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1. Introduction.

We consider the initial value problem (IVP) of the heat convection equation (HCE)
of Boussinesq type in an exterior domain Q=K°cR™ (m=2 or 3), where K is a com-
pact set with a smooth boundary I'=0Ke C>. We denote Q=0Qx(0, T). Then the
problem (IVP) for (HCE) is as follows:

U+ Viu= —(Vp)/p+ {1 —a(0— Op)}g +vAu in @,
divu=0 in @, 6))
0,4+ u-V)0=xA0 in @,

ulp=0, 0];=0,>0, lim u(x,t)=0, lim 6(x,t)=0 for te(0,T), (2)

|x|— o0 |x{—>
u|t=0=a9 0|t=0=h' (3)

Here, u=u(x, t) is the velocity vector, p=p(x, t) is the pressure and 0=0(x, t) is the
temperature; v, k, &, p and g =g(x) are the kinematic viscosity, the thermal conductivity,
the coefficient of volume expansion, the density at 6=, and the gravitational vector,
respectively.

Hishida [2] and Hishida-Yamada [3] studied the exterior problem for (HCE) and
proved the global existence of the strong solution of (IVP) when K is a ball, while the
second author of our present paper has recently shown in [6] (which is her Master
thesis) the existence of a weak solution of (IVP) for (HCE) in the case that X is a
compact set with a smooth boundary of class C2. In Oeda-Matsuda [10], we announced
the existence result (m =2 or 3) together with the uniqueness of a weak solution for the
2-dimensional problem. In the present paper, we will give details of proofs of the results
announced in [10], and furthermore, show the uniqueness theorem of a weak solution
for the 3-dimensional problem. As the equations (1) tell us, (HCE) is the system which
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consists of the Navier-Stokes equation with the buoyancy term and the heat equation
with the convection term. In the Navier-Stokes equation, a sufficient condition for the
existence of a strong solution of the initial-boundary value problem is given as a smallness
condition on data. On the other hand, it is known that a weak solution exists for a
large data. Concerning the Navier-Stokes equation, Serrin [11], for example, studied
and reviewed the existence, uniqueness and the regularity of the solution when the
domain Q is a bounded or unbounded one in R™ (m > 2). Our existence and uniqueness
results on the weak solution obtained in this paper correspond to those for the
Navier-Stokes equation.

Now, to prove the existence of the solution, we employ “the extending domain
method”. In other words, we can expect that problems on domains Q,=Q N B, (B,
being balls with radii » and center O) will approximate the problem on the domain Q
as n— 0. As for “the extending domain method”, Ladyzhenskaya [4] referred briefly
in relation to the Navier-Stokes equation, but skipped details. We are inspired by [4]
and we will give the proof by this method in detail for (HCE). Moreover, we will use
some inequalities with absolute constants (independent of domains) to estimate functions.

2. Preliminaries.

We make assumptions (A1) ~(A3):
(Al) 0Q=I=0KeC>2.
(A2) g(x) is a bounded and continuous vector function in R™\intK and g e L*(Q).
(A3) K< B=B(0,d) (a ball with radius d and center O).

We use an auxiliary function 8 which is introduced as a solution of a problem:

AB=0 (inQ) with 0(I')'=0, and lim 6(x)=0.
|x]—= o

Then, we see 0=0e C*(2) n C}(Q) and ||VO|| , =ess.sup,.o| VI(X)| < c0.

Now, we make a change of variables:

u=id, 0=0+8, (x,y 2)=d(x* y* z*) ((x,y)=d(x* y*) in R?),
t=d**)v, d=vwu*/d, §=v0.,0%/x, p=pvip*/d*.

By these relations, we have new variables u*, 8* and so on, but we abbreviate asterisks
for simplicity and use the same letters.

Then, equations (1), (2) and (3) are transformed to the following homogeneous
boundary value problem:

divu=0 in @, C))

{ U+ Vu=—-Vp+Au—RO+d3g/v:—RO—-P 1) in Q,
0,+u-V)0=P 'A0—(u-V)0 in £,
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ulp=0, 0|r=0, lim u(x,t)=0, lim 6(x,t)=0 for te(0,7),

|x|—o0 |x}— o0
u|t=0=a> glt=0=h,

where R=ag®,d>/kv, P=v/x and d is a radius of B.
Here, we define several function spaces:

WhP(Q)={u; D*ue LP(Q), || <k},

WEP(Q)=the completion of C¥Q) in W*?(Q),

D, (2)={pe C5(Q); dive=0}, |

H (Q) (resp. H!(R2))=the completion of D,(R) in L*() (resp. W*(Q)),

D,(@)={peCqQ); dive=0} (Q'=0x[0,T]),

H () (resp. H:())=the completion of D,(?) in L*(£) (resp. W *(Q)),

~ where |ully1.2)={I ¢ (14t 32+ I VU(t) || F20))dt }1? ;

furthermore

D(Q)={peCg(QuT), o(I')=0},

H}(Q)=the completion of D(Q) in W12(Q),

R ~ ~
D@)={peCyQuTI");eI)=0} (QuI'=(Qul)x[0,T])),
H'(Q)=the completion of D(Q) in W13(Q),

and moreover
T, Q)={peD(Q); p=0att=T}, YQ)={YyeDQ),y=0att=T},
U= {p e Hy(Q)); es5.5uPo << 7l (1) | L2y < 0} ,
f(é) ={y e H'(Q)); €88.5UPg < < 71W(1)l L2y < 0} .
ReMARK 1. (i) If O A'($), then we have 6],,=0.
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)
(6)

(i) We note H,(Q)x L*(Q)=H,(2)x O+0 x L*(Q). We identify ue H,(2) with
“(u, 0)e H,(Q) x L*(R), and moreover, 0 e L*(Q) with {0, 0) e H,(2) x L*), if necessary.

Later we use Friedrichs’ lemma, so we state it here (see Remark 2 below):

LemMMA 2.1 (Friedrichs). Suppose G is a bounded domain in R™ and its boundary
0G is of class C*. Let {w,}, be an orthonormal basis of L*(G). Then for an arbitrary
positive number ¢, we can take a number N, such that the following inequality holds for

all ue Wh2(G):
N. 1/2
||u||L2(G)$<kZ (u, Wk)z) +ellullwire >
=1

where p>2m/(m+2) (m=2), p=1 (m=1) and N, is independent of u.

Q)
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REMARK 2. (7) valids for all ue W*'?(G) not only for W}?(G). (See Lemma 2.4
of Chap. II in [5] (p. 72-73) which is proven by Theorem 2.1 and (2.5) (p. 61 of [5]),
since 0Ge C?))

LEMMA 2.2 (Chap. I of [4]). Let Q<R3. Then
IIulqu(mSC%‘IIVullizm)HuHiz‘(?n SJor ue W(;'Z(Q) s ®)

where 2<q9<6, a=3/2—3/q and c;=(48)'/.

3. Results.

For the simplicity of the representation, we prepare some notations. We put

I(S, G, u, 0) = J‘s {(us ¢I)G +(0s l/11:)6 + ((u y V)(Pa u)G +((u ° V)V,o 0)6
0
+ (ua AQ’)G + P— 1(99 A'//)G - ((u ° V)B—a l/I)G - (Re, (P)G + (.f; (p)G}dT -’ (9)
E(s, G; u, 0)= |u(s)[1Z + 110(s)I|1 & +2 r IVu(z)|| 2 dz +% r IVO(2)lIgar , (10)

where (+, *)o=(", )z@y Il * l¢= 1" 2 and f=d>g/v?—R@E—P").

Before we state results, we give the definition of a weak solution.

DerINITION 3.1.  U="(u(x, t), 6(x, t)) defined in 2 is called a weak solution of (IVP)
if (i) and (ii) hold: |

(i) ‘(u, 0)eu(R)x T ().

(ii) For all (@, y)e 2,(82) x D(Q), the equality

(T, 2;u, 0)= —(a, p(0)o—(h—0, Y(0)), (11)
is satisfied.
Then, we have the existence theorem.

THEOREM 3.2. Suppose the space dimension m is 2 or 3 and let assumptions
(A1)—(A3) be satisfied. Then for any ‘(a, h)e H (Q) x L*(Q), there exists a weak solution
of (IVP) and the following (i), (i) and (iii) hold:

(1) “(u(t), 0()="((u( -, ), 0, t)) is defined for all te [0, T] and (u(t), ¢(t))o+ (0(2),
Y(t))q is continuous on [0, T for every (¢, ¥)e D (@) x D(R).

(ii) The following energy inequality holds for te[0, T]:

E(t, ; u, 0)<exp(cT)lal 3+ |h—05+ F(T)), (12)

where ¢= V8], + | Rl o, + 1, Wl o =€55.5Up, oo W(x) |, F(T) =31l f (2} 3dr.
(i11)  For every (¢, Y) € D,(L2) x D(L2), the next equality holds for all te[0, T]:

(1), (1) +(0(2), Y(1))o=(a, 9(0)g+(h—8, Y(0)o + I(zt, 2; u, ) . (13)
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Moreover, we have uniqueness theorems:

THEOREM 3.3. Suppose the space dimension m is 2. If ge L*(Q) N L*'3(Q), then the
weak solution of (IVP) for (HCE) is unique.

THEOREM 3.4. Let the space dimension m be 3 and assume ge L*(Q) N L*'3(Q). Then
the weak solution (u, 0) of (IVP) is unique if

uel’0,T; L'(Q) and 0€L0,T;L(Q)) (14)
hold for some >3, s=2r/(r—3). |

4. Proof of theorems.

In order to prove the existence theorem, we employ “the extending domain method”’.
We set Q, =B, Q (B,=B(0, n)) and 0Q,=TI +dB,. We note that since K is included
in a ball B=B(0, d) by the assumption (A3), so K< B, after changing of variables.
Then, we propose the following approximate problem (P,) in £,

U+ -Vu= —Vp+Au—RO+d3g/v?—RO—-P 1Y) in Q,,
{ divu=0 in Q,, (15)
0,+w-V)0=P 'AO—(u-V)0 in Q,,
ulannzo, 0'59"=0, fOI‘ tE(O, T), (16)
u|t=0=an » 9|t=0=hn_gna (17)

where a,=yqo a, h,—0,=y,,(h—0) and xg,_ is the characteristic function on the set Q,.
We notice a,e€ H,(Q,) and h,—0,e L*Q,). Since R=0g®,d>/xv, P=v/k and d is an
original radius of the ball B, therefore they are independent of n.

DEFINITION 4.1.  U='(u(x, t), 0(x, t)) defined in £, is called a weak solution of (P,)
if (1) and (ii) hold:
(i) ‘(u,O)ew(@,)x T (3,
(ii) For all (o, Y)e Z,(8,) x D(R2,), the equality
I(Ts Qm u, 0)= _(am (P(O))Q"_(hn—gm l//(O))Q,. (18)
is satisfied.

We begin with the existence theorem for a weak solution in the interior domain £2,,.

LEMMA 4.2. There exists a weak solution ‘(v,, ®,) of the problem (P,) and the
Sfollowing facts hold.

(i) ‘(vu(t), ©,(2)) is weakly continuous on [0, T] in H,(Q,) x L*(R,).

(11) The energy inequality holds:

E(t, 2y; v, ©,)< Cr=exp(cT)lal i@ + 1k =08l Z2 + F(T)), (19)



364 KAZUO OEDA AND NAMI MATSUDA

where ¢c=||V0| , + | Rl , + 1, hence Cr does not depend on n and t.
(ili) For every (¢, y)e D, (Q,) x D(R,) and t [0, T] the next equality holds:

(Un(t)’ (P(t ))Q,, + (@n(t)a 'ﬁ(t))sz,, = (ans ¢(0))Qu + (hn - gm '/’(0))9,, + I(ts Qn; Up, @n) . (20)

PrOOF OF LEMMA 4.2 (see [6], [9]). Let n be fixed. We employ Galerkin’s method.
Let {¢;} (resp. {y;}) be a basis of H}(2,) (resp. Hj(£2,)) and an orthonormal sequence
of L3(Q,) (resp. L%(R,)). First we note that HX(R,) is dense in L*(22,) and H}(L2,) is dense
in L*(,). Therefore, for a,e L*R,) and b,=h,—0,e L*R,), we have

a,= i a,;@; in L¥(R,), b,= i B.j¥; in L*(Q,). (21)
j=1 j=1
We put
u®(t)= i o)y, 0P()= i B, . (22)

Then we consider the following equations:

?sz @®(t), ;) —((u™®(t) - V), u®™(1)) —(Vu®(2), Vo;)+ (ROP(t), 0,)=(f,, @), (23)

% @® (), ¥;)— (@™ () VY G‘k’(t))+% (VOO(2), Vi )+ (@) - V)9, ¥;)=0, (24)
with the initial condition
u®0)=a = i Ui P 5 6®(0)=b = i B.iv; s (25)
j=1 ji=1

where (-, *) stands for (*, )2, Multiplying (23) (resp. (24)) by a{¥(¢) (resp. B{¥(1))
and summing up with respect to j and noting («® « V)u®, u®)=0, (u® - V)®, %) =0,
we have

d 1 d 1
— — lu®)\Z + OBNNZ + IVu®()|2 + VO®(1)2
5 g 1P Ola, +— — 1050, + Ve @)l +5 VO,

<|(@®(2) - V), 0¥(t)q,| + |(ROU(1), u®(t))g,| +|(fo, u® (),
<(IV0ll » + | RI M u O (D), 10Dl g, + I full o, 12 P (D)l o,
<5 (IV0ll + IRl o + DU ®DNE, + 109@)I5,) + 5 1 fll5, - (26)

From (26), we have an a priori estimate:
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lu@(D)13, + 109)15, <expler)lla®l13, + 165 llfz,,+f exp(—c1)[| f,ll%,47)
(o]

t
<explct)lla,ll3, + ||bn||én+f I £ 113, d7)
0

T
<exp(cTXlallg+ IIh—gll?ﬁf Lf &), e2))
0

where ¢=| V0|, +||R|,+1.
Moreover by means of (26) and (27) we have

t t
\Iu""(l‘)llfz,,+IIG""(I)II?),,+2I lqu""(T)llfzna’T+32;J~ IVO©(z)|3,dx
0 0
t t
SCJ (llu""(r)llé,,+l|9‘k’(r)llé”)dt+f I£ull3.d+ 1alg, + 16513,
(4] 0

SCJ e"(lianlléﬁllbnlléﬁj Nf..ll?zndS>df+Hanllfz,,+llb,.llfz.,+j I £l dx
[}] 0

(o]

T
s(a -i— (e’ —1)+ 1>(||a,,[|§)n+ [Ib,,llf;n+J Hf||?z,.d‘f>
0

T
SeXp(cT)(IlaH?ﬁ IIh—GH?ﬁJ IIfII?zdt)E Cr, (28)

0
where Crisindependent of k, n and ¢. Thus we have a k-dimensional energy inequality:
E(@t, 2, u®@), 0®@)<Cr . (29)
Fix n, then, by virtue of (29), we find that
{u™} is a bounded sequence in L0, T; H(R,)) and L*(0, T; L¥(R,)),
{6™} is a bounded sequence in L%(0, T; Hy(,)) and L>(0, T; L*(R,)) ,

therefore, there exist subsequences {#®}, {§®} (we use same symbols) and the limits
v, and @, such that

u® >y, weakly in L?(0, T; H(Q,)), weakly* in L*(0, T, L*(R,)),
v @, weakly in L0, T, H}(,)), weakly* in L*(0, T; L*(,)) .

Furthermore, by using compactness argument, we can select subsequences (we use same
symbols) such that (see [9], Theorem 2.2 of Chap. III in [12])

u® -y, strongly in L2(0, T; L*(R,)),
0w e, strongly in L0, T} L*(R,)) .
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Owing to these facts, we find that the limit ‘(v,, ®,) is a weak solution of (P,) with the
initial value ‘(a,, b,). Moreover we also see similarly that it satisfies (iii) in Lemma 4.2.
Concerning the energy inequality (ii), by the lower semicontinuity of the norms of
Hilbert spaces with respect to the weak convergence, we have

t 2 t
loa(t) 113, + ”@n(t)"é,.-'-zj IVo,(2)ll &, +FI IVO,(2)3,dx
(4] (1]
t
<liminf [u®(1)|3_+lim inf |0®(1)]3_+2lim inf J V)2, de
k— o k— o0 k— o0 0

t
+liminf-—2P- IVO®()|2 dr

k— oo 0

.. ¢ 2 [
<lim lnf(llu(k) 1%, + 1095, + ZJ- IVu®)|13,d + 7 J ||V9(k)(f)||?z,.df)

T

SeXp(CT)(IIaII?z+ Ilh~9II?z+J

If ||f,2(9)d"-') . (30)
0
Thus we obtained the energy inequality (ii). To get (i), we show that
for any fixed j, the sequence {(u™(z), @;)q,+(0®(1), ¥;)0, }i%;
is uniformly bounded and equicontinuous on [0, T7] . ’ (31

Once we show that (31) is right, then by means of Ascoli-Arzela’s theorem, for
each j we find a uniformly convergent subsequence. Moreover, with the aid of diagonal
argument, we can get a subsequence commonly with respect to j. Since {¢;} and {y;}
are dense in H,(2,) and L*(Q,) respectively, for ¢ € H,(Q,) and ¢ € L*(2,) the sequence
{®(2), P)o, +(OF(2), ¥)qu, }i>; forms a uniform Cauchy sequence on [0, 7] except for
an arbitrary ¢>0. This implies (i) holds for any ¢ € H,(Q,), ¥ € L%(R,).

We return to the claim (31). Uniformly boundedness is an immediate consequence
of (30). To show the equicontinuity, we integrate (23) and (24) on [s, t]. Indeed,

| @®(2), @))a, +OP(1), ¥))a, —U™(s), 91)a,—OP(s), ¥ a, |
sf {C2NIVe; Il - u™)| A Vu ™ ()| 32

+ C2IVY; - 109 IV P @)L Il P L2 Ve (@) 11222

+ Vsl - IV @) L2+ A/P)IVY; I - [VOL@)I L2

+ Cr 25l - 1Vl o + CH2I RN o * sl +1Lf N2+ Nl 1l 3z
<27T3CICHATINIV (1 — )1 +(4/P)TIPCECYA IR TR VY (2 — )t

+(Cr/2) 2|V, ll(t —3)'2 + 2P)~ 2 C2 (Vi il (£ —5)'/2

+CH2 ;51 - IVOl ot —5) + CH2 IR o - N; N =5)+ 1 fll2* N ll(E—35)
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where [|w|| =max,<,<r |W(t)llL2@,) and C is a dimension constant. Hence we have the
equicontinuity and the lemma is shown.

Here, we will give a series of lemmas which yields a candidate pair of functions
for a weak solution of the exterior problem. First, we make functions defined on whole
of the region Q.

LEMMA 4.3. Put ux,t)=v,(x, t) if xeQ, and u,(x,t)=0 if xeQ\Q,; 0,(x,t)=
O,(x,t) if xeQ, and 0,(x, t)=0 if xe Q\2,, where v,, ©, are those obtained in Lemma
4.2. Then we have : ‘

(i) “(un 0,)€ Hy(Q) x W5(Q) and u,|sq,=0, 0,]s0,=0.

(ii) E( Q;u, 0,)<Cr.

(ili) For every (o, ¥)e D (@) x D(R), there exists n, such that if n>n0 then the
next equality holds for te [O T]:

(1), @)+ (O,(1), WD)o=(an PO +(h,—B,, ‘//(0))9 +1(t, 25 uy, 6,,) .
Since supp ¢ and suppy are both compact sets in €2, we can easily show Lemma 4.3.

LEMMA 4.4. Let (o, y)e D, (@) x D(Q) be any element and let us fix it. Then, if N
is the least number satisfying supp @ = Qy and suppy = Qy, then the system of functions
{(u(t), (t)o+ 0,1, Y())a}x is uniformly bounded and equicontinuous on [0, T'].

ProoF oF LEMMA 4.4. Recall the constant C; (which appears in (ii) of Lemma
4.2) is independent of n, ¢, then we get the uniform boundedness by the energy inequality.
Next, we show the equicontinuity. To this end, with the aid of the equality in (iii) of
Lemma 4.3 and by means of Holder’s and Sobolev’s ineqﬁalities, we calculate as follows:

[ (a(2), @(2)+(0,(2), Y())o— (($), P(5))a—(04(5); Y($)al
=|It, Q; u,, 0,)—I(s, 2 u,, 0,)]

J {C2 .l + CH2 I +CZHIV<PH| ()25 | V(D) 257

+ C2 VY- 10,1 L2 IIVO( 1 22 () L8* | V@25 + I Vel * I Vary(D) ] 2
+ (/P - V0, 2+ CH2NY N - IVOll o + CH2 I Rl ol @lll + L f |2~ Nl @l e
< CY2 @l —5)+ CH2 PNt —5) +27 34 C2CHA 34| Vol —5)'1*
+(4/P)T3ECECYATIETIE) V||t —5) 4 +(Cr/2) 2 || Vol (£ — )2
+@P)TI2CYAIVY NI — )Y+ CH2 1Y - VO]l (2 —s)

+C2 IR LMl —=9)+ 112 - M@l —s) ,

where [|w(| =max, <, 1 |W(t)] 2o and C depends only on the space dimension. Thus
we have shown the equicontinuity.
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LEMMA 4.5. There exists a subsequence {!(u,(t), 0, (1)} of {(u,(¢), 0,(t)} such that
the following (i), (ii) and (iii) hold:

(i) There exists “(u(t), 0(t)) € H,(Q) x L*() such that '(u,(t), 0,,(t)) converges
weakly to '(u(t), O(t)) uniformly on [0, T']. Consequently, ‘(u,, 0,,) converges to ‘(u, ) weakly
in L¥(Q) x L*(9).

(ii) “(Vu,,V0,) converges to (Vu, V0) weakly in L¥(Q)x L*(). Hence "(u, 0)e
AHYQ) x AY(S).

(iii) If we rechoose a subsequence {(u,,, 0,,)}, if necessary, then '(u,,, 0, ) converges
strongly to ‘(u, 0) in the sense of L¥(Q') x L*(Q'). Here Q' is an arbitrary bounded domain
satisfying Q' < Q.

PROOF OF LEMMA 4.5. Inorder to prove (i) and (ii), we use Ascoli-Arzela’s theorem,
the diagonal argument and Riesz’s representation theorem (see [1], [6], [9]). To prove
(iii), we need Lemma 2.1 (the extended Friedrichs’ lemma). Let {w,} x {z;} be an
orthonormal basis of H,(Q’) x L*(Q’) and we take p=2. Then, thanks to the Friedrichs’

lemma, for any given £>0 there is N, such that the following estimates hold (see
Remark 2):

N, 1/2
”“”LZ(Q')S( Z (u, Wi)lz.zm')) +8”u”W‘=2(Q’) s for ue WI'Z(Q') s
i=1

Ne

1/2
||0”L2(9')5( Z (0, Zi)%.z(n')) +8||9||W1,2(n') s for Oe Wl'z(g,) .

i=1

Therefore we have (|| * || stands for | * || 20/

f {ln () — s, (D115 + 1160,,(8) = 0,,(2) 1| 3.} At

< J {2 _; (U (1) = 14, (1), W)y + 2621, (1) — 4, ()| + 1V (200, (6) — 4, (D] )

0

Ne
+2 -;1 (0,,(8) = 0,,(2), 2:) + 262110, (1) — 0, ()| 5 + | V(O,, (1) — 9.,,(t))llé')}dt

< JT {2 Ijz (@, () — 4y (£), W)y +26*(2C7 +2C + | Vi, (1) — 14, (1)) 1 5)

0

+2 i (0, () —0,,(2), )5 +2*(2Cr+2Cr + IIV(B..k(t)-Hn,(t))llé')}d‘f
i=1

< f T{z 5 nO) =t (1), w42 3 Gur()—0,.(0) z.-)f,}dr
i=1 i=1

0

+26X8C;T+2C+2CP) > 4e*4C; T+ Cr+CeP)  as mum—oo, (32)
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here we used (i) of the lemma and the energy inequality (ii) of Lemma 4.3. Since ¢ is
arbitrary, we established the proof of strong convergence in L¥(Q).

PrOOF OF THEOREM 3.2. Let ‘(u, 0) be the limit element which is obtained by
Lemma 4.5. We only show that the equality (which is in Definition 3.1)

T
j {0, 0)+(0, ¥) + (1 * V), )+ ((u - VIY, 0)+ (u, Ap)+ P~ (6, 4¢)
0

holds for all (@, ¥)e 9,(Q) x (). Here (-, +) means (*, *)r2q)-

To this end, we investigate the convergence of the two nonlinear terms and we
skip the remaining part. First we notice that for a given test function (¢, ¥)
€ 9 ,(8) x 9(Q), we can take a bounded domain Q' and a number n, satisfying suppo,
suppy = Q' x[0, T] and Q' =Q, <=Q, for all n=n,,.

If Q=R3, we use || W o) < €3 VWl L2, Where c; =(48)"/°. Owing to (iii) of Lemma
4.5, we have (C is a dimension constant)

f | (@n,, * VIO, )0 — (1 * V)@, u)q |dit

T
< J C{ I Uy, —U ||L2(Q') “unkHLf’(Q) IV HL3(Q’) + ||lu ”L6(Q) Hunk —u| L2(©) Ve HL3(.Q’)}dt
0

T

<c3 C;/ZCOIE?;XT Vel(2) “L-"(Q’)( J

12
|24, (2) — u(f)HiZ(Q')dt) -0 (as n,— 00).
0

Moreover, we see

T
J | (@t * VIV, 0,,)0— (= VI, O)q dt

T
Sj C{Henk“HHLZ(Q')||unk“L6(Q)"Vl//”L3(Q')+ ||0“L6(Q)l|unk_u”LZ(Q')“V'//”m(Q’)}dt

0
1/2

1\2/ (T
<c3C/?C max UVl//(f)llLsm'){(—) (J )l9nk(t)—9(1)ll%2(g')dt>
0<t<T 2 0

P\1/2 T 1/2
+ <7> ( f 1, (2) —u(t) Hfz(g')dt) } -0 (as n, — 00) .
0

If Q<R2, we use ||w]| 4o < 2|l 1o | VWl 15q), where ¢, =21*:
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T
J | (@, * V)@, ) — (1 * V)op, t)q |dit
0

T
< f C{ Il Uy, —U | L2(2) Ilunk" L4(R) Ve ”u(n') + ||u ”L“(Q) | U, —ul L2(2) Vo ”L“(Q’)}dt
0

T 1/2 T 1/2
<c; C%'MC om:axr V()| L4(Q')< J I u, (t)—u(t)ll 12,2(9')dt) ( f (Vu,, | Lz(n))
=t=< 0 0

T T 1/2
+02C%’4C012515XT ||V¢(t)||um')(f Ilunk(t)—u(t)lliz(g')dt)”z(f ||Vu||L2(ﬂ))

(V] o

T 1/2
gzczc;/‘*c;/z(—) C max ||V(P(t)||L4(n')( J
2 0<t<T 0

T

1/2
llt4, (2) — u(2) | 22(9')dt) -0

(as n, — 00).
Moreover, we see

J I ((unk * V)'/I’ Bnk)ﬂ_((u : V)'/’s 0)9 Idt
0 .

T
< j C{ IIG..k —0| L2(€') Il Uy, | L4(9) IVy "u(n') + || 9"1,4(9) I Uy, — ul L2m')” \2 ”L3({)’)}dt

(W]

T 1/2 T 1/2
<¢,C{/*C max IIW(t)llu(m( J ||0..,‘(t)—9(t)llisz,dt) ( f lqunklle<n))
0<t<T 0 o
T 1/2 T 1/2
+c,CY*C Jmax IIVlll(t)IILa(g')U IIu..,((t)—u(t)Iliz(ni)dt) (J IIVOHLzm))
< . 0 (V]

1\2/ T 1/2
<c;CY*CY?C max ||V|/1(t)||,‘4(9,,{<?> (f 16,,(2) —0(z )||i2m')dt)
0<t<T

0

P 12 T 1/2
+ (_2_‘) (J‘ ” um‘(t) - u(t) ”%‘Z(gr)dt) } -0 (as n, — ®) .
0

Hence we have established Theorem 3.2.

PROOF OF THEOREM 3.3. Suppose Q<=R?2. Put V,=H(Q), V,=H}Q) and let V;
(resp. V3) be the dual space of V, (resp. V,). We note that if ‘(u, 6) is a weak solution
of (HCE), then their distribution derivative (with respect to time variable 7) u’ and 6’
belong to the spaces L*(0, T; V) and L*(0, T; V3) respectively. Indeed, using ||w|, <
2 llwll'2[Vw(|*2 <c,|lw|y,, we have the following estimates for g e ¥, and Y e V,:



INITIAL VALUE PROBLEMS 371

[ V)o, W) | < Cllull 4| Vol - lulla<ciCllull - IVul + o]y,

|(Vu, Vo) | < [|Vull * IVl < | Vul * | oly,

(RO, ) < [IR[ 101 - ol < IRl 101 * l@lly,

| o)< fllasl@lazcal flasloly,

|- VI, )| < Cllull 4Vl - 101la < c3 Cllull V2 [Vul 21y lly, 012 VO />
[(VO, V) [< (VO] - IV (| < (VO - ¥y,

|- VI8, )< VBl Il + 1l < [Vl o lull = [l ,

here C is a dimension constant and we used geL%(Q)n L*32). By the energy
inequality, we see —(u-Vu+Au—RO+feL*0,T;V;) and —(u-V)0+(1/P)AO—
(-V)8e L0, T; V3), sou' e L¥0, T; V) and 8’ L0, T; V3). Then we have (see (3.62)
of Chap. III of [12])

d/dt|lu(r)|*=2<u'(t), u(t)> and d/dr)6(t)||>=240'(2), 6(¢)) . (33)

Here, let (u;,0,) (i=1,2) are two weak solutions of (IVP) and put ‘(u, 6)=
(uy—u,, 0, —0,). Then we prepare several estimates:

[ (= Vg, ) | < Cllufl 4| Vi || = flul o < C =212 ]|u] - [|Vudl| - || Vi |
<% [IVull? +2C% |l ® | Vuy 1> < 1 Vull> +5 (lul* + 10112) - 4C? | Vuy |12, (34)

| (- V)04, 9)ISC|IuII4IIV911| 0l < C-2Y 4l V2 Vull T2 VO, 12Y4)6) 12 Ve 12
<3 Q@'2C*ul - |Vu| - V0,1l +2"2| VO, - |6] - |VO])

1(1 2,1 504 2 2, 1 2, P, 2119/12
<5 (2 IVl * + 3 2C%|lul*1IVO, | *t5p VO] -+ 4 2[Ive.lI#nell )
%IIVuII2+—~HV0H +5 (||u|| +||9||2)<C41|V91|| +——||V9 ||2) (3%)

Now we can consider u; (resp. 6,) satisfies the equation (4) as an element of L0, T; V)
(resp. L*(0, T; V3)). Subtracting each sides of corresponding two equations (i=1, 2),
taking the scalar product of the difference of equations with «, 6 in the duality
between V; and V7, integrating on [0, ] and using %(0)=0, 6(0)=0, then we get by
above estimates (34) and (35)
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1 2 1 2 ! 2 1 ' 2
5 [|2e(2) +to 1611~ + L IVu(@)|| dr+—1; L IVO(7)|| “dr
=— j' {( - Vuy, w+((u- V)0y, 0)+((u - V)8, 0)+ (RO, u)}dt
0

t
sj {%(nuuu ||9||2)<4cz||Vu1||2+c4||vo1||2+§ uv91||2+nV6||w+||R||w)}dr

(V]

1 2L | 2

+ 3 JO |Vu(z)|| “dt + P L VO(z)| “dx . (36)
Since 4C?||Vu, |2+ C*|V0,]12+£V6,]1>+ V0|, + | Rl|, belongs to L'(0, T), so by
(36) and Gronwall’s inequality, we obtain the uniqueness.

ProoF OF THEOREM 3.4. Let ‘(u, 0) be a weak solution of (IVP) satisfying the
condition (14):

uel0, T L"(Q) and 0eL0, T;L(Q) (r>3,5=2r/r—3).

From (14), we can show

wel*0,T.V)) and 0'€L*0,T.V)), 37
where V,=H!(®Q) and V,=H}(Q). To do this, we will verify
(u*Vuel?*0,T;V;) and (u-V)0eL?*0,T;V3). (38)

Indeed, if we take 2 <g <6 such that 1/¢g+ 1/r=1/2, then, for ¢ € V;, we have
[ (0 V)o, W) | < Cllull IVoll2llul,  for ¢@eV,, (39)

where ||+ ||,=1 * s and C is a dimension constant. Here we use Lemma 2.2 with
a=3/2—3/q. Then we have

laelly < eIVl *flull =2, (40)
from which we have
| (u* V), w)| < Ccs || Vull*lull* ~*IVoll « lull, . (41)
Since |Vo|/ <|¢l|y,, therefore we find
(2 » Vyully; < Cesl Vol *[laall =% laell, - (42)

By means of the energy inequality, we obtain



INITIAL VALUE PROBLEMS 373

T T
e - V)ullﬁ;dtsj C2e3 V] 2*|ual| >4 =2 ue|| 2 dt

0

<C’ “CT‘“_[ IVl ?*||ul?dt < C?c3 (f HVullzdt><j faa 7 “’)

< C?c3*Cy(Cr/2f |u) 2= C2e3*Cr(120)ul 2, , (43)

where |lul, ;= 4l Ls0,7,-2) and we used a=3/r and s=2/(1 —a) because of 1/q=
1/2—1/r. Similarly we get

T
fll(u‘V)GII%;dtSCZ “CT( )H@H . - 44
(o]

Therefore we showed (38). Moreover, thanks to geL*(Q)n L*3Q), we find fe
L?*0, T; V7) (we omit verifications about other terms). Thus we obtain (37). Hence
we have

djdt||u(t)|* =2<u'(t), u(t)> and d/dt|6(t)|>=2<6(z), O(2)> . 45)

Let '(u,, 0,) and “(u,, 6,) be two weak solutions of (IVP) with the same initial data
satisfying the condition (14). Put ‘(u, 8)="(u, —u,, 0, —6,). We can show

[ (= VIug, ) | <% VUl + (1 —a2)(Ce3)> D u|? uyg |3, (46)
(" V)8,. 6)| <% | Vul? +(12P)|VO)2 + (1 — Y Ce)> P/ =D Nu| 210,15 . (47)
In fact, we see by (40)
(@ Vuy, u)|=|(u V)u, uy) | < Cllull gl Vaell = ey Il
<(Ce3lIVul* ") (flul* ~*luyll,) - - (48)
Here we take p'=2/(1+a), ¢'=2/(1 —a) (=s) and k such that (k7 /p') (Cc%)*' =1/4. Then,
for such a k, we find (1/q’k"')=(1 —a?)(Cc3)?*1**%) Then we have from (48)

1
PNVl — | Oy | &
q'k?

=2 IVul® + (1 —a?)(Ce)* D |u|?|luy |15 - (49)

I ((u : V)“la

Similarly we have

|- V)81, )| < Cllull | VOIl - 0]l <(Ce3lIVull*2/P)! 2 VOIN(P/2)! 2 lu* ~*116,1,)

< Va2 F 02/ PY U+ D) V| 20+ 4 (1 —a2)(Ce)H ™t +(P/2)M = 9||u]| 2|16, ]IS . (50)
Here, for A=(1+a)/a and u=1+«, we find

. 1 ) 1/(1+a)p
”VuHZa/(l +a)(2/P)1/(1+ )Hve||2/(1+a)< l ”VuHZaA/(l +a)+ p (?) “VOH(Z/(I +a)u .

(51
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By (50) and (51), we obtain (note 0<1/4, 1/u<1)

(@ V)8, 0)] < IVul*+ - V]2 +(1 =N Ceg * (P72 =l 210, ;. (52)
Now, using (49) and (52), putting C,=(1 —a?)(Cc$)*1*?, then we get

S +L oo+ [ e L [ vocoras

<-—J IIVu(r)||2d1+ j ||V9(T)szr+f (el + 101XVl o + | RIl )z

t P 1/(1 —a)
+J llaall 2(CaIIuI 17+ Ca(?) 16, |If>dt
[})

<——J IIVu(T)IIZdr+ J Vo)l >de

tl P 1/(1 —a)
+j ?(|lu||2+|19||2)<2Ca||u1||5+2Ca<7> ||91||5+||V9I|w+||R|Iw>dT . (53)

0

Since 2C,[lu, [I;+2C(P/2)* "0, 11} + VOl + | Rl , € L'(0, T), by virtue of (53) and

Gronwall’s inequality, we have the uniqueness theorem.
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