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Introduction.

We give some canonical cycles of reduced ideals for the real quadratic fields
K=Q(/m) with m=4q*+1, m=g*+4 (q odd), m=q?+1 (g odd) and m=¢g?+2
(¢ odd). Lower bounds of the class number A(K) and the caliber Cal(K) (number of re-

duced ideals) are given. Some of those lower bounds for the class number are obtain-
ed, by other methods, in [2].

Let m be a square free integer, K the quadratic field Q(ﬁ ), 0=(1+ \/7n' )2if m=1
(4) and \/m otherwise, 0° the conjugate of 0, F(X)=(X—0)X—0") the fundamental
polynom of K and D(K)=(6—0%?* the discriminant of K. Every reduced ideal a of K
is presented in the form [a, @ —c] where a is the norm of a, ¢ an integer such that
0<0—c<a and F(c)=—ab. a=[a, 0—c] is reduced when (a+b)><D(K) and a cycle
of reduced ideals starts from a to the reduced ideal a, =((6*—c)/a)a=[b, 8 —c,], this
operation is repeated until we obtain a another time (see [1]). The class number of K
is equal to the number of cycles and the caliber is the sum of the numbers counting

reduced ideals in every cycle. In what follows t(x) denotes the number of distinct positive
divisors of the integer x.

I. m=4¢’+1, AX)=X?>—X—q”. Let d be a proper divisor of g, and put g=Ad.
From

Rl)=-gq*,  FRg)=—q=—di,
Rg+1-2)=—A2q+1—d—1), F@+1—d)=—d2q+1—d—1),
we construct the cycles:
-[1,0—ql—[q,0—11-[g,0—4],
-{d,0—q]—-[A,0—-(@g+1—-A)]->[2q+1—-21—d,0—-(q+1—-4d)].
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As the reduced ideals [d, 6 —q] associated to every proper divisor of g are in distinct
cycles of length three we have the following results:

THEOREM 1. For K=Q(/m) with m=4q*+1,

i) hK)=1(g)—1,

it) Cal(K)=3(t(q)—1).

II. m=¢*>+4(g=2k+1), AX)=X?>—X—k?—k—1. From

Fk+1)=-1, F(k)=—q=—dA,
Fk+2—A)=—-Mg+2—d—4), Rk+2—d)=—d(@+2—-d—1),

we construct the following cycles:
-1, 0—(k+1)],
-[d,0—-k]1-[4,0—(k+2—-A)]->[q+2—d—A,0—(k+2—-4d)].
THEOREM 2. For K=Q(/m) with m=q*+4 (g=2k+1),
) KK)=(g)-1,
ii) Cal(K)=31(q)—S5.
. m=¢*+1 (g=2k+1), (X)=X?>—¢*>—1. From
F)=—4¢*, HRg=-1,
F(g—1)=—2q= —2dA (d an odd proper divisor of g),
F(g—2A+1)=—-212q9+2-24A—-d), Fg—2d+1)=—-2d(2q9+2—-2d—-1),
Fg+1—d)= —d2q+2—24—d), F(@g+1—-A)=—A2q+2-2d—1),
we have the following cycles of reduced ideals of K:
-[1,6—4],
-[2,60—(¢—1)]—lg,0—1]1—[q,0—(¢—1)],
-[d, 0—(a—1D]-[24, 0—(q—24+1)]
—[29+2—-2A—d,0—-(q+1—-4d)],
{24, 0—(g—D]-[4,0—(g+1-4)]
—[29+2—-2d—4,0—(q—2d+1)].

The cycles of the reduced ideals [d, 6 —(g—1)] and [2d, 6 — (¢ — 1)] are in distinct cycles
of length three then:
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THEOREM 3. For K=Q(,/m) with m=q*+1 (g=2k+1),
i) A(K)=>21(q)—2,
ii) Cal(K)=>61(q)—S8.

IV. m=g?-2(q0dd and q#0(3)). From the following values of the fundamen-
tal polynom F(X)=X?—-¢%+2 of K:
F(g—1)= —(2q—3)= —dA (d a proper odd divisor of 2q—3),

Fg—2)=—22q—3)=—2di, F(g—1—d)= _2d(q+_'1_;_i_1>,

F(q—l—/1)=—2/1<q+~d%£—1),

A+d A—d d—A
(2298 - _(g—1+22% ) g—14+4222),
< 2 ) (" M Xq 2 >

we construct the following cycles of length four and six:

-[1,0—(g—1D]1-[29-3,0—-(g—2)]1-[2, 0—(g—2)]~[29-3,0—(g—1)],

A—d A+d
-[d,e—(q-l)]—*[l,9-—(4—2)]—*[261,9-(q—l—d)]-+[q—1+ > , 0— J; :I

|a-1+ 5 0 —0) |02, 0--21.
and if d is a proper divisor of 2g + 3, with 2q+ 3= Ad, we have from

A+d
Fg+1—d)= —d2q+2—A—d)= ——2d(q+1———_;—> ,

A+d
Fg+1—A)=—A2q+2—i—d)= —21<q+1——;——> ,

F(g+2—d)=—dQ2q+4—d—2J), F(@g+2—A)=—-M29+4—21-2d),
F(@+2—-2d)=—2dQq+4—A—2d), F(@+2—-24)=—2A2q+4—d—-23),
the following cycle of length eight:

-[d, 0—(q+1—d)]>[2g+2~A—d, 0—(q+1— ][4, 6—(g+2—A)]
—>[2g+4—1—2d,0—(q+2—2d)]-[2d, 9-(q+1—d)]_>[q+1-i;“_d_, 0—(q+1—/1)]

—[24,0—(q+2—20)]>[2q+4—d—24,0—(q+2—d)] .
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When ¢#0 (3), the integers 2q —3 and 2g + 3 are coprime and so we have:

THEOREM 4. For K=Q(/m) with m=q*—2, q odd, and q#0 (3),
D) KK)>t2q+3)+t29—3)—3,
i) Cal(K)> 61(2—3)+ 81(2q + 3)— 24.

V. m=¢*+2 (q odd, and ¢=0 (3)), A{X)=X?>—¢g2—2. From
Fg)=-2, F(g—1)=—(2q+1)= —dJ (d a proper divisor of 2g+1),
F(@+2—2)=—A2q+4—1-2d), F(@q+2—2d)= —2d(2q+4—1—-2d),

F(q—d—1)=—2d(q—1+’1—;d),

i+d i—d d—2
2 2 2

F(g—1—2)= —2x(q—1+—d;—l>, F(g+2—23)= —2i2q+4—d—2J),

F(@g+2—d)=—d(2q+4—d—-2}),
we can give the following cycles of length two and eight:

'[1’ 9—‘1]—'[2: 9—(1] s
[d, 0—(q— D]~ [4, 0—(q+ 2~ V] ~[24+4— A~ 24, 0—(g+2—2d)]~[24, 6—(g—1—~d)]

A—d A+d d—A
Slg—1+2=% o (2F2 14222 o (g—1-12
[q T3 ( 2 >]_'[q 0l )]

—[24,0—(q+2—-24)]->[29+4—d—24,0—(q+2—-d)].
We can also construct from

F(g—2)= —2(2q—1)= —2dA (d a proper divisor of 2g—1),

A+d
Flg+1—2)= —2l(q+l——;—)= —M2q+2—A—d),
Flg+1—d)= —2d(q+1—i“-;i)= —d(2g+2—A—d),
the following cycle of length six:
A+d
-[d, 0—(q—2)]>[24,0—(g+1—-A)]— q+1——-2—, 0—(g+1—d)

—[2d,0—-(g—2)]-[41,0—-(q+1—-A)]->[2g+2—-1—d,0—-(g+1-d)].
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THEOREM 5. For K=Q(/m) with m=q?*+2, q odd, and q=0 (3),
i) WK)=t2q+1)+12q—1)—3,
ii) Cal(K)>6t(2q— 1)+ 87(2g+1)—26.
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