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1. Introduction

We recall the following definition of singular meromorphic foliation.

DEFINITION 1.1. Let X be a smooth complex compact n-dimensional manifold. A
dimension g, 1 < g < n, singular meromorphic foliation on X is defined by a rank g subsheaf
E of the tangent bundle 7 X of X such that 7 X/FE has no torsion and E is involutive, i.e. E
is closed under Lie brackets.

If g = 1 (i.e. if the foliation is a foliation by curves) then the condition of involutiveness
is automatically satisfied and E is a line bundle ([H], Prop. 1.9). The sheaf E is called the tan-
gent sheaf to the leaves of the foliation. In this paper we study positive singular meromorphic
foliations, mainly in the case in which X has a fibration.

DEFINITION 1.2. Let X be a smooth complex compact n-dimensional manifold and
F a dimension ¢, 1 < g < n, singular meromorphic foliation on X defined by an exact
sequence

0> E—TX— TX/E -0 (1)

with E involutive, rank(E) = ¢, and T X/ E torsion free.

(a) We will say that F is effective or non-negative if the coherent sheaf E is generically
spanned by its global sections, i.e. there is a non-empty open subset U of X such that the
natural map H%(X, E) ® Ox — E is surjective at every point of U.

(b) We will say that F' is semi-positive if we may take as U a Zariski open subset of X
such that X \ U is a closed analytic subset of X with codimension at least two.

(c) Assumegq = 1. Then we will say that F is strictly generically positive if h°(X, E) >
2 and the base locus of E has codimension at least two in X and we will say that E is strictly
generically effective if h°(X, E) > 2.

We need to use some kind of positivity for torsion-free coherent sheaves on compact
complex manifolds.
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DEFINITION 1.3. Let X be a connected compact complex manifold and E a torsion-
free coherent sheaf on X. We will say that E is strictly generically positive if there is an open
subset U of X such that X \ U is an analytic subset of codimension at least two in X and
for every connected compact complex manifold W and every non constant holomorphic map
f: W — X with f(W)NU # @ we have h%(W, Hom(f*(E), Ow)) = 0.

Inspired by [G], Def. 2.5, and [B] we introduce the following definition.

DEFINITION 1.4. Let f : X — B be a holomorphic map between smooth complex
compact manifolds such that the general fiber of f is a smooth connected curve. Let F be
a singular meromorphic foliation by curves on X associated to a non-zero section of TX ®
L, L € Pic(X), i.e. induced by a a non-zero map u : L* — T X such that sheaf T X /u(L*) is
locally free outside a codimension > 2 subvariety of X. We will say that F' is a semi-Riccati
foliation if there are R € Pic(B) and a divisor D on X with D > 0 and dim(f (D)) < dim(D)
such that L* = f*(R)(D).

For any smooth connected compact complex manifold X, let Alb(X) be its Albanese
torus and (up to a choice of a point of X) let @ : X — Alb(X) be the Albanese mapping of X
([U1], Def. 9.6, or [U2]).

In section two we will prove the following results.

THEOREM 1.5. Let X be a connected compact complex manifold with dim(X) = 3
and Kodaira dimension k (X) = 0. Let « : X — Alb(X) be the Albanese mapping of X.
Assume dim(a(X)) = 1. Let F be a singular effective meromorphic foliation by curves on
X. Assume that F is not everywhere transversal to a general fiber of o. Then we get the
following:

(1) The foliation F is semi-Riccati and it induces a regular meromorphic foliation by
curves on every smooth fiber of .

(2) Every smooth fiber of o is a smooth connected minimal complex surface isomorphic
either to a torus or to a primary Kodaira surface. Furthermore, we get the following:

(2-1) If a smooth fiber, Y, of a is a torus, then the corresponding foliation on Y is
induced by a linear foliation on the universal covering C* of Y.

(2-2) If a smooth fiber, Y, of « is a primary Kodaira surface, then a(X) is a smooth
elliptic curve and the corresponding foliation on Y is induced by a submersionm : Y — B
with B elliptic curve, each fiber of m being isomorphic to an elliptic curve. Furthermore, F
is not strictly generically effective.

THEOREM 1.6. Let f : X — B be a surjective holomorphic map between smooth
connected complex manifolds with dim(X) > dim(B) > 0. Set m := dim(X) — dim(B).
Let G’ be a general fiber of f and G any connected component of G'. Fix an integer q with
1 < g < dim(X) and assume the existence of a dimension q generically strictly positive
singular foliation F on X. Then we get the following:

1 g =m.



POSITIVE FOLIATIONS 17

(2) Ifq = m, then F is induced by the fibration f and the tangent bundle T G of G is
strictly generically positive.

() If g < m, then F induces a strictly positive dimension q singular meromorphic
foliation on G.

The statement of Theorem 1.6 says that any strictly generically positive foliation on a
smooth compact complex manifold X commutes with any fibration on X.

We will be particularly interested in the case in which X is not algebraic. The field
C(X) of all meromorphic functions on X is a finitely generated extension of the field C
and its trascendence degree, a(X), over C is called the algebraic dimension of X; we have
0 <a(X) <nanda(X) = nif and only if X is Moishezon, i.e. bimeromorphic to a compact
algebraic smooth variety ([U1], pp. 24-27). In section two we will prove the following result.

THEOREM 1.7. Let X be a smooth compact complex n-dimensional manifold with
a(X) = n — 1. There is a compact manifold W, a bimeromorphic morphismu : W — X and
a morphism f : W — B such that B is a smooth (n — 1)-dimensional projective variety and
a general fiber of f is an elliptic curve. Every singular meromorphic foliation on X induces
a singular meromorphic foliation on W. Every singular meromorphic foliation by curves on
W is semi-Riccati with respect to the morphism f : W — B.

We were motivated from [G], [B], [U1] and [U2]. The papers [G] and [B] made clear
that semi-Riccati foliations and fibered surfaces are important in the theory of foliations on
surfaces. In the classification of non-algebraic compact complex manifolds two very natural
fibrations occur: the algebraic reduction and the Albanese mapping. It seemed to us important
to extend to the n-dimensional case the interplay between the existence of singular foliations
and the existence of fibrations. This paper contains the best we could do on this topic. We do
not know any paper considering it from this point of view.

This research was partially supported by MURST and GNSAGA of INdAM (Italy).

2. The proofs

REMARK 2.1. Let X be a smooth complex compact non-rational surface, Y its min-
imal model and f : X — Y its associated morphism. Hence there is a finite set S C Y
such that f induces an isomorphism ¢ of f~!(Y \ S) onto ¥ \ S. For every singular mero-
morphic foliation F on X there is a unique singular meromorphic foliation ¥’ on Y such that

F'I(Y\S) = of T™(FI(fTI (X \ $)).

REMARK 2.2. Let f : X — B be a holomorphic map between smooth complex
compact manifolds such that the general fiber of f is a smooth connected curve of genus
g and H the singular meromorphic foliation on X associate to the fibration f. The singular
meromorphic foliation H is semi-Riccatiifand only if ¢ = 1. If dim(X) =2and f : X — B
is a fibering by elliptic curves, then a turbulent foliation in the sense of [B], p. 581, is semi-
Riccati.
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PROOF OF 1.7. By [Ul], Th. 12.4, there is a compact complex manifold W, a bimero-
morphic morphism # : W — X and a morphism f : W — B such that B is a smooth
(n — 1)-dimensional projective variety and a general fiber of f is a smooth elliptic curve. Any
singular meromorphic foliation by curves on X induces a singular meromorphic foliation by
curves on W. Take any singular meromorphic foliation by curves F on W. By [H], Prop. 1.9,
there is L € Pic(W) ando € HO(W,TW ® L) \ {0} such that the zero-locus of ¢ contains
no hypersurface of W. Let G be a general fiber of f.

CLAIM. Forevery R € Pic(W) we have deg(R | G) = 0.

PROOF OF THE CLAIM. Assume the existence of R € Pic(W) with deg(R | G) # 0.
Taking R* instead of R if necessary, we may assume deg(R | G) > 0. Set y := deg(R | G).
Taking R®? instead of R if necessary, we may assume y > 2. Take H € Pic(B) with H very
ample. Set L,,, := R +mf*(H). Since deg(L,, | G) = y > 0, we have H{(G,L,|G)=0
for every i > 0 and h°(G, L,, | G) = 8 (Riemann-Roch). Thus for every integer i > 0 the
coherent sheaf R f,(L,,) is supported by a proper analytic subspace of B, while R f,.(L,,)
is a torsion free rank y sheaf on B. By the projection formula and the ampleness of H, for
all integers m >> 0 the sheaf RC f,(L,,) is spanned by its global sections. Hence we obtain
the existence of a non-zero section s of L,,, m > 0. Call T the effective Cartier divisor of W
associated to s. By the generality of G the section s | G of L,, | G is not identically zero. Since
deg(L;, | G) = y, GNT is a zero-dimensional scheme of length . Hence T is a hypersurface
of W with f(T) = B and deg(f|T) = y > 2, contradicting a property of the algebraic
reduction of X (use either [U1], Th. 12.1, or [U1], condition 3) in Definition 3.3) and proving
the claim.

Since G is a smooth fiber of f, the normal bundle Ng,w of G in W is isomorphic to

O%("_l). Since G is an elliptic curve, TG = Og. Since TW | G is an extension of Ng,w

by TG, TW |G is an extension of 02("7]) by Og. By the generality of G the section s
induces a non-zero section of (TW ® L) | G. We just saw that (TW ® L) | G is an extension
of (L] G)®" Dby L|G. Thus0 < h%G, (TWQL)|G) <n(h®(G, L|G)). By the Claim
we have deg(L | G) = 0. Since a degree zero line bundle on G has a non-zero section if and
only if it is trivial, we have L |G = Og. Thus L* |G = Og. Hence R f,(L*) is a rank 1
torsion free sheaf on B. Since B is smooth, the rank 1 torsion free sheaf A := (R f,,(L*))**
is a line bundle ([H], Prop. 1.9). By a theorem of base change ([MS], Prop. 4 and Cor. 2,
and [OSS], p. 11) the natural map § : f*(ROf*(L*)) — L* is injective over G. Hence §
induces a natural non-zero map f*(A) — L* whose restriction to a general fiber of f is an
isomorphism. Hence the line bundle L* ® f*(A)* is associated to a Cartier divisor D with
D > 0and dim(f (D)) <n — 2. Thus F is a semi-Riccati foliation.

REMARK 2.3. Take ¢ = 1 in Definition 1.2, i.e. consider a singular meromorphic
foliation by curves on X. Hence rank(E) = 1. By [H], Prop. 1.9, E is a line bundle on X.
It is called the tangent bundle to the foliation F. The foliation F is non-negative if and only



POSITIVE FOLIATIONS 19

if there is a Cartier divisor D > 0 such that £ = Ox (D). The foliation F is semi-positive
if and only if either D = 0O or the linear system |D| has no base component. The foliation
F is strictly generically positive if and only if D # 0 and the linear system |D| has no base
component, while it is strictly generically effective if there is a Cartier divisor A > 0 such that
D(—A) > 0 and the rational map induced by | D(—A)| is not constant and defined outside a
codimension two subspace of X.

REMARK 2.4. Let X be a smooth complex compact manifold with WX, TX) = 0.
Then X has no effective singular meromorphic foliation by curves.

REMARK 2.5. Let X be a smooth complex compact surface and Y its minimal model.
If %X, TX) # 0, then h°(Y, TY) # 0. Look at Table 10 at page 188 of [BPV] with a
list of all minimal smooth surfaces with Kodaira dimension 0. If Y is a hyperelliptic surface,
then KO(Y, TY) = 0. If Y is a K3 surface, then h°(Y, TY) = 0 because Ky trivial implies
TY = 2y and h°(Y, 2y) < h'(Y,0y) = 0. If Y is an Enriques surface, then it has a K3
surface as unramified double covering and hence KoY, TY) = 0. Now assume that Y is a
primary Kodaira surface ([BPV], Ch. V, Sect. 5). Thus Ky = Oy, there is an elliptic curve
C C Y and a submersionm : ¥ — P! such that every fiber of m is isomorphic to C. We have
oy, TY) = h%(Y, 2y) = h'(Y,0y) = 1 and hence there is a unique effective foliation
on Y. This foliation is associated to the submersion m and hence it is regular. A secondary
Kodaira surfaces has no regular holomorphic vector field.

REMARK 2.6. LetY be an n-dimensional complex torus and F' a dimension g effective
singular meromorphic foliation on Y given by an exact sequence (1). Since 7Y = O?", we
have £ = O?q, F is regular and F is induced by a linear foliation of C". Now assume n = 2
andg = 1. Fixany P € Y. Letw : M — Y be the blowing-up of Y at P. The foliation F
induces a singular meromorphic foliation, H, by curves on M. Since h°(Y, TY @ Ip) = 0,
we see that the tangent sheaf Ty of the foliation H is isomorphic to Oy (-7~ (P)). In
particular we have h°(M, Ty) = 0. Take any smooth compact complex surface X whose
minimal model is isomorphic to ¥ but with X # Y and let @ be the singular meromorphic
foliation on X induced by F. Since X # Y, the minimal model morphism X — Y factors
through the blowing-up of a point of Y. Thus h°(X, Tp) = 0.

PROOFOF 1.5. LetOx (D), D > 0, be the tangent line bundle to the foliation F. Let G
be a general fiber of @. By [U2], Main Theorem I, or [U3], Th. 5.1, G is a smooth connected
complex surface with k(G) = 0. Let Y be the minimal model of G. By the generality
of G the foliation F induces a non-zero morphism u : Og(D | G) — T X | G which is an
inclusion, except at most at finitely many points of G. Let Y be the minimal model of G.
Since G is a smooth fiber of «, the normal bundle of G in X is trivial. Hence TX | G is
an extension of Og by TG. By [BH], Th. 4.1, we have 2(h!(G, 0g)) = b1(G) + A and
ho(G, 2¢6) = h'(G,06) — A with0 < A < 1. We distinguish two cases.
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(a) Here we assume D | G trivial. Notice that this case cannot occur if F is strictly
generically effective. In this case F is semi-Riccati. First assume that the composition, v,
of u with the natural surjection TX | G — Og is not zero. Since D | G is trivial, v is an
isomorphism and hence the singularity set of F is disjoint from G and the foliation F is
transversal to G at each point of G, contradicting one of our assumptions. Now assume
v = 0. Thus u induces a singular meromorphic foliation on G whose tangent bundle is the
trivial line bundle. By Remarks 2.4, 2.5 and 2.6 and the assumption «(G) = 0, we obtain
that Y is a torus, that the foliation on G induces by u is induced by a regular foliation, H, on
Yand that Y is just a foliation induced by a linear foliation of C2 . The last part of Remark
2.6 implies G = Y. Now assume that Y is a primary Kodaira surface ([BPV], pp. 146-147).
Thus Ky = Oy, A = 1,b1(Y) =3, k' (Y, Oy) = 2 and hence hO(Y, TY) = hO(Y, 2y) = 1
and there is a submersion m : ¥ — B, B a smooth elliptic curve, such that all fibers of m
are isomorphic to a smooth elliptic curve C. Since hO(Y, TY) = 1, there is a unique effective
singular meromorphic foliation on Y: the foliation is induced by the submersion m. Hence
the foliation on G induced by Im(u) is the strict transform of the foliation, H, on Y induced
by the submersion m. The last part of Remark 2.6 implies G = Y.

(b) Here we assume D | G # @. Thus Im(u) C T'G and u induces a singular meromor-
phic foliation on G. By Remarks 2.4, 2.5 and 2.6 Y is a torus or a primary Kodaira surface.
First assume that Y is a torus. We easily obtain as in (a) that the foliation on G induced by u is
induced by a linear foliation, H, on Y. Since the tangent sheaf to the foliation H is trivial, as
in case (a) we obtain G = Y and D | G = 0, contradiction. Now assume that Y is a primary
Kodaira surface. As in case (a) we obtain G = Y and D | G = 0, contradiction.

PROOF OF 1.6. Let E C TX be the rank g tangent sheaf of the foliation F. Let G’
be a general fiber of @ and G any connected component of G’. Thus G is a smooth compact
complex manifold of dimension m and its normal bundle Ng,xin X is trivial. Notice that

TX |G is an extension of Ng,x = 02('17'") by TG. Since G’ is general, the inclusion
E — TX induces an injection, u, of E |G into TX | G. Since F is strictly generically
positive, we have h%(G, Hom(E | G, Og)) = 0. Thus u induces an injectionv: £ |G — TG.
Hence dim(G) > rank(Im(v)) = ¢. If ¢ = m, we also obtain that T G is strictly generically
positive. Now assume g < m. Since E is involutive, Im(v) is involutive, i.e. Im(v) defines a
dimension ¢ singular meromorphic foliation on G.
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