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Abstract: For an odd prime p, it is shown that if G ¼ AB is a finite p-group, for subgroups

A and B such that A is cyclic and B is abelian of exponent at most pk, then �kðAÞB E G, where

�kðAÞ ¼ hg 2 A j gp
k ¼ 1i.
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Much of what is known about finite p-groups

that are the product of a cyclic subgroup and an

abelian subgroup is limited to the case where both

‘‘factors’’ are cyclic. Products of two cyclic p-groups

were investigated for odd primes by Huppert [5],

and for p ¼ 2 by Itô [7], Itô and Ôhara [8,9], and

Blackburn [2]. Huppert showed in particular that if

p is an odd prime and if the finite p-group G is the

product of two cyclic subgroups, then G possesses a

normal cyclic subgroup N such that G=N is cyclic

([5] Hauptsatz I).

Apart from products of cyclic subgroups, little

is known about the detailed structure of finite

p-groups of the form G ¼ AB, where A is cyclic and

B is abelian. Such products are, of course, metabe-

lian by the celebrated Theorem of Itô ([6] Satz 1);

while a result of Howlett ([4] Theorem A) shows

that expðGÞ � expðAÞ expðBÞ, where expðGÞ de-

notes the exponent of a finite group G. The only

other relevant result appears to be that of Conder

and Isaacs ([3] Corollary C), which states that if

G ¼ AB for abelian subgroups A and B such that B

is finite and either A or B is cyclic, then G0=ðG0 \ AÞ
is isomorphic to a subgroup of B.

The present note considers the case where p is

an odd prime and G ¼ AB is a finite p-group, where

A is a cyclic subgroup and B is an abelian subgroup

of exponent at most pk. For such a group Theorem 6

shows that �kðAÞB E G, where the characteristic

subgroup, �kðHÞ, of a finite p-group H is defined by

�kðHÞ ¼ hh 2 H j hp
k ¼ 1i. For jAj ¼ pn (n > k) and

N ¼ �kðAÞB, it can then be seen that G=N is cyclic

of order pn�k, a result that can be viewed as a

partial analogue to that of Huppert cited above.

Theorem 6 also generalises a recent result of the

author ([10] Lemma 2.5), which deals with the case

where A is cyclic and B is elementary abelian.

The following notation is used. The cyclic

group of order pn is denoted by Cpn . UG denotes

the core of the subgroup U of a group G. Thus UG ¼T
g2G

Ug. The normal closure of U in G is denoted by

UG, so UG ¼ hUg j g 2 Gi. We first derive some

elementary results which will be used in the proof of

Theorem 6.

Lemma 1. Let G ¼ AB be a finite p-group

for subgroups A and B such that A is abelian. Let N

be a normal subgroup of G and let s � 0 and t � 0 be

such that:

(i) N 6 �sþtðAÞB 6 G;

(ii) �sðAN=NÞBN=N E G=N ;

(iii) A \N 6 �tðAÞ.
Then �sþtðAÞB E G.

Proof. We let eA=N ¼ �sðAN=NÞ. Since A is

abelian and A \N 6 �tðAÞ, we have �sðAN=NÞ 6
�sþtðAÞN=N, so eA 6 �sþtðAÞN . Now eABN ¼
eAB E G and eAB 6 �sþtðAÞNB ¼ �sþtðAÞB. Since

G= eAB is abelian, it follows that �sþtðAÞB E G. �

Lemma 2. Let G ¼ AB be a finite group for

subgroups A and B such that A is the cyclic group

hxi. Then BG ¼ hB;Bxi.
Proof. We have hB;Bxi ¼ ðhB;Bxi \ AÞB

and so hB;Bxix ¼ ðhB;Bxi \ AÞxBx ¼ ðhB;Bxi \
AÞBx

6 hB;Bxi. Hence x normalises hB;Bxi and

thus BG ¼ hB;Bxi. �

Lemma 3. Let G ¼ AB be a finite p-group

for subgroups A and B such that A is the cyclic group

hxi and B is a proper subgroup of G. Let s be such

that A \BG ¼ �sðAÞ. If t is such that �tðAÞ 6 B,
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then t � s and jB : B \ Bxj � ps�t.
Proof. Since G is a finite p-group and B is a

proper subgroup of G, we have BG 6¼ G. Hence

�sþ1ðAÞ 66 BG, so �sðAÞ 6¼ �sþ1ðAÞ. But �tðAÞ 6
A \B 6 A \BG ¼ �sðAÞ, so t � s. Now BG ¼
�sðAÞB, so

jBBxj ¼
jBjjBxj
jB \Bxj

� jBGj ¼
j�sðAÞjjBj
j�sðAÞ \ Bj

:

Since �tðAÞ 6 �sðAÞ \B, we have j�sðAÞ \ Bj �
j�tðAÞj. Hence

jBjjBxj
jB \ Bxj �

j�sðAÞjjBj
j�tðAÞj

¼ ps�tjBj;

and it follows that jB : B \Bxj � ps�t. �

Lemma 4. Let p be an odd prime and let G ¼
HK be a finite p-group for subgroups H and K such

that ½H;K� 6 ZðGÞ and expðKÞ � pt. Then

(i) expð½H;K�Þ � pt;
(ii) �tðGÞ ¼ �tðHÞ½H;K�K ¼ h�tðHÞ; Ki.

Proof. For (i) we let h 2 H and k 2 K, and

let z ¼ ½h; k�. Then h ¼ hkp
t

¼ hzpt , so zp
t ¼ 1. But

½H;K� 6 ZðGÞ, so ½H;K� is abelian. Hence

expð½H;K�Þ � pt.
For (ii) we note first that KG ¼ ½H;K�K, so by

(i), we have h�tðHÞ; Ki 6 �tðHÞ½H;K�K 6 �tðGÞ.
Conversely, let g ¼ hk 2 G be such that gp

t ¼ 1,

where h 2 H and k 2 K. Letting z ¼ ½h; k� 2 ZðGÞ,
we see that

1 ¼ gpt ¼ ðhkÞp
t

¼ kpthptz
ðptþ1Þpt

2 :

Since p is odd and expð½H;K�Þ � pt, we have

z
ðptþ1Þpt

2 ¼ 1. In addition kp
t ¼ 1. Hence hp

t ¼ 1, so

�tðGÞ 6 h�tðHÞ; Ki 6 �tðHÞ½H;K�K. �

Corollary 5. Let p be an odd prime and let G

be a finite p-group such that G ¼ HZK for sub-

groups H, Z and K such that

(i) Z 6 ZðGÞ;
(ii) ½H;K� 6 Z;

(iii) expðKÞ � pt.
Then �tðGÞ ¼ �tðHZÞK.

Proof. Since Z 6 ZðGÞ, we have ½HZ;K� ¼
½H;K� 6 ZðGÞ. In addition, K normalises HZ, so

h�tðHZÞ; Ki ¼ �tðHZÞK. The result then follows

from Lemma 4. �

We now come to our main result.

Theorem 6. Let p be an odd prime and let

G ¼ AB be a finite p-group for subgroups A and B

such that A is cyclic and B is abelian. If expðBÞ �
pk, then �kðAÞB E G.

Proof. We use induction on jGj. We may

assume that G is non-cyclic, G 6¼ B and �kðAÞ 6¼
G. Thus A 6¼ 1 and B 6¼ 1, and hence �1ðAÞ 6¼ 1

and k � 1. Moreover, let jAj ¼ pn. If k � n, then

�kðAÞ ¼ A and �kðAÞB ¼ AB ¼ G. Thus we can

also assume that k � n� 1. Since A is cyclic and G

is a finite p-group, we note that �tðAÞB 6 G for all

values of t.

We have ZðGÞ ¼ ðZðGÞ \ AÞðZðGÞ \ BÞ by,

say, [1] Lemma 2.1.2. If A \ ZðGÞ ¼ 1, then 1 6¼
ZðGÞ 6 B. By induction, we have

�kðAZðGÞ=ZðGÞÞB=ZðGÞ E G=ZðGÞ:

Since A \ ZðGÞ ¼ 1, we apply Lemma 1 to see that

�kðAÞB E G. We thus may assume that

�1ðAÞ 6 ZðGÞ:

Moreover, letting eB ¼ �1ðAÞB, we have expð eBÞ ¼
expðBÞ and �kðAÞB ¼ �kðAÞ eB. Thus if we can show

that �kðAÞ eB E G, then we also have �kðAÞB E G.

Hence we may assume that

�1ðAÞ 6 B:

We next show that the result holds for k ¼ 1. In

this case B is elementary abelian. By induction, we

have

�1ðA=�1ðAÞÞB=�1ðAÞ E G=�1ðAÞ:

But �1ðA=�1ðAÞÞ ¼ �2ðAÞ=�1ðAÞ, so

�2ðAÞB E G:

Now �1ðAÞ 6¼ A, so j�2ðAÞB : Bj ¼ j�2ðAÞ :

�1ðAÞj ¼ p and B E �2ðAÞB. If B 6E G then, letting

g 2 GnNGðBÞ, we see, by comparison of orders, that

�2ðAÞB ¼ BBg:

Thus �2ðAÞB is the product of two elementary

abelian normal subgroups. Since p is odd, we see

that �2ðAÞB has exponent p, which is a contra-

diction. We thus conclude that B ¼ �1ðAÞB E G.

We now assume that k � 2. We let M be a

maximal proper subgroup of G such that A 6M.

Then jG : Mj ¼ p and M ¼ AðB \MÞ. Since B 66
M, we have jB : B \Mj ¼ p. We let B1 ¼ B \M.

By induction, we have �kðAÞB1 EM. Since B

normalises B1, we note further that BG
1 ¼ BM

1 6

�kðAÞB1.

We have B 66 BG
1 , as otherwise G ¼ ABG

1 ¼M.

Since jB : B1j ¼ p, we further have BBG
1 =B

G
1 ¼� Cp.

Now ABG
1 =B

G
1 ¼M=BG

1 is a non-trivial, normal
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cyclic subgroup of index p in G=BG
1 and G=BG

1 is the

extension of ABG
1 =B

G
1 by BBG

1 =B
G
1 . Since p is odd,

we have

�1ðG=BG
1 Þ ¼ �1ðABG

1 =B
G
1 ÞBBG

1 =B
G
1 E G=BG

1 :

Now A \ BG
1 6 A \ �kðAÞB1 ¼ �kðAÞðA \B1Þ. But

expðBÞ � pk, so A \ B1 6 �kðAÞ. Hence A \BG
1 6

�kðAÞ.
We consider the case where A \BG

1 6¼ �kðAÞ.
Then A \BG

1 6 �k�1ðAÞ. Now BG
1 6 �kðAÞB1 6

�kðAÞB. Hence, by Lemma 1, we have �kðAÞB E G.

We thus assume that A \BG
1 ¼ �kðAÞ, so

BG
1 ¼ �kðAÞB1 6 �kþ1ðAÞB. By Lemma 1, we have

�kþ1ðAÞB E G. Since expðBÞ � pk, we have A \ B 6
�kðAÞ, so �kðAÞ \B ¼ �kþ1ðAÞ \B ¼ A \B. Hence

j�kþ1ðAÞB : �kðAÞBj ¼ p and �kðAÞB1 ¼ BG
1 6

BG
1 B ¼ �kðAÞB 6 BG

6 �kþ1ðAÞB E G.

Since BBG
1 =B

G
1 ¼� Cp, we have �ðBÞ 6 BG

1 .

Now k � 2, so gp
k�1 ¼ ðgpÞp

k�2

2 �1ð�ðBÞÞ 6
�1ðBG

1 Þ for all g 2 B. Hence expðB�1ðBG
1 Þ=

�1ðBG
1 ÞÞ � pk�1. But 1 6¼ �1ðAÞ 6 �1ðBG

1 Þ so,

by induction �k�1ðA�1ðBG
1 Þ=�1ðBG

1 ÞÞB�1ðBG
1 Þ=

�1ðBG
1 Þ E G=�1ðBG

1 Þ: Now if BG
1 is abelian, then

�1ðBG
1 Þ is elementary abelian, so A \ �1ðBG

1 Þ ¼
�1ðAÞ. In addition, we have �1ðBG

1 Þ 6 BG
1 6

�kðAÞB, so, by Lemma 1, �kðAÞB E G.

We can thus assume that BG
1 is non-abelian.

We let Z ¼ ZðBGÞ and note that �1ðAÞ 6 BG \
ZðGÞ 6 Z. We show that Z 6 �kðAÞB. If not,

then, by comparison of orders, BG ¼ �kþ1ðAÞB ¼
�kðAÞBZ. Now �kðAÞ ¼ �ð�kþ1ðAÞÞ, so BG ¼
�kþ1ðAÞB ¼ BZ. But B is abelian, so BG is abelian.

Then BG
1 is abelian, which is a contradiction.

Therefore

Z 6 �kðAÞB:

We note further that �kðAÞ 66 Z, as otherwise BG
1 ¼

�kðAÞB1 is abelian.

We let A ¼ hxi and see, by Lemma 2, that

BG ¼ hB;Bxi. Now B is abelian, so B \ Bx
6 Z.

Since BG
6 �kþ1ðAÞB and �1ðAÞ 6 B, we apply

Lemma 3 to see that jB : B \ Bxj � pk. It follows

that

jB : B \ Zj � pk:

Now suppose that expðB�1ðZÞ=�1ðZÞÞ � pk�1.

Then, by induction, we see that �k�1ðA�1ðZÞ=
�1ðZÞÞB�1ðZÞ=�1ðZÞ E G=�1ðZÞ. But �1ðZÞ 6
�kðAÞB and A \ �1ðZÞ ¼ �1ðAÞ. Hence, by Lemma

1, �kðAÞB E G.

We thus may assume that there exists y 2 B
such that yp

k�1
=2 �1ðZÞ. Since expðBÞ � pk, it fol-

lows that yp
k�1
=2 Z. Thus oðyÞ ¼ pk and hyi \ ðB \

ZÞ ¼ 1. But jB : B \ Zj � pk, so B ¼ hyiðB \ ZÞ.
Hence BZ ¼ hyiZ and BZ=Z ¼� hyi=ðhyi \ ZÞ ¼�
hyi ¼� Cpk . Thus G=Z is the product of the non-

trivial cyclic subgroups AZ=Z and BZ=Z.

Now G=Z is a finite p-group, so AZ=Z is

normalised by a non-trivial subgroup of BZ=Z.

Hence �1ðBZ=ZÞ normalises AZ=Z. But AZ=Z is

cyclic and �1ðBZ=ZÞ ¼� Cp. Since p is odd we see, by

considering the action of �1ðBZ=ZÞ on AZ=Z, that

�1ðAZ=ZÞ�1ðBZ=ZÞ E �1ðBZ=ZÞAZ=Z. We simi-

larly have �1ðAZ=ZÞ�1ðBZ=ZÞ E �1ðAZ=ZÞBZ=Z.

Hence

�1ðAZ=ZÞ�1ðBZ=ZÞ E G=Z:

In addition, since BZ is abelian, we have A \
BZ 6 ZðGÞ \ BZ 6 Z. It follows that AZ=Z \BZ=
Z ¼ 1G=Z .

We let r be such that �1ðAZ=ZÞ ¼ �rðAÞZ=Z.

Since �1ðAÞ 6 Z and �kðAÞ 66 Z, we have 2 �
r � k. We further let y1 ¼ yp

k�1
. Then hy1i ¼

�1ðhyiÞ and �1ðBZ=ZÞ ¼ hy1iZ=Z. From above,

we then have

�rðAÞZhy1i E G:

But �1ðAZ=ZÞ and �1ðBZ=ZÞ both centralise each

other and AZ=Z \ BZ=Z ¼ 1G=Z , so

�rðAÞZhy1i=Z ¼ �rðAÞZ=Z � hy1iZ=Z ¼� Cp � Cp:

Now �rðAÞZhy1i=Z is abelian, so ½�rðAÞ;
hy1i� 6 Z. Since r � k, we have �rðAÞZhy1i 6 BG,

so Z 6 Zð�rðAÞZhy1iÞ. Hence, by Corollary 5, we

have

�1ð�rðAÞZhy1iÞ ¼ �1ð�rðAÞZÞhy1i:

In addition, �1ðBÞZ=Z 6 �1ðBZ=ZÞ ¼ hy1iZ=Z, so

�1ðBÞ 6 hy1iZ:

We let N ¼ �1ð�rðAÞZhy1iÞ and note that

�1ðAÞ 6 N. We let �2ðAÞ ¼ hx1i, where oðx1Þ ¼
p2. Now �rðAÞZ is abelian, so �1ð�rðAÞZÞ is

elementary abelian. Hence x1 =2 �1ð�rðAÞZÞ. If A \
N 6¼ �1ðAÞ, then x1 2 N . Thus there exist g 2
�1ð�rðAÞZÞ and 1 6¼ ey 2 hy1i such that x1 ¼ gey.
It follows that ey ¼ g�1x1 2 �1ð�rðAÞZÞ�2ðAÞ 6
�rðAÞZ. Since ey 6¼ 1, we have hy1i ¼ heyi 6 �rðAÞZ,

which is a contradiction since the order of

�rðAÞZhy1i=Z is p2.
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We thus have A \N ¼ �1ðAÞ. Since

�rðAÞZhy1i E G, we have N E G. From above,

we have �1ðBÞ 6 �1ðhy1iZÞ 6 N , so expðBN=NÞ �
pk�1. We once more apply induction to see

that �k�1ðAN=NÞBN=N E G=N . Noting that

�rðAÞZhy1i 6 �kðAÞB, a final application of

Lemma 1 allows us to conclude that �kðAÞB E G.

�

Example 7. Letting p be an odd prime and

n > k � 1, we let G be the semi-direct product of a

cyclic group of order pn by a cyclic group of order pk

as follows:

G ¼ hx; y; j xpn ¼ ypk ¼ 1; xy ¼ x1þpn�ki:

Then G ¼ AB, where A ¼ hxi ¼� Cpn and B ¼ hyi ¼�
Cpk . This example shows that Theorem 6 is the best

one can expect, in the sense that BG ¼ hxpn�k ; yi ¼
�kðAÞB, so �sðAÞB 6E G for s < k.
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