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Abstract. A mathematical model of environmental fluid is presented to describe fluid flow motions with large
density variations. Moreover the associated numerical methods are discussed. The model of environmental fluid is
formulated as an unsteady low-Mach number flow based on the compressible Navier-Stokes equations. For low-Mach
number flows, the acoustic effects are assumed to be weak relative to the advection effects. Under this assumption,
detailed acoustic effects can be removed from governing equations. The low-Mach number formulation thus en-
ables numerical flow analysis with a projection methodol ogy that uses high-order accurate upwind difference of the
convection terms with a time step restricted solely by an advection Courant-Friedrichs-Lewy (CFL) condition. The
agorithm presented here is based on an iterative implicit time evolution of second order accuracy and a high-accurate
spatial discretization with TVD properties for unsteady low-Mach number flows. It is seen from the results on the
verification for test cases of flows with awide range of density variations that our numerical method is validated.

1. Introduction

In the compressible Navier-Stokes equations, two kinds of propagation speeds are in-
volved, namely, the convective velocities of fluid particles and the sound velocity which is
the propagation speed of sound waves. In fact, it is known that the application of numerical
methods for the compressible Navier-Stokes system to |ow-speed flows does not necessarily
provide us with satisfactory information regarding the convergence. This fact suggests that
numerical simulations are insufficient and the associated computational results turn out to be
inaccurate. These numerical difficulties are caused by the circumstances that the characteris-
tic velocities in the compressible Navier-Stokes systems are the convective speed and sound
speed, and so that their ratios become large and the so-called stiffness of the system may occur
due to the disparity of eigenvalues of the system.

One of the efficient counter measures for those numerical difficultiesis to induce a sys-
tem of equations for incompressible flows from the compressible Navier-Stokes equations
and make analysis under the assumption that the density does not change in both space and
time. However, in actual applications, even if the convective speed of fluid isalow speed, itis
necessary to take the change of density due to the change of temperature into consideration.
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For instance, mixing processes of air and fuel in engines, water currents in the ocean
or air flows in the atmosphere are caused by the nonuniform distribution of temperature as
well asthermal stratification, and the air flow field in a neighborhood of afire spot as well as
diffusion of smoke are typical phenomena which take place in environmental fluids and are
understood to be compressible Navier-Stokes flows.

One of the efficient counter measures for treating the change of density due to that of
temperature is to employ the so-called Boussinesq approximation which asserts that the ratio
of the change in density to that of temperature, dp /9T, is sufficiently small. Under Boussi-
nesg approximation it is possible to think of buoyancy terms depending upon change in tem-
perature. However, the incompressibility condition is assumed as the equation of continuity.
Thisis inconsistent with the conservation law of mass, and so it is hecessary to examine the
limitation of such approximationsin their applications.

On the other hand, A. Majda proposed a method for deriving the governing eguations
for the case of low-Mach numbers from the compressible Navier-Stokes equations by using
an asymptotic expansion with respect to Mach number which is supposed to be a sufficiently
small quantity. Although this method can not be applied to the flows with shocks that are
directly related with the propagation of sound waves, the method itself is effective for the
analysis of density driven flows associated with a large scale change of temperature and is
applicableto awider variety of fluid phenomenathan those under Boussi nesq approximations.

Theobjective of thispaper isthreefold: First weintroduce low-Mach number approxima-
tionsin accordance with Majda'sidea. We next review the formulation of the Navier-Stokes
equations with low-Mach number approximations. Thirdly, we extend Najm's numerical
method [9] for computation of low-Mach number flows to make the numerical computation
stable for higher Reynolds number flows. Furthermore, our new method is verified through
the results of numerical simulations for the following three test cases:

(1) Lid-driven cavity flowsinincompressible fluid,

(2) Natural convection in asguare cavity in case of flows of small density variation,

(3) Premixed combustion of hydrogen and bromine mixture in case of flows of large
density variation.

In Section 2 a complete system of the governing equations for fluid flows involving
chemical reactions is presented. In Section 3 a low-Mach number model is introduced for
isentropic gases as a special case of the Euler system. In Section 4 our model is applied
to the Navier-Stokes equations for reacting flows. In section 5 our numerical methods are
discussed. Najm’'s numerical method proposed in [9] isreviewed and then an iterative implicit
method with a TV D propertiesis proposed. In Section 6, computations for the three test cases
mentioned above are performed in order to validate our numerical methods. Finally, some
conclusions are given.
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2. Governing equations

The starting point of our argument is to formulate the governing equations for the fluid
phenomenaunder consideration. In this section, acomplete system of governing equationsfor
fluid flows involving chemical reactionsis presented. We derived those equations by applying
low-Mach number approximations.

2.1. Conservative form of equations for reacting flows. Equations describing
chemically reactive flows with N participating species in conservative formulation are stated
asfollows:

e Mass Conservation for Chemical Species:

apY;

o7 +V-(pYiv) ==V ji+w; (=12---N) (1)
e Mass Conservation for Mixture Gases:
d
P4V (=0 )
at
e Conservation of Momentum:
apV N
?+V-(pV®V)=—VP+V-r+pZY,'f,' (3
L
o Conservation of Energy
dpe N N
P 8tt +V'{(Pet+P)V}=_V'Q+V'(T'V)+P2i:yifi 'V+Xi:fi Jio 4
1
etzh—£+—V«v (5)
o 2
e Thermodynamic Equation of State:
N -1
p=pRTM™Y, M= (ZYi/Mi) . (6)
i=1

where p means the density, v denotes the velocity vector, p stands for the pressure, t rep-
resents the viscous tensor, f; means the body force per unit mass of speciesi, Y; represents
the mass fraction of chemical species i, j; denotes the diffusive flux vector of speciesi, w;
stands for the mass production rate of speciesi, e; isthetotal energy, g denotes the heat flux
vector, i represents the enthalpy, R is the universal gas constant, 7 denotes the temperature,
M means the mean molecular mass, and M; stands for the molecular mass of speciesi. The
viscous stress tensor t, the diffusive flux vector of speciesj;, and the heat flux vector q will
be given in the section of “ Constitutive equation”.
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To be consistent with mass conservation, the species mass fractions, the diffusion veloc-
ities and chemical sources must satisfy

Y vi=1 0=<y=<1 (7)

> ji=0 ®)

N
Zw,':O. (9)

Note that summation of conservations equations for al speciesin (1) implies total mass
conservation, (2), so that one of those N + 1 equations is redundant.

2.2. Constitutiveequations. Theviscousstresstensor, diffusive flux vector, and heat
flux vector are modeled by means of the following constitution equations:
e Viscous stresstensor

r:u{(VVJr(Vv)T)—%(V.vﬂ} (10)

The viscous coefficient 1 is obtained by semi-empirical formulae dueto Wilke[13] and mod-
ified by Bird, et al. [1].

M:inm<;qu>,-,j>l, (11)

where

1 Mi _% Wi % Mj %12
Pt = ¢ij:ﬁ(l+ﬁj) [“(M—j) <ﬁ> } i#j (12

and X; represents mole fraction of speciesi in the mixture:
X; = MMy, . (13)

e Diffusiveflux vector of species

i = pViYi (14)

where V; denotes the diffusion velocity of speciesi and is determined by

XiX; Vp »p
VXi=) l;i/ (Vj =V + (i~ X,~>7+;Zw;(f,~ )
J ! —_— J

pressure gradient
Stefan—Maxwal | body force
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Drj Dr;\VT
+ — =~ | — 15
Z pDij < J Y; ) T =

Soret effect

where D;; means the binary mass diffusion coefficient matrix and D ; represents the thermal
mass diffusion coefficient for speciesi.

In this paper aform of Fick’slaw form is employed to evaluate the diffusion velocities of the
speciesin the associated mass-diffusion processes by introducing a diffusion coefficient D; .

Vi=-D;Y7 vy, (16)

The diffusion coefficients D; are modeled in terms of the binary diffusion coefficient matrix
D;; asfollows[1].

-1
=(1- Y,»)(ZDi;lX,') : (17)

i#]
It turns out that the diffusive flux vector may be modeled as
ji=—pDiVY;, (18)
and the diffusion coefficients D; are modeled in terms of the binary diffusion coefficients D;;
asin[1]. Conservation of mass requires that the sum of all N fluxesj; vanishes (see Eq. (8)).

Thisrequirement is not necessarily fulfilled for this diffusion model. A smpleremedy isthen
to subtract any residual from the bulk flow velocity in the species transport equations.

V-(p&V)aV-{pnv—YiZj,-}. (19)
J

e Thermal flux vector

= ZAVT h RT Vi—V; 20
q +ZJ,+ ZZMDU( DRSS (20)
conductlon rediation
mass duffusion Dufour effect

where A denotes heat conductivity. Dufour effect and thermal radiation are neglected in the
present discussions. Hence we have

N
q=-AVT + ) hiji. (21)

The coefficient of heat conductivity of the mixture is obtained through a combination averag-
ing formula[1].

1
(ZX, ,+ZN X/)\) (22)

i=1
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2.3. Enthalpy equation and temperature equation. The equation of energy con-
servation is usually formulated in term of specific enthalpy through the relation of ¢, =

1,2.
h—%+zM.

doh 9
8L+V (phv) = <8—’t’+v.vp)—v.q—r;w, (23)

where the enthalpy is given by means of formation enthalpies /; for each species by
N
h=>Y Yih. (24)

For ideal gases, the enthalpies /; are independent of the pressure, so that the total differential
of h; isgivenin terms of partia heat capacitiesC,;,

dh;
dhi = <8T> dT = Cp,dT . (25)
p
The enthalpy h; of aspeciesis given by

T
h,~=ho,~+/ Cp,dT , (26)
Tt

0

with an enthalpy ho; at a reference temperature 7Tp. The heat capacity C,, of mixture is ob-
tained by summing up all the C),;, namely,

N
Cp=) YiCp,. (27)

Combining Equations (23), (24), (25) and (27) together gives

d(pY)
dt

9
pcp<a—+v VT)-(—-i-V Vp)-V-q-rt: VV—Zh (28)

Substituting Eq. (1) into the last term on the right-hand side of Eq. (28), we get

N
aT ap ] .
pCp(§+V-VT> = (§+V-Vp>—V-q—t.Vv+ Ei hi (V- ji —wi) . (29)

Substituting of Eqg. (21) into Eq. (29) and use of multiplication rule
Vo hiji —hiV-ji =i - Vh; (30)
and
Vhi = Cp;VT (31)
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imply the relation

aT ap
oCp E-q—v-VT = §+V~Vp +V.(VT)

N N
+,0<ZCp,~j,~>~VT—1::VV—Zh,~w,~. (32
i i

2.4. A model of chemical reactions. The parameter w; in the governing eguations
represents the rate of mass production of species i. In order to evaluate this, we need an
appropriate model of chemical reactions. Elementary chemical reactions are described as

N

ke N

> 2 Yo e
b .
1

i=1

where v/s are stoichiometric coefficients of reactions for educts, v;’s are stoichiometric coef-
ficients of reactions for products, m;s are the names of the species i, ks stands for reaction
rate of forward reaction, and k;, means a reaction rate for the backward reaction. The mass
production rate w; for speciesi is computed through the following equation:

Nr
w; = M; Z(V!{,/k — Vi )Wk (34)
k=1

where M; denotes the molecular mass of speciesi, N, means the total number of elementary
chemical reaction stages. The symbol @y denotes the progress rate of the k-th stage of the
elementary chemical reaction, and it is calculated as follows:

N ! N "
W = kg l_[ C;"k — kp.k l_[ C;"k (35)
i i

wherek ;. represents the reaction rate coefficient for forward reaction of the k-th stage of the
elementary reaction, kj x is the coefficient of reaction rate for backward reaction of the k-th
stage of the elementary reaction, and C; is the concentration of species i, that is defined as
C; =Y;p/M;. Thereaction rate coefficients k s x and k; i for the k-th elementary reaction are
given, respectively, by the Arrhenius-law.

X Esp
kix = BT Fexp( — ZLK) 36
1k fk I0< RT ) (36)
Ep i
kpi = Bp i T  exp| — =22 ), 37
b,k b,k IO< RT ) (37)

where the parameters By and By are frequency factors, o s and oy i are temperature
indices, and E s and E; ; are activation energies of the forward and backward reactions,
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respectively. Thislaw is empirically validated, while the constants are usually determined by
experiments.

3. Low-Mach number approximationsfor isentropic flows

For simplicity, the derivation of a low-Mach number model is discussed for the equa-
tions for an isentropic gas which is a special case of the Euler system. This reduced model
involves the same difficulty as the Navier-Stokes system with low-Mach numbers. It becomes
increasingly ill-conditioned as M, — 0. The smplified system of governing equations for
one-dimensional isentropic flows consists of partial difference equationsfor the density p, the
velocity v, and an algebraic equation for the pressure p:

d
L4V (v =0, (39)
at
av
pE—i—vam—i—Vp:O, (39
p=Cp, (40)

together with given theinitial conditions

pli=o=p°, vli=o=1°.
Here, the constant C is determined by means of the constant entropy of thesystemand y > 1
denotes the ratio of specific heat capacities. The total derivative of the pressure with respect
to density is the square of the speed of sound:
2 = d—p =
dp
In what follows, it is assumed that the Mach number M,,, defined by

M, =2 (42)
.

c y L (41)
0

be sufficiently small. Since the total derivative of the pressure in terms of the derivative of
density iswritten as

fl_f:j_i.fl_f:czg:czg_fﬂvp), (43)
with the aid of the continuity equation (38). Hence we have
2;—]Z—l—,oczvov—i—v~Vp=0. (44)
Therefore, the linearization of the system (38)—(40) takes the form
a—”+A(u)a—”=o, (45)

Jat 0x
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whereu = (p, v, p)T and the matrix A(u) is given by

voop 0
A(v):(O v pl). (46)

0 pc? v

The eigenvalues of A(u) are A1 = v, A23 = v % ¢ and correspond to the convective and
sound waves, respectively. For low-Mach numbers, the discrepancy between the speed of
sound and the convective velocity becomeslarge, and so A («) becomesill-conditioned in the
following sense: Greatly varying signal speeds appear in the equations. A time step for the
time integration of the equations is adapted to the fastest speed in them. Thisin turn implies
a“stiff” system. Inthelimit asc — oo, the sound waves will propagate infinitely fast, and so
the fluid becomes hydrodynamically incompressible in the sense that the fluid compressibility
is expressed by dp = (3p/dp)dp + (3p/dT)dT = (1/c?dp + (3p/dT)dT. In this case,
the compressibility of fluid is led only by a thermodynamic effect. First, we introduce non-
dimensional variables depending on theinitial data v° for velocity and p° for density:

v P

v = p=———. 47
v maxgo v°0’ p maxg p° (47)
Thislead us to the following non-dimensional form of the Euler equations:
95
224V (i) =0, (49)
at
L0 - 2 ~
pz + POV - (1) +27Vp(p) =0, (49)
p(p) =Cp”, (50)
where A means the constant
1
A= , 51
Mod7C (51)
and p(p) isgiven by Eq. (40):
. p -
=—F7-—=Cp". 52
p(p) (maxg 007 o (52)

In the low-Mach number limit, A tendsto infinity. Therefore, the pressure gradient in Eq. (49)
ismultiplied by alarge factor. We suppose that asymptotic expansions in term of powers of
171 of theform

p=po+rtpi+aZpa+ 007 (53)

d=vo+A v+ 2%+ 007 (54)
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with certain coefficient functions p; and v;. Substituting these expansionsinto the momentum
equation (39) and rearranging the resultant equation with respect to powers of A, we obtain

d
%+Vp2+0()\_1)=0. (55)

Comparing the power of A, we let M, — 0 and seethat Vpg = Vp1 = 0. We then call the
sum of these pressures, which are constant in space, “thermodynamic pressure”,

Py = po(t) + 27 pa(). (56)

A2V po+AVp1+p

Therefore, in the low-Mach number approximation, the lower order terms po, p3,--- are
neglected in theideal gaslaw. The gas law then becomes an equation for the density,

p=(C Py, (57)

Majda [8] has shown that under certain smallness condition for the initial data, as M, — 0,
the solution (p, v) of the compressible Euler equation converges to the solution (p2, vg) of
the incompressible Euler equations:

V.vo=0, (58)

dvo _
po— =+ povo- Vu+Aa"2Vp, =0, (59)
pp = (CTTP)YY. (60)

In the incompressible formulation, acoustic wave are suppressed. Thisis due to the fact
that the higher order terms in asymptotic expansions are not taken into account. In the low-
Mach number approximation, pressure p is decomposed into the thermodynamic pressure
P:j,, which is constant in space, and the “hydrodynamic pressure” pj,,q, which is caused by
fluid motion and neglected in the gas law.

P(x,1) = Py (t) + phya(x,1). (61)

4. Navier-Stokes equationsfor low-Mach numbers

For the Navier-Stokes equations for reactive flows such that density varies in space due
to spatial gradients of temperature and mean molecular mass, a similar low-Mach number
approximation can be employed in order to obtain awell-conditioned system. Similarly to the
previous case of the Euler equations, the pressure p is split into two parts,

p(xst):Pth(t)+phyd(xst)s (62)

where the thermodynamic part Py, is constant in space and does not appear in the momentum
equation, and the hydrodynamic part ps,q isneglected in the gaslaw. Inthelow-Mach number
approximation, the terms describing work due to viscous stress, t : Vv, and hydrodynamic
pressure in the equation for temperature can be neglected. In this study, only gravitation is
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considered asthe externd forcef. Since hydrodynamic pressure py,q take several magnitudes
smaller than P;j,, the assumption that the hydrodynamic pressure can be neglected in both
equation for temperature and the gas law is in fact appropriate. As a result, the Navier-
Stokes equations for reacting flow are formulated for low-Mach-number approximation in the

following way:
e Mass conservation of species
pY; .
o1 +V. - (pYiv) =V .- (oD;VY) +w; (i=12---,N) (63)
e Mass conservation
a
P V. (pv)=0 (64)
at
e Momentum conservation
apVv
W+V-(pv®v)=—Vphyd+V-t+pg (65)

e Energy equation

8P[h
at

N N
oT
oCp (W +v- VT) = +V-AVT) +p (ZCPiDiVYi> VT — Zhiwi (66)

e Thermal state of equation
RT
Ptth—M ZPRTZE (67)

Since the material derivative of the thermal state of eguation,

1/p 1 0P, 1 [/0M 1/0T
ALy wvp)= =2 (L vovym) - Z(E fw-WT
p(8t+(v )p) P ot M<8t V) ) T<8t -V ) (68)

equation (64) is rewritten as

Lol _ gy LM o)+ (2L wowyr (69)
Py, ot M\ 3t T\ 91 ’

Since P, is constant in space, the time derivative of Py, is obtained by averaging Eq. (69)
over the whole domain £2.

d P Py 14T 1adM
=—— [ IV-v— o —+ ———tdx
dt 1221 /e Tde M di
P 1dT  1dM
__Pw / v.ndS—i-/ — ot dx | (70)
1211 Jae ol Tdr Mdi

Here we consider the case where £2 is an open domain. The right-hand side of Eqg. (70) van-
ishes and the thermodynamic pressure remains constant in both time and space, independently
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of the assumptions imposed,

P, = const. (71)

Thisis our situation that we have to take into account in our application below.

In order to investigate the effect of heat release in chemical reactions in a closed vessel,
we suppose that non-dlip boundary condition for the velocities (v = 0 on 9£2), constant £2 in
time, constant mean molecular mass M, and constant specific heat capacity C,,. In this case
the boundary integral in Eq. (70) and time derivative of M vanish. Substituting Eq. (66) into
the material derivative of the temperature of Eq. (70) and using the relation Eq. (8), that is,
> :ii =Y_; DiVY; = 0, and athermodynamic equation of stateintheform Py, /T = pR/M,
we get

0P, R JP 1
o~ oy = / V. (AVT)dx ). (72)
or _ MC,\ ar 12l /e

For homogeneous Neumann boundary conditions for the temperature on 92,

N
AP, R 1/
- (=S hw; Jdx. 73
o _ MC,—R |2 9< 2,: ’w’) * (73)

For exothermic reaction (w; < 0), the above eguation means that thermodynamic pressure
increases.

5. Numerical methods

We begin by reviewing the low-Mach number pressure correction method proposed by
Nam, el al. [9], propose a method for improving the computational efficiency of time in-
tegration by introducing implicit iteration method. In the method proposed by Najm el a.,
so-called Predictor-Corrector method is employed for numerical integration. For both stages
of the predictor and corrector, the fractional method is incorporated in accordance with the
pressure-split momentum equations. The predictor usesa second order Adams-Bashforth time
integration scheme to update the velocity as well as scalar field. A pressure correction step is
incorporated in order that the continuity equation holds. The corrector is based on a second
order quasi Crank-Nicolson integration and also incorporates a pressure correction step. In
their scheme, the rate of change of density in timeis derived by differentiating the equation of
state Eq. (67) so that the energy equation and the mass conservation of species are combined
through the equation of state,

N

1 BY,}

— (74)
T ot — M; d1

For open domain systems considered in this study, the thermodynamic pressure Py, isuniform
and constant so that the material derivative of pressureis equal to zero.
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5.1. Numerical scheme of Najm et al. [9]. The Najm’s algorithm is summarized as
follows:
Predictor stage:
1. Thetime derivative 07 /0t|", d(pY;)/0t|", (i = 1,---, N — 1), and dp/0t|" are
explicitly evaluated through Eq. (66), Eq. (63), and Eq. (74), respectively.

aT |n 1
| = (Vn . Vn) " +——|V. ()»nVTn)
at ,o”C;’7
N N
+p" (Z Cpf’Df’VY[’) VT — Zh;?w;?] (75)
i i
a(pY;)n
(gtt) :—V-(p”Yi"V")-i-V-(,OnD;lVYin)-i-w?, i=12---,N—1 (76)
N
ap |n n 107" 1 9Y"
—| = - - M" L. 77
arl = [ ™ ot ;Mf a1 (77)

The concentration pYy of the last speciesis determined from Zf"zl pY;i = p.
2. Predicted values for the density and scalar concentration field are determined as

P_pn 3op|" 1op|"t
p—p" _ 33" 1lop (78)
At 2 0t 2 0t
pPYP —p"y"  3aeYn " Lageyn | 79)
At 2 ot 2 ot
and the predicted temperature is obtained from the equation of state,
7" = Pu/(Rp"). (80)
3. Theintermediate velocity V is determined by integrating the pressure-split momen-
tum equations,
PoP nyn 1
PV =PV Spn lpia (81)
At 2 2
where
R=-V.-(pv®V) -V -7+pg. (82)

4. Theintermediate hydrodynamic pressureis determined by solving the pressure Pois-
son equation. The derivation of the Poisson equation is discussed | ater.

1 ap|f
VZ P = —|v. P\7P + =
Phyd At|: (p ) ar

} (83)
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where dp/dt|” is given by the second-order discretization, sincev?’ is not known at
this stage, and 9 /d¢|” cannot be directly evaluated from Eq. (64).
wll 1

i yrie (@

5. Finally, the predicted velocity v* is obtained through the projection step:

PGP

pPvE — pP¥

P
The pressure Poisson equation (83) is obtained by taking the divergence of Eq. (85)
under the restriction of the continuity condition, dpf /3t + V - (pfvF) = 0.
Adding Eq. (81) to Eq. (85), we get

P\, P nyn
otV PV 3
- - —| -V VRV]|-V.1t+

At 2( ('O@) ! 'Og)

L (= (wev)-v-e00)

— VP (86)

n

n—1

We find that in the predictor stage of the Najm’s scheme pressure term is implicitly
treated by means of a backward Euler scheme and other terms are explicitly treated
using a second order Adams-Bashforth scheme.

Corrector stage:

1. Thetime derivative of the density and species concentrations at the (n + 1)th time
step are calculated using the predicted values. The corrected values are calculated
by applying Crank-Nicolson time integration of the second order accuracy.

e L W AL AL
Pt _L(0ef", 0p (87)
At 2\ ot at
n+lyj1+l_ nyn 1/9 Y; n 9 Y; P
Y, prY _173(pY) (¥i) |7\ (88)
At 2 at at
The temperature at the (n + 1)th time step is obtained from the equation of state
(67).
T = Py /(Rp™HY. (89)

2. The momentum equations are decomposed into a part excluding the pressure gra-
dient (Eq. (90)) and the pressure gradient part (Eq. (94)) in accordance with afrac-

tional step method. The intermediate vel ocities "1 are calculated by applying the
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Adams-Bashforth time integration to the former equation (the pressure-split mo-
mentum equations).

pn+1\7n+1 — V" 3 1 1
=_-R'"—-ZR" ", 90
At 2 2 (%0)
where
R=-V.-(ov®V) -V -7+pg. (91)

3. The hydrodynamic pressure at the (n + 1)th time step is determined by solving the
pressure Poisson equation that is obtained by taking the divergence of Eq. (94) under
the restriction of the continuity condition, 9p"*1/3r + V (p"t1v**1) = 0.

n+1
} . (92)

Sincev"*+1 isnot determined in thisstage, (9p/31)|"+1 can not be directly cal culated
using Eq. (64). Thus, (9p/1)|" 1 is determined as

n+1 1

— Z_At(?)pn-i-l _ 4,0” + pn—l) ) (93)

1 ap
v2,itl _ T |y pntigntl “@*
DPhyd AL (p ) + Py

ap
at

4. Finaly, thevelocity v+ at the (n + 1)th time step is determined by

n+lvn+l _

At

As shown in [9], the predictor itself is conditionally stable for relatively low temperature

variation (ratio of the highest temperature to the lowest is in the range of ~ 2). For higher
temperature ratios, incorporation of the corrector step is necessary for the stability.

Aswe have mentioned in the predictor stage, adding of Eq. (90) to Eq. (94) implies
pn+lvn+l _ pnvn 3

i =5 =V (VRV) =V -1 +00)

n+1\7n+1

o o

=—Vppt. (94)

n

1 n—1
—5(—V’(pv®v)—V~r+pg)

-V p;yt}. (95)

We find that in a way similar to the predictor stage, in the corrector stage as well, the pres-
sureterm isimplicitly treated by means of a backward Euler scheme and the other terms are
explicitly treated using a second order Adams-Bashforth scheme.

5.2. Implicit schemes. As an extension of the original scheme, we incorporate an
implicit type treatment. Therefore grid refinements, for instance in the direction normal to the
wall, do not limit the time step. We need to use fine grid points near the wall to resolve the
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boundary layer, especially, in case of flow calculations with high Reynolds number. Firstly,
we consider an implicit scheme for the following scalar transport equation:

u+V-f+d=0. (96)

Using atrapezoidal time-advanced schemeto discretize the time derivative, we get

Mn-i—l n

T:M+(1—9)V-f”+9V-f”+1+d=0. (97)

This schemeisisan explicit schemefor 6 = 0, a Crank-Nicolson schemefor6 = 1/2,and a
fully implicit schemefor & = 1. Linearizing Eq. (97) with f = au, we get

A+ A6V -au" ™ =u" — At [(1—60)V -f +d]" . (98)

Furthermore, we get the following implicit scheme in the delta form with "+ = u” + su”
in Eq. (98).

A+ A0V -a)du" = —At(V -f +d)". (99)

In case of steady state calculation, theright-hand side of Eq. (99) correspondsto theresidual of
Eqg. (96), which we want to solve. If the residual approaches zero during the iteration process,
theadditivesu™ also goesto zero. Therefore, sincethe accuracy of numerical solution depends
upon the accuracy of of the right-hand side of Eq. (99), we can have the room of the selection
of the operator on the |eft-hand side from the point of view of the numerical stability and the
computational cost.

For the unsteady calculation, it is necessary to increase tempora accuracy. Although
Eq. (99) is discretized using a second-order accurate Clank-Nicolson scheme, the overall ac-
curacy depends on not only the accuracy of spatial discretization of the right-hand side but
also that of the left-hand side. Thus, in order to get high accuracy in time, we use Crank-
Nicolson scheme and incorporate the Newton-Raphson iteration procedure. Replacing u”+1
with u* + suk, and V - "+ with v - % + v . (asu*), we get the following implicit scheme
of deltaform for unsteady calculation:

1 1
<1+ 541V a)auk =—@r—u" - 541V "+ V4 d, (100)

where
uF L = ok suk (102)

The superscript k refersto the iteration cycle between solution at time stepsn and n + 1, the
superscript O indicates the initial guess for thefirst iteration. If the iteration convergesin the
sense of that the condition [8u¥| < ¢ is satisfied for a certain k and a certain admissible error
bound ¢, we put «*+1 = ¥, The accuracy of solution is obtained from Eq. (100) and depends
on that of the right-hand side. It dose not depend on that of the left-hand side, because the
right-hand side of Eq. (100) corresponds to Eq. (97) with § = 1/2 provided that |su*| — O.
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The stability condition for this schemeis given by
1
ECFL <1, CFL = |a]/min(Axy, Ax2, Ax3) (102)
which is understood to be a TVD stability condition.

5.3. lterativeimplicit schemes. AsseeninEgs. (86) and (95) inthe previous section,
the discretization in time of momentum equationsis similar to two stages (predictor stage and
corrector stage) in Najm’s scheme. Furthermore, it seems to be no particular reason that the
“only two" specific stages (prediction stage and correction stage) should be introduced in the
scheme. Here we propose aimplicit iteration procedure that is more robust and stable for flow
calculations with high Reynolds numbers.

In our scheme the following temporal discretization is employed. For the momentum
equation, the pressure term is discretized through a backward Euler method of the first order
accuracy. The other terms are discretized by a Crank-Nicolson method of the second order
accuracy.

pn+lvn+1 _ pnvn
At

=-V.-(W®V)—V-T+pg—Vpiil. (103)
Thisequation is split into predictor and corrector parts using pZ;nl = p:}yn + 8payn.

,O”+1\7 _ pnvn

r =-V-(ov®V) =V 1 +p9—Vp, (104)
pn+lvn+l _ pn+l\7 .
7 = —VSp;:yd . (105)

Here V means a provisional value of the velocity vector, which will be corrected later to
account using Eq. (105). Following Eq. (100), the implicit scheme of deltaform for Eq. (104)
can be written as

1 1
|:1+ EAI {V -V — EVZ} :|8\7k = —Vv")+ E(rhsfn +rhs),), (106)
P

1 1
rhs, = —At[(v VW4 —Vpayy — =V1 — gi| , (107)

o o

where

SO = UL ok (108)

The linearization of fluxes on the left hand side of Eq. (106) is simplified, because the exacti-
tude of thisis not essential for the last solution as described in the previous section. Similar
implicit schemes of delta form can be derived for the temperature equation and equations of
species concentrations. For the temperature equation, we get
1 1
[1+ EAI{V. VvV — —VZHST" =—(TF-1"+ E(rhs? + rhs?) , (109)
PLp



184 TOSHIYUKI ARIMA

N N
1
I’hST=—At|:V'VT—T{V'()LVT)+p< E CpiDiVYi)'VT— E hiwi}:|.
0 , ,
i i

P
(110)

Also, for the equations of species concentrations, we get

1 1
|:1+ EAt {v -V — D,~V2} i|8Yl.k = —(Yl.k -Y"H+ E(rhsl)‘, + rhs?,) , (112)

1 wj
rhsy = —At|v-VY; — =V (pD;VY;) — —|. (112)
o o

We then make an attempt to describe our procedure of computing a numerical solution at
the (n 4 1)th time step from the solution at nth step. In the following, the superscript » refers
to the values of solutions that are known from the previous time level, the superscript k& stand
for the iteration cycle between the solution at time levels n and n + 1, and the superscript O
indicatesthe initial guess for the first iteration k = 0.

1. Asvauesfor theinitial guessfor the values at the next time level, we set
P0=p", VW=v', 10=71" Yl=¥'"G=1,---,N). (113)

We find from Eqg. (103) that this choice of valuesfor the initial guess correspondsto
the use of an explicit Euler scheme for the first iteration.

2. Time evolution governed by the species concentration equations is treated with the
aid of Egs. (111) and (112).

3. Time evolution governed by the temperature equation is specified through Egs.
(109) and (110).

4. Thedensity at iteration cycle k + 1 is obtained using the equation of state.

pk+1 = P,h/(RTk+1) . (114)

5. Provisiona values of velocity vectors are computed in accordance with the time
evolution of the momentum equations by means of Egs. (106) and (107).

6. Pressure correction. The hydrodynamic pressure at the iteration level & + 1
is determined by solving the pressure Poisson equation that is obtained by tak-
ing the divergence of Eqg. (105) under the restriction of the continuity condition,

apk+l/at + V(pk+lvk+l) -0
k+1
} . (115)

Since vA*+1 is not determined at this stage, (9p/d¢)|¥*1 can not be directly obtained
from Eq. (64). Thevalue (9p/d91)|**1 is determined by

k+1 1

= E(&ok“ —4p" +p"7 Y. (116)

1 ap
Phyd Ar (p ) + 91

ap
at
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7. Finally, the velocity v+ and pressure p), ;" are determined by
At
k1 _ oktl k41
\% =V — FV(Sphyd R (117)
Pitd = Phya + Phya - (118)

This completes one cycle of theiteration process. If more iterations are required the
process should continue from step 2.

5.3.1. Spatial discretization. Asto the discretization of the physical space §2, we em-
ploy a collocated variable arrangement such that the scalar and vector quantities are stored
on the same grid points [10]. It iswell known that a regular variable arrangement causes the
so-called checkerboard oscillation due to the decoupling of the velocity and pressurefields. A
staggered variable arrangement has been used to overcome this problem. However, staggered
arrangement is not necessarily an appropriate choice for calculation with curvilinear coordi-
nate system. Importance of avoiding the checkerboard oscillation is to couple the velocity
and pressure fields through the continuity equation. One possibility of avoiding checkerboard
oscillationsisto interpolate the vel ocity field in computing theterm V - (pv) on theright-hand
side of Eq. (115) so that variable arrangement can be staggered arrangement.

The discretization of the non-linear convective term is important from the point of view
of numerical stability. When dealing with especially flame propagation problem, it is neces-
sary to treat nonlinear convection terms appropriately in order to avoid the numerical instabil-
ity arising from the numerical oscillations due to rapid changes of physical quantities, such as
temperature, density, and species concentration near the flame surface. For this purpose we
introduce atotal variation diminishing (TVD) scheme.

For simplicity, we consider the time-dependent convection problem for conservative vari-
able in one space dimension. Conservation equations for the mass, momentum, energy, and
species concentrations can be written in equation of the following forms for unknown inde-
pendent variable ¢ that is aphysical quantity per unit mass ¢ multiplied by the density p.

ag  of
—~+2L=0 119
o Tar =0 (119)
f=v-q. (120)

Here ¢ denotes a conserved variable and ¢ iswritten by ¢ = p¢, f stand for the convective
flux, and v represents velocity. In general, it is not possible to make discretization with TVD
property for such scalar conservation laws, because the flux f is not a function of only ¢
and depends on u as well. However, if we rewrite Eq. (119) in terms of continuity equation
dp/dt = —ad(pv)/dx as

dp 09

FTE
we find that the solution of thisequation has TV D property since the solution of ¢ of Eq. (121)
is constant along curve dx /dt = u, which is known as the characteristics equation. This can

0, (121)
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be verified by differentiating ¢ (x, t) along the curve to find the rate of change of ¢ along the
characteristics:

d 9 9 ,
Ed)(x(t), 1) = Erb(x(t), 1)+ ad)(x(t), 1x'(t)
= ¢ + vy =0. (122)

Therefore, it is possible to construct a TVD scheme starting with Eq. (121). In fact, we
consider the following equation that is equivalent to Eq. (121).
ap  d(vo) av
= —¢p— =0. 123
at + ax ¢ ax (123)
Since the second term is of the derivative of flux, we can incorporate the discretization with
TVD property. Thiswill be introduced next.
We discretizethe x — ¢ plane by choosing amesh width 7 = Ax and atime step k = At.
We then define the discrete mesh points (x;, #,) by

xi=ih, i=---,-1,0,12---,
t,=nk, n=0/12---. (124)
It is also useful to define
h 1
Xiy1/2 = X;i + 5= <i + §>h (125)

For simplicity we take auniform mesh with /# and k£ constant. Our finite-difference method we
will discuss provides us with approximate values ¢! € R to the values of solution ¢ (x;, t,) at
the discrete grid points. Here we discretize Eq. (123) asfollows:

¢l_n+l _ ¢ln 1

Y —A—x(fiJr% —ficy) (126)

fl +3 denotes a numerical flux function at the cell interface x; +1 This can be evaluated by

summing up appropriate discretizations of the second and last terms of Eq. (123). Since the
second term takes the form of flux, it can be discretized through the method of the Mono-
tone Upstream Centered Schemes for Conservation Laws (MUSCL) method [7] by means of
minmod limiter function [2]. Since the last term can be discretized as,

dv
¢E = [(ai_;’_% - a,_%)/h]¢ ) (127)
witha = v", thetotal numerical flux can be evaluated as follows:
fioy = sy
(upw)
+ fi+%

1
+aly A+ +(1—09 ]

l+§ i+% %
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—a” °}[(1+K)¢>—C +A-) Y] (128)
i+3 4 i+3 i+3
Thefirst term of Eq. (128) corresponds to the last term of Eq. (123), the second term f, (j:‘;w)
2

corresponds to the first-order accurate upwind difference of the second term of Eq. (123) and
the other terms are corrections of higher order accuracy. More precisely, these terms may be
written as follows:

(wpw) _ + - .
fi+% _ai+%¢' +ai+%¢t+l’ (129)
where
1
a=1", aizvizé(v”:Hv”D, (130)

and @ is defined as follows:
@1y = minmodigi1 — ¢, B¢ — ¢i-D)],
45:]% =minmod(¢; — ¢i—1, B(@i+1 — Pi)],
45;% =minmod[¢;+1 — ¢i, B(di+2 — di+1)],
.y =minmodigi+2 — ¢i+1, B(di+1— @)1 (131)

Here the minmod function is defined by
_ 1 _
minmod(x, y) = 5 [san(x) + sgn(y)] min(|x|, |y - (132)

Thenumerical flux fi_% isobtained by replacing subscripti+% with i—%. In thisreplacement
of subscript, it should be noted that thefirst term with the subscript replaced isnot —a; _ ! di—1
but —a, 1 ¢;. When the schemeis written as

O =0 — Cli(bi — dim1) + Dy 1 (Gin1 — ) (133)
the conditions for the scheme to be total variation diminishing (TVD) is:
CH_%ZO, DH_%ZO, Ci+%+Di+%§l‘ (134)

The proof will be given later. From conditions Ci+% > 0and Di+% > 0, it follows that

3—«

A9p=<T—

In view of condition Ci+% + Di+% <1, weget

Ar < Ax
- 1, + _ + _ .
Ia,~+%|+4(ai+g al.f%)(ﬁ(1+/c)+l K)
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Under this condition, the scheme becomes a TVD scheme [4] for the discretization of
Eg. (126). When the advective speed is constant (namely, « = const), the above condition
may be replaced by

4 Ax

A< — 0
“5—«k+81+«k) |al

This schemeis of the third-order accuracy for the parameters« = % and 8 = 4.
In the iterative implicit scheme described in the previous section, this scheme can be
incorporated in the first term of Egs. (107), (110), and (112).

5.4. TVD schemes. PRroPOSITION. When the scheme described in the previous
section iswritten as

S =0 = Cily (@i — 9i-1) + Dy 1 ($iv1 — 60) (135)
conditions for the scheme to be atotal variation diminishing (TVD) are:
CH_%ZO, DH_%ZO, Ci+%+Di+%§l’ (136)

PrROOF.  Equation (126) isrewritten as

5(]51._% + Di+%5¢i+% , (137)

wheredg;, 1 =¢i —di-1, ¢ 1= it1— i

1 Si— 1- . Yo
C. * [1—ﬂminmod(1,,8 ¢ 3/2>— Kmmmod( ¢ 3/2,ﬂ>
4 Shi—1/2 4 Spi—1/2

+
n ljl/z{ +Km|nmod( ¢'+1/2,/3)
a1l 4 8i-1/2

11—« . S¢iv1)2
+ Tm| nmod(l, ﬁ8¢,~_1/2> ” , (138)

1 on 1-— on
D. 1 =—1a" 1[1— iminmod(l, B ¢'+3/2> — Kminmod( ¢'+3/2, /8)
i—3 4 Spi+1/2 4 Spi+1/2

a;_ 1 . S¢i—
n 11/2{ +Km|nmod( bi 1/2,,8>
diy1/2 8¢iv1/2

Il

-

Q
-

11—« . S¢i—1/2
+ Tmlnmod <1, ﬁ5¢i+1/2> ” . (139)

Using the conditions below,
Ci+12>0, Diy12>0, Ciy12+ Dit12 <1, (140)
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we get the following estimate:

M
TV@" = I — ¢

M
= Z 1911 — @' + Dit3/28¢i+3/2 — Cit1/280i+1/2
i

— Dit1/28¢i+1/2 + Ci—1/28¢i—1/2]
M
< Z[{l — (Cit1/2 + Diy1/2)}3iv1/2]

1

+ Ci_1/2|8¢i—1/2| + Di13/218¢i13/211.
Letting M — oo, for supp(¢) C [—M, M], we obtain

M M

D (Cicapalddi-1sal) = Y (Civaalddirasal) .

1 1

M M
Z(Di+3/2|5¢i+3/2|) = Z(Di+1/2|5¢i+1/2| .
i i

Therefore,

M
TV(@"™) <Y H1— (Civaj2+ Diry2)}I86it1/2]

+ Cit1/218pi+1/2| + Dit+1/218¢i+1/2]

M
=) 18is1j2l =TV (")

6. Numerical results

189

(141)

(142)

In this section, the proposed numerical schemeis discussed by computing the following

three types of fluid flow problems.
1. Liddriven flowsin the square cavity
2. Natura convection flowsin the square cavity
3. Premixed laminar combustion of hydrogen and bromine

Problem 1 is what calculates the flow field in the sguare cavity driven by the shear force
generated when the top wall moves towards the right with uniform velocity. Hereit isassumed
that initial gasisfilled in the cavity and that the top wall of the cavity is moving at a constant
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speed. This problem has served over and over again as a model problem for testing and
evaluating numerical techniques for incompressible fluid flows, in spite of the singularities
at the two corners. Here, this problem is taken up as a validation problem for the numerical
schemefor fluid flow motion without the density change. Problem 2 isthe flow fields advected
by the buoyancy which is caused by the density change due to the change in temperature
under the gravity. Asinitial conditions we assume that the square cavity is filled with gas,
and that the temperature difference of 10°C is given to the right and left walls. Here, this
problem is taken up as a validation problem for the numerical scheme to describe natural
advection of fluid in case of small ratios of the density change to the temperature change. The
Boussinesq approximation has been employed to such kind of problems so far. Our numerical
scheme involves methods for incompressible fluid flows, fluid flows to which the Boussinesq
approximation is applicable, and fluid flows with large temperature difference that we have
experienced in the combustion problems. The Problem 3 is concerned with the numerical
methods for computing the flow fields with chemical reaction. We numericaly solve the
propagation of the flame surface formed by igniting a part of premixed gases moving with
uniform velocity. In this case, the temperature change becomes 1000 °C or more according to
the combustion.

6.1. Lid-driven square cavity flows without density variation. Schematic of the
problem is shown in Fig. 1. For al walls, an adiabatic condition is imposed on the temper-
ature, non-dlip velocity condition is applied to the bottom, right and left walls. The top wall
moves with uniform velocity. The size of cavity and velocity value are set so that Reynolds
number isequal to the given conditions. Asinitial conditions, the pressureis set to be0.1 MPa,
and the temperature is set to be 300K. The Reynolds numbers based on the top-wall velocity
are Re = 1,000, 3,200, and 7,500. The CFL number vAz/Ax is set to be 0.5 and the mesh
Sizeis 101 x 101 for al calculations. In Fig. 2, the computed velocity profiles for vertical
and horizontal lines passing through the geometric center of the cavity. In the figure, the
computed u-velocity along vertical line and v-velocity along horizontal line through geomet-
ric center for Re = 1,000 are shown with the results taken from Ghia et a. [3]. Although
their results were calculated using a vorticity-stream function method that is only applicable
to the two-dimensional incompressible flow fields, their results have been well referred by
many researchers as an example of high-accurate solutions and have been used for validation
of numerical schemes by comparing with their numerical results. Our results agree well with
the results of Ghiaet al. as shown in the velocity profiles presented. The computed contours
of stream function for Re = 1,000, 3,200, and 7,500 are shown with results of Ghia et al.
in Figs. 3, 4, and 5, respectively. Although the figures are not depicted using the same val-
ues of contour lines, we find that both results agree well in a qualitative way. Figure 3 for
Re = 1,000 shows that the cal culation capture the corner vortices formated at two respective
bottom corners of the cavity. It is seen that for Re = 3,200 the third vortex appears around
the top-left corner of the cavity in Fig. 4. In Fig. 5 it is observed that the fourth vortex forms
at the bottom-right corner of the cavity. It can be mentioned from these computational results
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moving wall driven

FIGURE 1. Schematic of wall shear driven flowsin a square cavity.
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FIGURE 2. Comparison with the results of Ghia, U. et al.

presented here that our results capture the flow feature for each Reynolds number as well as
the Ghia’'s resultsin a satisfactory way.

6.2. Natural convection in square cavity flows dueto buoyancy. Computations of
natural advection in the square cavity flows driven by buoyancy arising from the density
change due to the change in temperature under gravity are made. This numerical problem
was first suggested by Jones [6] as test case for suitable validation for numerical techniques.
Although the Boussinesq approximation is applicable to this problem, we here employ the
low-Mach number approximation in a way similar to problem 1. The schematic diagram of
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Re=1000, Stream function

1

(a) Present result (b) Result taken from [3]

FIGURE 3. Comparison of stream function contoursin lid-driven square cavity flowsat Re = 1,000.

Re=3200, Stream function
s

(a) Present result (b) Resultstaken from [3]

FIGURE 4. Comparison of stream function contoursin lid-driven square cavity flowsat Re = 3,200.

the problem is shown in Fig. 6. Asthe wall boundary conditions for the temperature, temper-
ature of 305K isset on the vertical-left wall, and that of 295K is set on the vertical -right wall.
The adiabatic wall conditions, that corresponds to the homogeneous Neumann condition for
the temperature, are assumed on the bottom and top walls. We suppose that the gasis air and
the Rayleigh number Ra is 10,000, so that the size of cavity L can be determined using the
following equation:

BlgIATL?

a=———

vk /(Cpp)

where g denotes the thermal coefficient of volumetric expansion, v means the kinematic vis-

cosity, & is the thermal conductivity, and C, stand for the specific heat at constant pressure.
As initial states, 0.1 MPa of the pressure and 300K of the temperature are assumed. The

(143)
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Re=7500 Stream function

(a) Present result (b) Resultstaken from [3]

FIGURE 5. Comparison of stream function contoursin lid-driven square cavity flows at Re = 7,500.
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FIGURE 6. Schematic of natura convec- FIGURE 7. Velocity field in natural con-
tion flows in a square cavity. vection at Ra = 10,000.

flow fields at steady state solution are shown in Figs. 7, 8 and 9 for the velocity, temperature,
and density, respectively. These results agree the results with classical Boussinesq equations
published in [12]. Accordingly, the present scheme is confirmed to be applicable to the flows
with density variation dueto variation in temperature.

6.3. Chemically reacting flows. Inorder to verify the codes, computation of the pre-
mixed combustion of hydrogen and bromine was performed. This problem has been investi-
gated by Spalding and Stephenson [11] in which the following four-stage elementary reactions
are taken into account:

1) Bro+ M < 2Br + M

(2) Hy+ M < 2H+ M
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Isotherms of natural convection

Density contours of natural convection
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X
FIGURE 8. Isotherms in natural convec- FIGURE 9. Density contours in natural
tion at Ra = 10, 000. convection at Ra = 10, 000.
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FIGURE 10. Schematic model of laminar flame propagation of combustion of hydrogen and bromine.

) Br+ Hy < HBr + H
(4) H + Brop <+ HBr + Br

The schematic of the computational model is shown in Fig. 10.

6.3.1. Calculation condition. The reaction rate constant for the i-th stage, k;, is com-
puted by means of Arrhenius’ law, asfollows:

— L

E
ki = B;T“ exp
RT

) [(mol/m3)}"s71] (144)

where B; is the frequency factor [(mol/m3)1"K—%is~1] | E; means the activation energy
[Jmol] «; denotes the temperature dependent parameter, 7 stands for the absolute tempera-
ture[K], R represents the universal gas constant [Jmol K]=8.314 [J (mol K)], and n denotes
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thereactionindex n = a + b. The Arrhenius parameters used in this study are shown in Table
1 below. The material properties for chemical species are calculated through the following
temperature dependent formula.

Diffusion coefficient D:

T 1.67
D= Do< ) (145)
Trer

| . ( T > 0.67
= A0
Tref

where T,.r = 323 [K], the parameter Dg in the equation of the diffusion coefficient and
parameter Aq in the equation of the thermal conductivity arelisted in Table 2 below. The same
valueof C,, isused for al species asin the paper by Spalding and Stephenson [11].

Thermal conductivity A:

(146)

C, = 530.86 [J/(kgK)].

6.3.2. Initial and boundary conditions. Asinitial conditions, the velocity is set to be
zero (u = 0[m/s]), the temperature is set to be 49.85 °C, the pressureis set to be 1 x 10°[Pa],
the mole fraction of bromineis set to be 0.4 (X ., = 0.4), and the mole fraction of hydrogen
issettobe 0.6 (X g, = 0.6) in thewhole computational domain. More precisely, thefollowing
boundary conditions are used:

TABLE 1. Chemical reaction parameters.

Reaction Forward Reaction Backward Reaction
Arrhenius parameters B; | a; | E; B; | a; | E;
(1) Bro+M < 2Br+ M 7.03 x 1011 —05 | 196700 | 3.63x 103 | 00 0
(2 Hy+M < 2H+ M 7.63 x 1013 —1.0 | 452100 | 3.63x 108 0.0 0
(3) Br+ Hy <> HBr + H 3.46 x 10% 1.0 69490 | 9.06x10° | 05 7158
(4 H+ Brp < HBr+Br | 6.42x 100 05 4646 | 652x10% | 1.0 | 178300
TABLE 2. Properties of species.

Species Molecular Mass[kg/mol] Enthalpy[J/mol] Dg [m2/s] Ao [W/mK]

Hy 2.016 x 103 0.0 1.01 x 107° 334 x 1072

Bry 159.8 x 103 3.09 x 10* 1.01 x 107° 334 x 1072

HBr 80.908 x 103 —3.66 x 10 1.01 x 107° 334 x 1072

H 1.008 x 103 2.18 x 10° 1.01 x 107° 334 x 1072

Br 79.90 x 1073 1.12 x 10° 1.01 x 107° 334 x 1072
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On theinlet boundary:

u = 0.244 [m/s)] T = 49.85[°C] pn =0
Xp,, =04 Xp, = 0.6 Xuprn=0
Xun=0 Xpgrn=0 (147)
On the outlet boundary:
up, =0 T, =0 p=1x 10°[Pa]
XBry, =0 XH,, =0 Xuprn =0
Xun=0 XBrn =0 (148)

Here subscript “,,” denotes the derivative in the normal direction to the boundary.

6.3.3. Computational results. At the beginning of computation, heat source is given
nearby outlet as follows.

S(x,0) =25x 10 [W/m?] x € [0.75 x 1074, 1 x 10~4] [m]. (149)

As time goes by, the flame surface has propagated toward the center of the computational
domain. When the flame reached to the center, the heat source has been removed. After then,
the flame propagation has stopped and kept the position. The computation has been made
until the temperature and species concentrations reached the steady state.

The computed species concentrations and temperature are shown in Fig. 11. From the
right boundary, unburnt gases come into the computational domain, and the flame front is
formed around the center of domain. In order that gases come from the inlet boundary with
the velocity of 0.244[m/g], the flame front moves with the relative velocity to the coming
gases. Since the mainstream velocity of 0.244[m/g] is equal to the laminar flame propagation
speed on this combustion, the flame propagation stops around center of the domain after the
removement of the heat source. It is seen that the radica species, H and Br have the peak
valuesjust behind flame front surface. The resultstaken from Spalding and Stephenson[11] is
also shown in Fig. 12. Our result isin good agreement with that of Spalding and Stephenson.
Thus, it is confirmed that the results obtained through our numerical scheme are reasonable.

7. Concluding remarks

The mathematical model based on the low-Mach-number approximation is presented and
anew numerical method is proposed. Our numerical scheme consists of an iterative implicit
time evolution of the second order accuracy and aspatial discretization with the TV D property
of high accuracy. The implicit iteration algorithm for time evolution is effective for not only
numerical stability but also for the use of TV D discretization of the nonlinear convectiveterms
in the implicit scheme.

In order to validate the numerical scheme, the lid-driven cavity flow, natural convection
in the square cavity, and the flame propagation problem are solved as appropriate validation
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FIGURE 11. Profiles of computationa results of concentration and temperature of the species.

g

0.012

—0.010

0.005

temporature/I<
concentration/kmol kg~

=2
S

distanco from H boundary, yfoun

FIGURE 12. Resultscited from Spalding and Stephenson [11].

of test cases for the incompressible flows, density variation flowswith small temperature fluc-
tuation and also chemically reacting flows with difference in large temperature, respectively.
From the results for the validation of test cases, our numerical method is validated for awide
range of flowswith density variation.
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