 / \ u" )
for the solution u of the problem (P.1) which belongs to &, ,[(R})? x R"].

ProPoOSITION 4.1. For U in (4.1), we have

M\U=4,U,+4,,U,+ Y, 4,;U,,+E U+F,
j=1

4.2
@2 {(t,x,y,W)eRixRixRixR"
and
t u u
4.3) Uly=o= (h,—h,+~—’ Ryt bt — by, Ry h)
2 N 2

where

M, =diag(1,1,1,2,---,2,1), A,=diag(—1,1,0,0,---,0,1),

[0 U/Zz 12 \

1//2 0 1/2 0
1/2 12 —-1./2
~J2
‘zlo_ ’
0
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(j+3) column

( ‘ o)
1 .
0 0
0
*’le= . . (G=1,---,n),
G+yrow |1 1 -0 - - - - 0 :
0 0

E,--- an (n+4) x (n+4) matrix with the same property as E, in §3,
and

Fi='£,£,0,-:-,0).
PrOOF. By simple calculations, we have Proposition 4.1. Q.E.D.

PROPOSITION 4.2. For U in (4.1), the following inequality holds,
d -~
4.4) E(Mle“" U,e "U)<Ci e MU, e "UY—C,Ke " u,, e "u,
C
+C3e *h)i+—2(e™*f, e ")
u

Sfor all u>pu, where u,, C,, C,, C; and C, are positive constants.

PROOF. By Proposition 4.1, we have
-—;E-(A?le_“'U, e MUY= —2u(M,e U, e *"U)
+(e“—t4<11 U,,+,51"1(,U,+j§:1 ZUUW+E~‘1{_J+F1), e-mg)
+(e""U, e“"(,ii1 U,c+fi'1(,Uy+j‘=‘"_:1 ,ZUUWJ+E1U+F‘1>)
<Cie™ MU, e "U) —CrKe *uy, e *u ) + Cie ™ ™h)? +%(e““f, e "f)

for all u>u, where u,, C,, C,, C5 and C, are positive constants. Q.E.D.

Secondiy, we use the same vector U in (4.1) for the solution u of the problem (P.2)
under the condition (A.I) which belongs to #, ,[(R})>xR"].
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PRrOPOSITION 4.3. For U in (4.1), the following inequality holds,

_ 1 1
“4.5) KA ZUNE i< C{;”I u@) |||(2),p+*;“| O[3
2 1 2 1 =
+|] U”O,u,t+7<U>0,u,t+F”Fl 15, u,¢

for all te R, and all p> p, where C and p, are positive constants.

PrOOF. U satisfies the equation (4.2). We set U(t, x, y, w)=0 (x <0). Then, by the
Fourier transform of (4.2) with respect to (x, w), we get

~

2 ~ A LI A =S 2
(46) MIUt=i6A1U_A1U(ta 03 Y, C)+A10Uy+l(lz Alej) U+E1U+F1 s
=1

where

¢ is the dual variable of x, (=({;, - - -, {,) is the dual vector of w=(wy, - -, w,),
p= J e" ¢+ wln(x, w)dxdw and 0 =J e ™yt 0,y,wydw.
Rn+1 R»

We set
@.7 V=e "2+ |12+ u>)~ 140,
where |{|2=]|(, >+ - - - +],|?. Then, by (4.6) and (4.7), we obtain
(4.8) V,=A[d M\ V,+pAd M,V — zl—oli<zlc+ Y A4, ,.c,.)V
j=1

+e AR A+ P+ 00,5, 0)
— Al e+ P+ p?) T VHE U+ F)

and A{!M, is an Hermite matrix. Therefore, we have
d
—E[V, V1=—[V,, V1-[V, V,]
= (A avosndzsiny-agi(aes § A
j=1
+e MATGA(E+ P+ D) V4U 0, ,0)

~ =~ 2
—Ajde ™E2+ P+ ud) VHE U+F,}, V]

n
—I:V, Ao MV, +pA o M, V—Al_oli<A1f+ D Alej)V
j=1
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+e M AT AL (E 1 L2+ D) 40, 0, 3, 0)
- = > 2
—ATde M (EX+| P+ uH) " YYE, V+F1}]
d ~__1 ~ ~_1 l"'
= —'E[A1o M1V, V]—zﬂ[Alo Ml V’ V]
+{[e‘"‘lfo‘i(iilf+ 2 Jlfc,->(€2+|C|2+u2)“”2 Qe““f’]
. =1
+|:e-ut(j’ e”‘thol i<zxf+ Z 11j€j)(52+|5|2+#2)_1/2ﬁ:|}
i=1
—[e ™A A(E2+ L 12+ pD)~ 12T, 0, y, £), e U]
—[e_‘“U, e""‘;fl_olzzl(fz+|C|2+#2)—1/2ﬁ(t, 09 Y, C)]
TN A
+le A (E*+ L2+ u) " VHE U+ F)), V]

o~ S 2
+L[V, e MA (E+ PP+ u®) VHE U+ F))] .

Therefore, we obtain
12 5 t [foo © d
4.9)  KALWLUDG = D LV, V1, dydldidt
0J —o0 " J =0

1 1 1 | B
SC{IIH u@) |H3,,.+7HI U |II3, .+l Ull%,,,,z+7<U><2>,u,z+7ll Fy II%,u,:}

for all ze RY and all u>pu, where C and pu, are positive constants. Q.E.D.
Thirdly, we consider the problem (P.3) under the condition (A.II).
We set
( U, /u,—ux+\/ 2 w42 tu, |
U, utu,+/ 2 tu 4+ 2 ",
U3 uy
| U, u,
(4.10) v=| Us |= hy,

Un +4 uw"

\Un+5) \ u )
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for the solution u of the problem (P.3) which belongs to ¢, ,[(R%})* x R"].
PrOPOSITION 4.4. For U in (4.10), we have

(4 11) M2U1=ZZUI+120U)V+XZOOUZ+ i ijUwJ+E~2U+F2
. i=1
@t x,y,z,we(RL)*x R"
and
Uly=o= (h —h +—2+—2 h+h, +—u’ +—h‘ s Uy Bpy By o0y By, h)
4.12) v v N v 2
' t k k u
Uz= = k—kx"l‘—L z 3 x 4 +_z-"k,uz,kwl’.“,kw,,sk)s
=0 (' J2 J2 J2 J2
where
(1 0 0 O \
01 0 O
00 1 —1 0
0 0 -1 1
ﬁ2= 2 ’
0
2
\ 1/
A,=diag(—1,1,0,0,---,0,1),
[0 /2 12 —1)2 )
1//2 0 1/2 —1/2
12 12 —-1/2 1//2 0
-12 —-12 1J/2 -1//2
Zzo— -/ 2 s
0
—-J2
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[ o /2 —12 12 \
/2 0 —1/2 1/2

-12 -12 -1/2 11/2 0
12 12 /2 —-1/2

1/

(j+4) column

( ! O
1 .
0 0
0
sz= : . . (=1,---,n),
g+#row |1 1 0 - - -0
0
0
\0 1 1/

E, - - an (n+5) x (n+5) matrix with the same property as E; in §3,
and |
F,=",£0,---,0).
Proor. By simple calculations we obtain Proposition 4.4. | Q.E.D.

PROPOSITION 4.5. For U in (4.10), the following inequality holds,
(4.13) -'dit(me-ﬂfu,e-"'U)
< C (e ™U, e™MUY — Cylle u,, e~u, ¥ — Csékeu,, e Mu5))
+ Cole ™ h)i+ Csie Mkt +-i—°(e““f, e "f)

Sor all p=>puy where u,, C,, C,, C3, C4, Cs and C¢ are positive constants.

ProOOF. By the same method as the one in the proof of Proposition 4.2, and
Proposition 4.4, we have Proposition 4.5. Q.E.D.
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§5. The proof of Main Theorem 1.

In this section, we shall prove Main Theorem 1.
Firstly, we consider U which is defined by (3.9) for the solution u€ 5, ,[(R%)? x R"]
of the problem (P.1) under the condition (A.I). By Theorem 3.2, we obtain

(5.1) %(M3e'“‘U, e ")

=—2u(Mse MU, e MU)+ (e "M;U, e "U)+(e ™U, e "M3U,)
= —2u(Mse U, e "U)

+(e‘"‘<A3Ux+A3oU,+ > AsjUwJ+E3U+F3), e‘“‘U)
i=1
+(e"“‘U, e—“'(A3U,+A30U,+ Y A3jUwJ+E3U+F3>)
j=1

C
< —C u(e "U, e "U)+—2 (e "F,, e ™F,)
/]

—(Aze™"U, e MUY —LAzoe ™ MU, e U

where C; and C, are positive constants.
Now, we set

| _l-e 2% 24, _ 2,
(52) Py = VIR e
0 .

and

(1 0 O \

0 1 0 0

0 0 O
(5-3) Q31= --------------------------------------

)
—

\ "1/
where P;; and Q5, are (n+4) x (n+4) matrices. Then, we have

P3(U_P31U)|x=0=0 and Qs(U—QsiU)|y=o=0-
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Using G and H; which are defined in (3.13), we get

U—-P;,Ul,_oeKer P
(5.4) { 31 | tO 3
P31U|x=0= (G, 0, --,0)=Gj,

and

5.5 {U—Q31‘U|y=oeKerQ3
. Q31U|y=0=t(ﬁt"5x—')75s 030(;;‘:+ﬁx+?ﬁ)s 0: Ewp Y Ew,p ,;)'_"HSI .

Then, by (3.14) and (5.4), we obtain
(5.6) {Aze™ U, e MU ={Aze™ "I~ P3,)U, e "(I—P3)U>
+2Re{Aze MU, e "Gy, ) — (A3 "Gy, e HGay)
>Cy{e U, e MUY —Cile "G5y, € "G5y
where C; and C, are positive constants. Similarly, by (3.14) and (5.5), we have
(5.7 KAzoe™ MU, e MU =LK A30e "I —Q31)U, e *(I— Q03U
- +2RelA30e MU, e " Hy ) —KAzoe " H3y, e " Hyy )
= —51«@—'"01,» e‘“'vly»—Cs((e_’“Hn, e MHjy )
where J, is a sufficiently small positive constant, and Cs is a positive constant.
Thus, by (5.1), (5.6) and (5.7), we get
d (o
(5.8 E(Mae"‘"U, e MU)< —Cyule™™U, e MU)+—2(e "Fs3, e "F;)
u
- C3<e_ﬁ“U, e_’"U> +51<<e—‘nv1y’ e_utv1y>>
+ Cile ™G3y, 67 G3y )+ Csle " Hjy, e MHy ) .

Nextly, for ¥ in (3.10), we have the following inequality by Theorem 3.3 and the same
method as the above one,

Cl
(5.9) %(M‘;e“"V, e V)< — Ciu(e ™V, e""V)+—“i(e"“F4, e "F,)

—Cile ™™V, e MV )+ 6,Ke ",y e Fyy )
+ Ci(e"“'G“, e "Gy >+ C;«e_"‘H“, e MHy »

where
—t -
(5.10) {641 (€4’ (2: 9~0) - - N - N -
H, =t(Et_Ex_7ﬁ; 040(Et+ﬁx+'7ﬁ'), 0, I;wla T hw,.a I;) s

C; (j=1,---,5) is a positive constant and J, is a sufficiently small positive constant.
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LEMMA 5.1. Let u be the solution of the problem (P.1) which belongs to
#,, ,[(R%)? x R™]. Then, there exist positive constants C and fi; such that the following
inequality holds for all te R, and all p>ji,,

(5.11) I psa(®) 13, + 11| pr2a 113, e+ <UD, e+ LKBUDG o
<C{N O 113, .+ 1l 113, e+ 121l 2 113 e+ 21 28y 113,03 -
PrROOF. See [7]. Q.E.D.
PROOF OF MAIN THEOREM 1. By‘Proposition 4.2, (5.8), (5.9) and Lemma 5.1, we
have Main Theorem 1. Q.E.D.

§6. The proof of Main Theorem 2.

In this section, we shall prove Main Theorem 2.

Firstly, we consider U which is defined by (3.9) for the solution ue 5, ,[(R})? x R"]
of the problem (P.2) under the condition (A.I). By Theorem 3.4 and the same method
as the one in §5, we obtain

©D _;?(M e MU, e U)< —Cipue™ U, e'”U)+%(e'”F3, e ™" F3)

—(Aze7 MU, e7MU) — K A30e™ MU, e MU

where C, and C, are positive constants. Now, we set

(6.2) Py =Py, (for P,,, see (5.2))
and
0 0
(6.3) Os:= ° 0 s
0 0 1
0

where Ps, and Qs, are (n+4) x (n+4) matrices. Then, we obtain
Pa(U—P51U)|x=o=O and Qs(U"'Q51U)|y=o=0 .
By G, and H which are defined in (3.31), we have
(U—PslU)Ix=oeKel'P3 > (U—QSIU)|y=OeKch5
6.4) ‘P51U|x=o='(G3, 0,---,0)=Gs,
Q51U|y=0='(0’ 0, HS, 0’ Y O)=H51 .
Then, by (3.32) and (6.4), we get
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(6.5) (43e7"U,e™"U»=2C3<e™ U, e—mU> —Cy (e "G5y, e7"Gsy)
where C; and C, are positive constants. Similarly, we have
(6.6) KAzoe™ U, e MU = LAzoe "I —Q51)U, e " (I—Q5,) U
+2ReK430e MU, e " Hs, ) —KAzoe "Hsy, e " Hs, )
> —03uk A Woe ™ U, AL e U

C
“—S«A}c,/‘zv,ue_mHsn A2 e "Hg,»

an

where J, is a sufficiently small positive constant and C, is a positive constant. Thus,
by (6.1), (6.5) and (6.6), we obtain

d C
(6.7) —dt—(M3e‘"‘U, e MU)< —Cyu(e U, e“"U)+—uz—(e"“F3, e ™F,)
—Cyle MU, e ™U>+8, ,;<<A,, 12 e=my, A2 e~ MU
+Cyle ™ ¥Gsy, e _"'Gs1>+ ((A;/i,,”e_“'HSI, Aalc,/%v,ue—mHsl» .

Nextly, for ¥ in (3.10), we have the following inequality by Theorem 3.5 and the same
method as the above one,

d
68) S (Mue™MV, V)< —Ciu(e ™V, e e mEy

—Cile ™MV, e MV )+ 0,ulA;YN2e YV, A2 e VD)

X, Wy i

C.
+Cile™"Gs1, 7" Ge1) +_;t'5_<<A:i,/39,ue_mH6b ALl ue™ " He1 D)

where
(6.9) G61=t(G4, * ",0), H61='(O9 O, H6, 0, R 0),
Cj (j=1,---,5) is a positive constant and J, is a sufficiently small positive constant.

LEMMA 6.1. Let ue 3, [(RY)? x R"] be the solution of the problem (P.2). Then,
there exist positive constants C and [i, such that the following inequality holds for all
teR) and all u>j,,

(6.10) Il e W13, o+ el 113, o+ ped3, o+ pAZ Y23,
<C{lu©@) 13, .+ pll w13, e+ 1l I3, e+ 11 26, 113,00} -
PrOOF. See [16]. Q.E.D.

PROOF OF MAIN THEOREM 2. By (6.7), (6.8), Proposition 4.3 and Lemma 6.1, we
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have Main Theorem 2. Q.E.D.

§7. The proof of Main Theorem 3.

In this section, we shall prove Main Theorem 3.

LEMMA 7.1. Let u be the solution of the problem (P.3) which belongs to
o5, [(RY)* x R™). Then, there exist positive constants C and i such that the following
inequality holds for all te R, and all > jis:

(7.1) N @) 13, 1| p12e 13, e + <p1edF e+ KHUDG o+ KHUDDG, e
SC{IwO 3, + sl w113+ 1 0 S+ 1l 00y 113, e+ 1 0113, o} -
ProoF. By the same method as the one in [7], we have Lemma 7.1. Q.E.D.

PrOOF OF MAIN THEOREM 3. By the same method as the one in §5, Theorem 3.7,
Theorem 3.8, Proposition 4.4 and Lemma 7.1, we obtain Main Theorem 3. Q.E.D.

Appendix. On a result in [27].

We state a result in [27] which is used in §3.
We treat the mixed problem

62

L= —2 Z hit, x) Z aye, x)

6 ,ax

u
+ay(t, x)—+ t, ——+dt,xu= t, X
ot )50+ 3, et )l =10 )
(0, x)=1uy(x), u, (0, x)=u4(x)
n 2
B[ul|x,~o=ay4(t 0, x)~ 1/2{a11(t, 0, x'yfi‘_+ Y a,ft, 0, x)——
4 5x1 ji=2 ax)

ou n ou h,(, O, x’)z)”2
+h,(t, 0, x) —>+ bi(t,x)——ct, x)N14+——
il x ot } jgz i ox; ( )( a0, x")

/) 2\—-1 »n ’
{ Ou (1 416 0. X7 ) S (h,-(t, 0,x)— b0 X) o, x')) u }
ot a;,(t,0,x)/ j=2 a (¢ 0, x') 0x;
+9(t, XY, -0 =9(2, X')

L(t, x)=(t, x;, X)eR. xRY x R"~!

where x=(x;, X5, - - *, X,), X =(x3, " * -, X,,), n=>2, the coefficients 4; and a;; (a,, a; and
d) belong to (R x R R")(#°(RxR" )) and are constant outside a compact set inRxR",

(P)
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the coefficients b;, ¢ and y belong to #'(R x R"~!) and are constant outside a compact
set in Rx R"~1,
We assume the following conditions for the problem (P):

(C.1D The operator L is regularly hyperbolic on R x R". and
a,,(t,x)>0on Rx R",.
(C2) |1+t x) | = 1—c(t, x) |

1/2
> Z{Sup |Reb(t, x', n') |> +sup | Im b(t, x',n) Iz}
n n’
for all (¢, x', ") e R x R~ ! x (R"~* —{0}) where

[ bt, x', )= 2, byt Xy jd(t, X', m)
J =

1 n 2
dit, x',n)= a;(t, 0, xmn;——— a;(t, 0, xnm;
( 1 ) [:i’.iz=2 J( )r, i a l(t’ 0’ x,) (fzz 11_( )r’1>
hi(t,0,x)2\"1( & hy(t, 0, x’ 27172
+(1 +~L——&) { Y (hj(t, 0, x’)—l(—x?au(t, 0, x’))nj} ]
a, 1(t, 0, xl) j=2 a; 1(t, 0, X)
“n'=0Nz -, )R {0} .

REMARK. In (C.1), the condition a,,(t, x)>0 on R x R” is replaced by the condi-
tion a,(¢,0,x)>0 on RI x R"~ 1,

1 ;

By the treatment in the framework of L2-theory, we have only to consider the
following two cases respectively:

1 2 n 1/2
() |1-ctx)|<o inf {1 —(_2115(t,xf)|2) }

@, x)eRxRn—1 | 14c(t, x) | \j=2

. ) 1 ) 2 n o 1/2
I  |1—ct x)|>—  inf {1 —— X 15;t, x|

@, x)eRxRn—1 | 1+C(t, x')l j=2

for all (¢, x')e R x R"~! where

o(D)=8*+d(n)* -,

I

a;,(t, )¢+ i ay;(t, x)n;+h,y (2, x)‘r} 5
j=2

ol
a l(ts X)

. hy(t, x)? 1/2{ ___( hy(t, x)z)—l 4 ( _ h(,x) _ ) }
T'(”czn(r, x)) Mo ) WP et g
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. ” ,
d(n)= [ zzau(t xmm;— 2, )(J a, ft, x)ﬂj)

¥
hy(s, x)2>—1{ n ( _ h,(t, x) ) }2]1/2
+( +a1 1(¢, x) i=2 it x) ay, (2, x)alj(t’ x) Jn; s

z("’)2=t ’Mﬂ,=‘Cl'c’ ("'='(’72s T ”n) » M>0, C,=t(C2’ T Cn)) ’

[=Y

o,(t, x) 0

’NMN=( . >0,
0 a,(t, X)

€2

B . N-l"",

=1 |= : N7Y e,

a) V0 vm) e
_; by, x'n;= jgz byt,x)&;, b, x,n)= ng 5@) / m

and
n 1/2
[14c(t, x)|—|1—ct, x’)l>2(_,§2|5’(t’ x')lz)
We set
_ hl(t’ x)2)1/2 {_a__ _ ( hl(t’ x)2)— !
@ Qo—(l +a1 1(2, x) ot : +a1 1(8, x)

< h,(t, x)
(e
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1 0
3 = t, +(, X)),
©) Ql_m{ (60— } e, x)
4 Q= 5": Palt, x)i (G=2,--,n)

=2 ox,

where

P22(t;X) - Pyt X) v %2 0
) : | . _ . N-1

PadtsX) © Punlts %) 0 o
Then, we have
6) L=0y Qo—0Q,°0,— i Q;* Q;+ (lower order operator) .

j=2

Do 1 . 2 5 2}
Case (I): |1 c(t,x)|<?(t,x,)51;lfm_l{l T Dl f)l(zw(t x)|>

for all (t, xX)e Rx R"™1.

We set
/ U, \ / Qou—Q u
z(Qou+Q,u)
U, Q,u
U, Qau
™ u= | - | = -
Q,u

n +1
\ Un +2 / : \ u /
where u is the solution of the problem (P),

z =
Yt x)

and

1/2
—_ 1 n |2
® ‘°’°‘2a,x»e‘§’fm—n{1 |1+c(t, ')i<,2'5’(tx)') }
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Now, we state our result in [27].
THEOREM A. The problem (P) under the conditions (C.1) and (C.2) is transformed
into the system:

(ﬁlUl=jllUX1+ Z jljUx‘,"'Ele'i‘Fz'l(t, x)
j=2 ‘

(10) 1 U, x)=U(x)
P, le1=0=él(t, x')
L(t, x)=(t, x,;, X)eRL xR, x R"~!

hy(t, x)*

ay4(t, x)

- 1/2
M1=(1+ ) dlag(l’ 1s1+|21|2"”’1+|21|2’ 1)

t, .
~ D) g1, 1,112, =12 1 1),

Vall(t’x)
ju:\/ ay,(t, x)diag(—1,1,1—|z, |2, e 11—z |2, 1),

5 t,x) = hy(t, x)%\ 12 hy(t,
g -t g +<1 L x)) (,W,x)_ 4t %) a“(t,x))

a,(t, x) a4(t, x) ay,(t, x)
.diag(l, 13 1+|zl |2, T, 1+|21 |2, 1)

(I+1) column

/0 - - - 0 1 0\
0 - - - 0 z .
0
0
+l§2p1j 0 . . . 0 0
(+1) row 1 z, 0 - 0 O
0
0
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Ezl- -+ an (n+2) x (n+2) matrix which has the property that for E, =(e;;), €;j
belongs to #°(R x R".) and is a constant outside a compact set in R x R", ,

1=t(f,21_f, 09 .“90),

I

ﬁ—(1 l—etx) 2 . 2 & 0)
1 ’ \/;0— E) 1+C 29 ’ 1+C ns ’
= 2 !
&= g(t, x')

1+c(t, ')

and there is a positive constant C such that

(11) [4,,U Ul>=C[U, U] forall UeKerP,.
. 1 f 2 i 5 2)1/2
Case (II): |1—c(t, x)|>— in = (&, x'
ase (II):  |1—c(t, x)| 4(z,x’)eR><R"‘1{ ]1+C(t,x’)|(j=2| (& x) | }

for all (f, X)eRx R"™ .
For the solution u of the problem (P), we use the same vector U as in (7)
where z, is replaced by z,:

(12) 2y(t, X) = /i_:c% «/1=1).

Then, we have

THEOREM B. The problem (P) under the conditions (C.1) and (C.2) is transformed
into the system:
rﬂzUt=/721 U, + 2. Aszij+Ez2U+ﬁ2

o j=2

(13) 1UQO, x)=Uo(x)
ﬁz lel =0= G~2(t, x')
L(t, x)=(t, x;, x)eRL x RL x R"~1

hy(t, x)2\Y2
M, <1+ . x)> dlag(191,1+|22|2a'”’1+|22|2’ 1)
a4(t, x)

~ D) Giag o1, 1,112,120 1=z, 2 1),

\/au(t,x)
Az21=\/ a;,(t, x)diag(—1, 1, 1—]22|2, T, l—lzzlz, 1),
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Azzj—Mj21 +<1 +M)— 1lz(h,{t, x)—Mal_,(t, x))

a,4(t, x) a4(t, x)
-diag(1, 1, 1+ 2z 1%, - -, 141253, 1)

I+ 1)column

/O I | 0\
0o - - - 0 z
0
0
+,§2Pu 00 - - 00
a+prow | 1 2, O 0 o0
0
0
\0 . . . B . . . 0 1/
(j=2’....’n)’

E,- -+ an (n+2) x (n+2) matrix which the same property as El,
2='(f,22f; Os o '90)3

= 2 2
= 1’_29— 59“'9 —-——5;,0),
2 ( 2 14c 2

X

1+c¢
§2= “5 15
and there exists a positive constant C such that
(14) [4,,U, Ul=C[U, U] forall UeKerb,.
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