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Radial symmetry and its breaking

in the Caffarelli-Kohn-Nirenberg type inequalities for p =1

By Naoki CHIBA® and Toshio HORTUCHT™

(Communicated by Kenji FUKAYA, M.J.A., March 14, 2016)

Abstract:

The main purpose of this article is to study the Caffarelli-Kohn-Nirenberg type

inequalities (1.2) with p =1. We show that symmetry breaking of the best constants occurs
provided that a parameter || is large enough. In the argument we effectively employ equivalence
between the Caffarelli-Kohn-Nirenberg type inequalities with p =1 and the isoperimetric

inequalities with weights.
Key words:
best constant.

1. Introduction. The Caffarelli-Kohn-
Nirenberg type inequalities (the CKN-type inequal-
ities) were introduced in [4] originally as rather
general multiplicative inequalities with weights
being powers of distance from the origin, and they
have been studied eagerly afterwards by many
authors (see e.g. [1,2,5,6,8,10,12,17-20,23,24,26]).
Symmetry breaking of extremal functions for the
CKN-type inequalities is also studied intensively in
the case where p =2 (see e.g. [11,13-16] and see
also [3,21] for p > 1). Recently in [22] the second
author systematically investigated the CKN-type
inequalities involving critical and supercritical
weights. More precisely, validity of inequalities,
existence of extremal functions, continuity of best
constants, symmetry of extremal functions and
symmetry breaking of the best constants were
established. For this purpose the condition p > 1
was assumed in [22] in most cases, but some results
on symmetry were studied including the case where
p=1 as well. On a basis of these observation, we
study in the present paper symmetry property of
the best constant and its breaking phenomena for
the CKN-type inequalities when p =1. We show
that symmetry breaking occurs provided that a
parameter |y| is large enough. In the argument we
effectively employ equivalence between the CKN-
type inequalities with p =1 and the isoperimetric
inequalities with weights. The full proofs will be

2000 Mathematics Subject Classification.
Secondary 35J60.
*) 9, Azanakata, Shimizu, Daisen, Akita 014-0204, Japan.
Faculty of Science, Ibaraki University, 2-1-1, Bunkyo,
Mito, Ibaraki 310-8512, Japan.

Primary 35J70;

*ok)

doi: 10.3792/pjaa.92.51
©2016 The Japan Academy

CKN-type inequality; symmetry break; weighted Hardy-Sobolev inequality;

given in the paper [7].
First we define a class of weighted function. For
a€ R and n > 1 we set

(1.1)  Ia(z) = L(z]) = 2] for € R™\{0}.

When 0 < a < n holds, I, is called a Riesz kernel of
order «. Then the classical CKN-type inequalities
with p > 1 are represented in the following way: For
~v € R\{0}, there exists a positive number C such
that we have

(/ V(@) Ly (@) dx) 1

> c( / ,, |u(x)|q1m<x)da:) v

for any we CX(R"\{0}), where 1<p<g< oo,
1/p—1/q¢ <1/n, and C depends only on p, ¢, and
n. As was mentioned before, when v > 0 holds, the
CKN-type inequalities were introduced in [4] as a
part of multiplicative interpolation inequalities,
and later in [22] the CKN-type inequalities were
further investigated for all v € R. In the present
paper, we shall give a simple proof of the CKN-type
inequalities (1.2) for p =1 with the best constant
5147 defined below, using equivalence between the
CKN-type inequalities with p =1 and the isoperi-
metric inequalities with weights. We note that
in [19] a class of weighted Sobolev inequalities were
studied by using isoperimetric inequalities with
general weight functions. To give a precise defini-
tion of the best constant SY%7 it is convenient to
adopt the following function spaces and relating
norms including the case where p > 1:
Definition 1.1. Let 1<p<g< oo,

(1.2)

v e
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R\{0} and let u: R" — R.

1/q
L) = ( /R Jul' Iy () dx) ,

1/p
Vil oy = ([ 196D @) 0)

2. LI(R") ={u: R" = R | [Jul| 1 (o) < oo}
3. By Wlp(R”) we denote the completion of
C>X(R™\{0}) w.r.t. the norm v — HVuHLp (R
4. For any function space V(R") on R", we set
V(R"),,q = {u e V(R") | u is radial}.
Here we remark the following fundamental proper-
ties concerning with the density of smooth func-
tions.

Proposition 1.1.
and v € R.

1. If v>0, then CXR")CW. ’{]’(R”) and
CX(R") are densely contained in Wlp(R")

2. Ify <0, then C*(R") ¢ w! ’p(R")

3. CX(R™{0}) and C“(R”\{O})md are densely
contained in Wiﬁp(R”) and le’p(R")rad, re-
spectively.

Let us introduce more notations including the case

where p > 1.
Definition 1.2.

1/¢ < 1/n and v # 0.

IVullpy we

1. ||l

Assume that 1 <p<oo

Let 1<p<g<oo, 1/p—

(1.3) EP9[u] = for u € W7 (R")\{0}.

||u||Lz,(R”>
(1.4) SP47 = inf{ EP"[u] | u € W H(R")\{0}}.
(1.5) SEEY = nf{E"[u] | u € WIF(R"),,4\{0}}.

rad

Definition 1.3. Let w, be a surface area of
an n-dimensional unit ball. For 1 < ¢ < 0o, we set

(1.6) Sig = w},fl/qql/q.

First of all we state the CKN-type inequalities
with the best constants for all v # 0.

Theorem 1.1. Let n>1 and € R\{0}.
Assume that 1 < g<n/(n—1) ifn>1;1<g< o0
if n=1. Then we have Si;[gn’ > S > 0 and the
following inequalities: For any v € C°(R"\{0})

(1.7) /R V(@) (2)de

> gl ( / Ju(@)|I A,(x)dx) "

The inequality (1.7) follows directly from Theorem
1.2, and the positivity of S47 follows from Prop-
osition 2.1;1 and Theorem 1.3.

[Vol. 92(A),

Definition 1.4. An open set M C R" is
called admissible if M is bounded and OM is a C*
manifold.

In the next we state equivalence between the
CKN-type inequalities with p = 1 and isoperimetric
inequalities with weights (the proof is given in
Section 3).

Theorem 1.2. Let n>1 and € R\{0}.
Assume that 1 < g<n/(n—1) ifn>1;1<g< o0
if n =1. Assume that M is an arbitrary admissible
open set of R". Then the CKN-type inequalities are
equivalent to the corresponding weighted isoperi-
metric inequalities with the same best constants,
which are given by the following

1/q
08 [ ne@asz s ([ g@a)
oM M

where S denotes the (n — 1)-dimensional Lebesgue
measure.

Remark 1.1. By A,.q we denote a family of
all admissible open sets of R" which are radially
symmetric with respect to the origin. From Theo-
rem 1.2 and its proof we easily see that

n Jor Brn () dS.
MeAna\{4} (fM Iy () dm)l/q

In the next we describe symmetric properties
and important relations among S5% and §H47.

Theorem 1.3 (Symmetry). Letn > 1. As-
sume that 1 <g<n/(n—1) ifn>1;1<g< oo if
n=1.Lettig=1—-1/q (<1/n). Then it holds that:

1. §he7r = §he= §haY — GLE=Y - for oy £ (),

2. ShET = Sl,q|7\1 Tl for v #0.

3. SL0T = ST — G || for
0<|7|§n—1 n>1.

Proof. The assertion 1 of this theorem is
already established in Proposition 3.1; [22] and
the assertions 2 and 3 are proved by direct
calculations using Theorem 1.2 and its remark. [

Now we state main theorems in this article.

Theorem 1.4 (Symmetry breaking). As-
sume that q is fized such as1 < q¢<n/(n—1) ifn >
1;1 <g<ooifn=1. Then we have the followings:

1. If n > 1, then we have SL%7 > SY7 for suffi-
ciently large |7y|.

2. If n=1, then we have S,
(> S47) for any v € R\{0}.
Remark 1.2.

1. When ¢ =1 holds, the CKN-type inequality
becomes the weighted Hardy inequality and

1,q;
(19)  S.i" =

1f1’Y — 9l- l/qslq/
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the best constant SM17 coincides with the one
. . Llmny .
restricted in W55 (R"),,q:

; 1,159
(1.10) S =G0 = |y for v #£ 0.
2. For n > 1, the number; SH1'n-1 = Sﬁ;};:"*l =
N\ 1/n
n(ﬂ) coincides with the best constant of
n

the Sobolev inequality (c.f. [25]) and St is
attained by characteristic functions of balls
which do not belong to Wifl.o(R”) but to the
space of functions of bounded variation.
Therefore the space W;_ﬁ(R”) is too small to
discuss existences of extremal functions of
the best constants. In the future we shall
study existences of extremal functions using
suitable spaces of functions of bounded varia-
tion (c.f. [9]).

Definition 1.5. For 1<¢<n/(n—1) if

n>11<g<ooifn=1, we set

(1.11) I'i(q) =sup{y>0: Sl — Srléglw}'

It follows from Theorem 1.3; 3 and Theorem 1.4
that we haven —1 <Ty(¢) < o0 (1 <¢<n/(n—1)
if n>1;1<g<oo if n=1). More precisely we
have:

Theorem 1.5. Assume that 1<qg<mn/
(n=1)ifn>1;1<g< oo if n=1. Then we have
the followings:

1. Ify € (0,T1(q)], then SM47 = S-47.
2. Ify € (I'1(g),00), then SH47 < Srlz’;gv.

Our article is organized in the following way. In
Section 2 we introduce useful change of variables.
In Section 3 we give sketch of proofs of Theorems
1.2, 1.4 and 1.5.

2. Change of variables. Here we see rela-
tions among the best constants by a method of
change of variables.

Definition 2.1.
ﬂ_ly for y € R".

Definition 2.2. Let >0 and v: R" — R.
Thu(y) = u(Ys(y) = u(ly]”'y) for y € R".

By a calculation we have the next lemma.

Lemma 2.1. Assume that 1<p<q< oo,
v >0, and 8 > 0. Then we have the followings:

For >0, we set Ys(y) =
|

||U||LZ(R") = 51/q||Tﬁu||L§W(R")
for we LI(R"),

IVullpr mm
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9 2 1/2
M%wnwﬁ
T

1 0
= G (’5 [Tu]

Lo, (R
foru e Wi’é’(R”).

As an application of Lemma 2.1, let us prepare
some estimates of the best constants as a basic tool
for the proofs of main results.

Proposition 2.1. Let n>1. Assume that
1<g<n/(n=1)ifn>11<qg<ocoifn=1. Let
Ty =1—1/q (<1/n). Then it holds that:

~y 1=714 B 5 Tiq 3
1. ’_ Sbey < §Lay < ‘_ SLET for0 < |y| <
v
7.
1 . . .
2. Sl"l m—1 S Sl"l He' S Sl‘l in—1 _
2—(n—-1)/y
SL for |y > n —1 and n > 1, where 1* =

n/(n—1).

Proof. These estimates are simple variants of
the assertions 4 and 5 of Theorem 2.2 in [22]. O

3. Proofs of Theorems. In the proofs of
theorems, we may assume that v > 0 by virtue of
the assertion 1 of Theorem 1.3. Let us prepare two
lemmas without proofs (see e.g. Theorem 1.24 and
Lemma 1 in Section 1.35 in [24]).

Lemma 3.1 (Coarea formula). Assume
that Q0 is domain of R" and & is a nonnegative
Borel measurable function on 2. Then we have for

u e Co(Q)

(3.1) /Q B(2)| V()| do = /O S /| . P@S

Here C%'(Q) denotes the space of all Lipschiz
continuous functions with compact support in ,
and S denotes the (n — 1)-dimensional Lebesgue
measure.

Lemma 3.2. Assume that f is a nonnegative
non-increasing function on (0,00) and p > 1. Then
we have

a2 [ ey < ([ rwa).

Proof of Theorem 1.2. Since it is standard to
show the implication (1.7) to (1.8), we assume that
(1.8). Let us set M; = {|u(z)| >t} for any ue€
C*(R™\{0}). Since we may assume that M, is
admissible for almost all ¢, by Lemma 3.1 and
Lemma 3.2 we have
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[ IVul@)h (@) do

- / dt / Iy (2)dS
0 oM,

00 1/q
> gha / dt( / Iqw(x)d:r>

0 M,

0 1/q

zslm( / d(t) / I (x )d:c)

0 M;

1/q
= Sl“m( [u(z)|1, (x) da:) .
R

Hence we have (1.7) with the same best constant
SL.a 0

Proof of Theorem 1.4. First we prove Theo-
rem 1.4 when n>1. For 0<é<1 we set As =
{1 -6 < |z| < 1} and Bgs = {|z| < 26}. By C and C’
we denote positive numbers depending only on the
dimension of the space. Let e = (1,0,---,0) and set
M = Ds = As N {e + Bys}. We prepare fundamental
estimates involving As and Dg. First we see that
there is a 6y > 0 and a positive number C' such that
we have

vol (Ds)/vol (Ag) > C8" 1 (0 <6< &).

Then by a direct calculation we can prove
(3.3) / L4 (2)dS < o™} / I () dS
oM 9B,

(0<6<5U)

On the other hand, we see

1
/ I(x) dm:/ s r e gy
As 0B 1-6
~(1-=87) [ Ipfa)ds

Let z = (z1,2') and Dj
D;S C Ds =

= AsN{|2/| < éz1}. Then
M and vol (Df)/vol (Ds) > C hold. Thus

(3.4) /A pla)da > / (@) de

_ vol (D)
(Aé)/ I (z)dx

> Co"™ 1/ 1,(z) de.
As

It follows from (3.3) and (3.4) that we have

[Vol. 92(A),

(Jur Iy (2) da)'/
- cot faBl I (x)dS
- O D/a(1 — (1~ 5)(17)1/(1(]3, Iy (z) dx)l/q

< ostn-va-1/g Jom T (2) dS

- fB (@) dx) i
(for a sufficiently large )

n— — 1,q;
= Con-D-1/a) glar,

(3.5)

Hence for sufficiently small 6, we have

C§m=10-1/4) < 1 (see Remark 3.1).

We proceed to the case where n =1. By S we
denote the counting measure. We have for a >0
and v >0

“ |x|”dS
Srllgl’ = inf Lal® |1 -
a (f |x|f1’y dz) /a
On the other hand we have for a <0 < b,y > 0
Y| dS
SYEY = inf —f 2
a<0<b ( f |I|QV 1 d;z:)l/q

o (a M@
= Inf ay \1/q = (g™
a<0<b (|a|™ + [b]")

(3.6) =217 a(gy)'/1,

(3.7)

Thus we see that SL%7 = 21-1/4§Le7 > Gle, O
Remark 3.1. In the estimate (3.5), it suffi-
ces to assume that v > C(q,n)d" D@1 where
C(g,n) are some positive numbers depending only
on ¢ and n.
Proof of Theorem 1.5. ~
1. We assume 0 <y <7 and §147 = §-%7 then
it follows from Theorem 1.3;2 and Proposition
2.1;1 that S.%7 < §%47 and this proves the
assertion.
2. There exists a nonradial function u € Wvlé (R")
such that we have for any ¢ > 0

(38) ST e < B < 897 4
Assume that v > 7, then we have
SLEY < BYY(T, ) < (7/9)™ oL ELET (4)
(by Lemma 2.1 with 3 =7/7)
< (/)T 4 (7)) e
< (/) ST + ()

1,q; 1
= S“‘(Zl"r + (7/7) - 5'
Hence we see SY07 < S5 by & — 0. O
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