
Lipschitz characterization for exponentially weighted Bergman spaces

of the unit ball

By Hong Rae CHO and Soohyun PARK

Department of Mathematics, Pusan National University, Busan 46241, Republic of Korea

(Communicated by Masaki KASHIWARA, M.J.A., June 12, 2019)

Abstract: The paper concerns the weighted Bergman spaces of the complex unit ball with

exponential weights. We characterize the space with respect to Lipschitz type conditions using

norm equivalence lemma.
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1. Introduction. Let Bn be the open unit

ball in the n-dimensional complex space Cn and dV

be the normalized Lebesgue volume measure on Bn.

Let HðBnÞ be the set of holomorphic functions on

Bn. For � 2 R and � > 0, the weight function !�;� is

given by

!ðzÞ ¼ !�;�ðzÞ :¼ ð1� jzjÞ� exp
��

1� jzj

� �

for z 2 Bn. The volume measure with the weight

!�;� is denoted by

dV�;�ðzÞ :¼ !�;�ðzÞdV ðzÞ:

Let 0 < p <1. The function space Ap
�;�ðBnÞ :¼

HðBnÞ \ LpðBn; dV�;�Þ is the space of holomorphic

functions whose Lp-norm with the measure dV�;� is

bounded, namely,

kfk�;� ¼
Z

Bn

jfðzÞjpdV�;�ðzÞ
� �1

p

< þ1:

We present characterizations of the space Ap
�;�ðBnÞ

by means of Lipschitz type conditions;

Main Theorem. Let 0 < p <1, � 2 R and

� > 0. Suppose f is holomorphic in Bn, then the

following statements are equivalent:

(a) f 2 Ap
�;�ðBnÞ;

(b) There exists a continuous function g belonging

to LpðBn; dV�;�Þ such that

jfðzÞ � fðwÞj � d ðz; wÞðgðzÞ þ gðwÞÞ;

(c) There exists a continuous function g belonging

to LpðBn; dV�þ2p;�Þ such that

jfðzÞ � fðwÞj � jz� wjðgðzÞ þ gðwÞÞ:

Here, d denotes the distance induced by the metric

 ðzÞ�2Pn
j¼1 dzj � d�zj:

d ðz; wÞ ¼ inf
�

Z 1

0

j�0ðtÞj
 ð�ðtÞÞ

dt

where  ðzÞ ¼ ð1� jzjÞ2 and � : ½0; 1� ! Bn is a para-

metrization of a piecewise C1 curve with �ð0Þ ¼ z
and �ð1Þ ¼ w.

Let D be the open unit disk in the complex

plane C. For the standard (weighted) Bergman

spaces (in both case of D and Bn), Wulan and

Zhu [8] have characterized the spaces with Lipschitz

type conditions. For the exponentially weighted

Bergman spaces, we [4] have shown similar charac-

terizations in D. In this paper, we extend the result

to Bn.

The weighted Bergman spaces with exponen-

tial type weights have been studied in many papers

([1], [2], [6], [7]). The weight !�;� is an example of

exponential type weight, precisely, !�;�ðzÞ ¼ e�’ðzÞ
where ’ðzÞ ¼ � log

�
1

1�jzj
�
þ �

1�jzj. In addition, the

function  ðrÞ ¼ ð1� rÞ2 comes from the distortion

function which is originally defined by

 !ðrÞ ¼
1

!ðrÞ

Z 1

r

!ðxÞdx

due to Siskakis in [7].

Let f be a holomorphic function. The radial

derivative Rf denotes

RfðzÞ ¼
Xn
j¼1

zj
@f

@zj
ðzÞ ¼ lim

t!0

fðzþ tzÞ � fðzÞ
t
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where t is real parameter. The (complex) gradient

of f at z is

rfðzÞ ¼ @f

@z1
ðzÞ; � � � ;

@f

@zn
ðzÞ

� �
:

Theorem 2.2 in [3] gives that for an holomorphic

function f ,

f 2 Ap
�;�ðBnÞ iff ð1� jzjÞ2Rf 2 LpðBn; dV�;�Þ:

It has been proved in the case of p ¼ 2 in original,

but the result can be extended to the case of

0 < p <1. In addition, we show that f 2 Ap
�;�ðBnÞ

is equivalent to the assertion

ð1� jzjÞ2jrf j 2 LpðBn; dV�;�Þ;

see Lemma 2.5. It makes the proof of the main

theorem accessible.

Throughout this paper, C will be a symbol of

a positive constant. The value of the constant can

be changed often. The expression A . B indicates

A � CB, and A � B means that A . B and B . A.

2. Preliminaries. Let  ðzÞ ¼ ð1� jzjÞ2. For

z 2 Bn and r > 0, we put

B ðz; rÞ :¼ f� 2 Bn : d ðz; �Þ < rg:

We also define another ball denoted by

ErðzÞ :¼ � 2 Bn :
jz� �j
ð1� jzjÞ2

< r

( )
:

Lemma 2.1. Let r > 0 be a small number,

then there exists a positive constant C (it depends on

r) such that

C�1 �
1� jzj
1� jwj

� C

for all z and w with w 2 ErðzÞ.
There is a relation between two types of balls

following Proposition 5 in [5];

Lemma 2.2. For a small r > 0, there are two

positive numbers R1 and R2 such that

ER1
ðzÞ � B ðz; rÞ � ER2

ðzÞ

for z 2 Bn.

Moreover, d ðz; wÞ � jz�wj
ð1�jzjÞ2 when two points z

and w are close sufficiently.

Note that Lemma 2.1 gives that

1� jzj � 1� jwj

when d ðz; wÞ < r with aid of Lemma 2.2. It also

gives that

volðB ðz; rÞÞ � r2nð1� jzjÞ4n:

Lemma 2.3. For � 2 R and a small r > 0

there exists a positive constant C such that

C�1 �
exp � �

1�jzj

� 	
exp � �

1�jwj

� 	 � C
for all z and w with d ðz; wÞ < r.

Proof. Suppose d ðz; wÞ < r, then there is a

positive number r0 satisfying

jz� wj
ð1� jzjÞð1� jwjÞ

< r0

by Lemma 2.1 and Lemma 2.2. We have

jð1� jwjÞ � ð1� jzjÞjð2:1Þ
� jz� wj � r0ð1� jzjÞð1� jwjÞ:

Dividing both sides of (2.1) by ð1� jzjÞð1� jwjÞ
yields that

1

1� jzj
� 1

1� jwj










 < r0

which implies the result. �

Sub-mean-value inequalities using B ðz; rÞ are

given;

Lemma 2.4. Let 0 < p <1 and f 2 HðBnÞ.
Then for a small r > 0, there are constants C1 > 0
and C2 > 0 such that

jfðwÞjp � C1
1

r2nð1� jwjÞ4n
Z
B ðw;rÞ

jfð�ÞjpdV ð�Þ

and

jfðwÞjp!�;�ðwÞ

� C2
1

r2nð1� jwjÞ4n
Z
B ðw;rÞ

jfð�Þjp!�;�ð�ÞdV ð�Þ:

Especially, if u 2 B ðz; rÞ, then there is positive

number C3 > 0 such that

jfðuÞjp � C3
1

r2nð1� jzjÞ4n
Z
B ðz;2rÞ

jfð�ÞjpdV ð�Þ:ð2:2Þ

Note that the right hand side of the inequality (2.2) is

independent of u.

Proof. The proof is similar to Lemma 2.4

in [4]. The difference is the exponent of the volume

of the ball. �

Lemma 2.5. Let 0 < p <1, � 2 R and

� > 0. Suppose f is holomorphic in Bn, then the

following statements are equivalent:
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(a) f 2 Ap
�;�ðBnÞ;

(b) ð1� jzjÞ2jrf j 2 LpðBn; dV�;�Þ;
(c) ð1� jzjÞ2Rf 2 LpðBn; dV�;�Þ.

Proof. (a) ) (b). Let r > 0 be a small number,

we choose a number r0 which satisfies 0 < r0 < r. By

Cauchy’s estimates for B ðz; r0Þ,
@f

@zj
ðzÞ











p

.
1

ð1� jzjÞ2p
supfjfð�Þjp : j� � zj ¼ r0ð1� jzjÞ2g:

The subharmonic inequality (2.2) yields

@f

@zj
ðzÞ











p

.
1

ð1� jzjÞ2pþ4n

Z
B ðz;rÞ

jfðuÞjpdV ðuÞ:ð2:3Þ

For each j ¼ 1; . . . ; n, the right hand side of the

inequality (2.3) is independent of j. It gives

jrfðzÞjp .
1

ð1� jzjÞ2pþ4n

Z
B ðz;rÞ

jfðuÞjpdV ðuÞ:ð2:4Þ

An upper bound of kð1� jzjÞ2jrf jkp�;� is obtained

from the inequality (2.4);Z
Bn

jrfðzÞjpð1� jzjÞ2p!�;�ðzÞdV ðzÞ

.

Z
Bn

1

ð1� jzjÞ4n
Z
B ðz;rÞ

jfðuÞjpdV ðuÞ!�;�ðzÞdV ðzÞ:

Let �ðz;rÞ denote the characteristic function of the

set B ðz; rÞ. One can see that for any points z, u 2
Bn, �ðz;rÞðuÞ ¼ �ðu;rÞðzÞ. Then we haveZ

Bn

jrfðzÞjpð1� jzjÞ2p!�;�ðzÞdV ðzÞð2:5Þ

.

Z
Bn

ð1� jzjÞ��4ne
��

1�jzj

Z
Bn

jfðuÞjp�ðz;rÞðuÞdV ðuÞdV ðzÞ

¼
Z

Bn

Z
Bn

ð1� jzjÞ��4ne
��

1�jzj jfðuÞjp�ðu;rÞðzÞdV ðuÞdV ðzÞ

¼
Z

Bn

jfðuÞjp
Z
B ðu;rÞ

ð1� jzjÞ��4ne
��

1�jzjdV ðzÞdV ðuÞ

.

Z
Bn

jfðuÞjpð1� jujÞ��4ne
��

1�juj

Z
B ðu;rÞ

dV ðzÞdV ðuÞ

� kfkp�;�
by Fubini’s theorem, Lemma 2.1 and Lemma 2.3.

Hence f belongs to Ap
�;�ðBnÞ implies that ð1�

jzjÞ2jrfj belongs to LpðBn; dV�;�Þ.
(b) ) (c). It is well-known fact that

jRfðzÞj � jzjjrfðzÞj � jrfðzÞj;

which gives the result.

(a) , (c). It is due to Cho and Park [3]. �

3. Lipschitz Characterizations.

Theorem 3.1. Let 0 < p <1, � 2 R and

� > 0. Suppose f is holomorphic in Bn, then the

following statements are equivalent:

(a) f 2 Ap
�;�ðBnÞ;

(b) There exists a continuous function g belonging

to LpðBn; dV�;�Þ such that

jfðzÞ � fðwÞj � d ðz; wÞðgðzÞ þ gðwÞÞ:

Proof. (b) ) (a). Let f be a holomorphic

function. Suppose that jfðzÞ � fðwÞj �
d ðz; wÞðgðzÞ þ gðwÞÞ for some positive function

g 2 LpðBn; dV�;�Þ. For any z 2 Bn, let w ¼ zþ tz
where t is a scalar. It gives

jRfðzÞj ¼ lim
t!0

jfðzþ tzÞ � fðzÞj
jtj

� lim
w!z

jzjjfðzÞ � fðwÞj
jz� wj

� lim
w!z

d ðz; wÞ
jz� wj ðgðzÞ þ gðwÞÞ

.
2gðzÞ
ð1� jzjÞ2

with aid of Lemma 2.2. We have

jRfðzÞjð1� jzjÞ2 � 2gðzÞ

which impliesZ
Bn

jRfðzÞjpð1� jzjÞ2p!�;�ðzÞdV ðzÞ < þ1:

Thus we can get f 2 Ap
�;�ðBnÞ by Lemma 2.5.

(a) ) (b). Suppose that f belongs to Ap
�;�ðBnÞ.

Let z; w 2 Bn. For a fixed radius r > 0, we first

assume d ðz; wÞ < r. It is given that

jfðzÞ � fðwÞj � jz� wj
Z 1

0

jrfðtzþ ð1� tÞwÞjdt

by the fundamental theorem of calculus. Since the

line segment belongs to B ðz; rÞ, we have

jfðzÞ � fðwÞj � jz� wj supfjrfðuÞj : u 2 B ðz; rÞg:

Lemma 2.1 yields

jfðzÞ � fðwÞj

�
jz� wj
ð1� jzjÞ2

C supfð1� jujÞ2jrfðuÞj : u 2 B ðz; rÞg:

By Lemma 2.2, it can be obtained that

jfðzÞ � fðwÞj � d ðz; wÞhðzÞ
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where

hðzÞ ¼ C supfð1� jujÞ2jrfðuÞj : u 2 B ðz; rÞg:

We next assume d ðz; wÞ 	 r. The assumption

implies that

jfðzÞ � fðwÞj � d ðz; wÞ
r

ðjfðzÞj þ jfðwÞjÞ

with aid of triangle inequality. It is obvious that the

function jfðzÞj
r is in LpðBn; dV�;�Þ.

We have the function gðzÞ ¼ hðzÞ þ jfðzÞjr as a

desired function provided that h 2 LpðBn; dV�;�Þ. It

is shown as follows. Since jrf jp is subharmonic, for

u 2 B ðz; rÞ,

jrfðuÞjp .
1

r2nð1� jzjÞ4n
Z
B ðz;2rÞ

jrfð�ÞjpdV ð�Þ

by the inequality (2.2). It is given that

jrfðuÞjpð1� jujÞ2p

.
1

r2n
ð1� jzjÞ2p�4n

Z
B ðz;2rÞ

jrfð�ÞjpdV ð�Þ

by Lemma 2.1. This means that

jhðzÞjp . ð1� jzjÞ2p�4n

Z
B ðz;2rÞ

jrfð�ÞjpdV ð�Þ:ð3:1Þ

Integrating both sides of (3.1) yields

khkp�;�

.

Z
Bn

ð1� jzjÞ�þ2p�4ne
��

1�jzj

Z
B ðz;2rÞ

jrfð�ÞjpdV ð�ÞdV ðzÞ:

The same way as (2.5), using the characteristic

function and Fubini’s theorem, gives that

khkp�;�

.

Z
Bn

jrfð�Þjpð1� j�jÞ�þ2p�4ne
��

1�j�j

Z
B ð�;2rÞ

dV ðzÞdV ð�Þ

� kð1� jzjÞ2jrfjkp�;�:

Lemma 2.5 shows that the norm is dominated by

kfkp�;�. It completes the proof. �

Theorem 3.2. Let 0 < p <1, � 2 R and

� > 0. Suppose f is holomorphic in Bn, then the

following statements are equivalent:

(a) f 2 Ap
�;�ðBnÞ;

(b) There exists a continuous function g belonging

to LpðBn; dV�þ2p;�Þ such that

jfðzÞ � fðwÞj � jz� wjðgðzÞ þ gðwÞÞ:

Proof. (b) ) (a). Let f be a holomorphic

function. Suppose that jfðzÞ � fðwÞj � jz�

wjðgðzÞ þ gðwÞÞ for some positive function g 2
LpðBn; dV�þ2p;�Þ. For any z 2 Bn, let w ¼ zþ tz
where t is a scalar, then we have

jRfðzÞj � lim
w!z

jzjjfðzÞ � fðwÞj
jz� wj

� 2gðzÞ:

It implies ð1� jzjÞ2Rf 2 Ap
�;�ðBnÞ. Thus we can get

f 2 Ap
�;�ðBnÞ by Lemma 2.5.

(a) ) (b). We consider any two points z; w in

the unit ball. For a fixed radius r > 0, we first

assume that z 2 ErðwÞ or w 2 ErðzÞ. By Lemma 2.2,

there is r0 > 0 such that d ðz; wÞ < r0. We have

jfðzÞ � fðwÞj � jz� wjC supfjrfðuÞj : u 2 B ðz; r0Þg

and the function

hðzÞ ¼ C supfjrfðuÞj : u 2 B ðz; r0Þg

is in LpðBn; dV�þ2p;�Þ following the proof of Theo-

rem 3.1.

Next we assume that z =2 ErðwÞ and w =2 ErðzÞ,
then we have

jfðzÞ � fðwÞj � jz� wj
jfðzÞj

rð1� jzjÞ2
þ

jfðwÞj
rð1� jwjÞ2

 !

with triangle inequality. The function gðzÞ ¼ hðzÞ þ
jfðzÞj

rð1�jzjÞ2 is a desired function in LpðBn; dV�þ2p;�Þ. �
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