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Abstract:

Let X be a finite set with a continuous action of the absolute Galois group of a

global field K. We suppose that X is unramified outside a finite set .S of places of K. For a place
p¢ S, let Nx, be the number of fixed points of X by the Frobenius element Frob, C Gx. We
define the average value M(X) of Nx, where p runs through the non-archimedean places in K.
This generalize the invariant of Chen-Kuan and we apply this for Galois representations. Our
results show that there is a certain relationship between M (X) and the size of the image of Galois

representations.
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Let A be an abelian variety over a number field
K. For a prime p in K, denote the residue field by
F,. If A has good reduction at p, let INV,, be the
number of n-torsion Fy-rational points of the
reduction of A modulo p, where n is a positive
integer. When dim A =1, Chen and Kuan deter-
mined the average value M(A,x,n) of Ny, as the
prime p varies. In this paper, we generalize their
invariant M(A g, n) for Galois representations.
Let K be a global field (i.e., finite extension of
Q or algebraic function field in one variable over a
finite field) and G its absolute Galois group. Let X
be a finite set with a continuous action of Gi. We
call this X a finite Gg-set. For example, the set of
n-torsion points of an abelian variety A over K is
a finite Gg-set. We suppose that X is unramified
outside a finite set S of places of K (including all
archimedean places) in the sense that if p ¢ S, the
inertia group I, of p acts trivially on X. For a place
p ¢ S, the Frobenius element Frob, C Gk, which is
considered as a well-defined conjugacy class, acts
on X. Let Ny, be the number of fixed points of X
by Frob,. We are interested in the average value of
Nxp where p runs through the non-archimedean
places in K, namely the limit
li !
=0 e ()

where 7 (z) is the number of places p with norm
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Np < z. (Np means the number of elements of the
residue field of p). We denote this limit by M (X), if
it exists. Note that M(X) does not depend on the
choice of S. The following theorem is a straightfor-
ward generalization of Chen and Kuan’s Theorem
1.2 in [1]; here we reproduce their proof for the con-
venience of the reader.

Theorem 1. The limit M(X) exists and it is
equal to the number of orbits of Gi in X.

Proof. Let L be a finite Galois extension of K
such that the action of Gx on X factors through
G :=Gal(L/K). For 1 <m < |X|, let G(m) be the
set of elements g € G which have exactly m fixed
points. Then G(m) is a union of conjugacy classes
for each m. Observe that, for a prime p which is
unramified in L, we have Nx, = m if and only if the
Artin symbol (p, L/K) C G(m). One derives
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M(X) = lim
oo T ()

m
m=1p¢S, Np<z, (p,L/K)CG(m)
RY
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G
using the Chebotarev density theorem for the last
equality. The proof of the theorem is complete by
applying Burnside’s lemma ([5]). O
It is well-known ([4]) that if M(X) exists, the
Dirichlet version of M(X) exists and is equal to
M(X):

m=1
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Corollary 2.
D opes Nxp - (Np)™°
2(Np)”

For finite Gg-sets X7 and X,, we define that X;
and X, are independent from each other if the
Galois image over X; x X5 is the direct product of
the Galois images over X; and X5, where the Galois
image over X means Im(Gxg — Aut(X)).

Corollary 3. M(X) is multiplicative in X,
that is, if X1 and Xo are finite G -sets independent
from each other, then M(X; x Xo) = M(X;)M(X5).

Proof. If X; and X, are finite G g-sets, then
X7 x X5 is also a finite G-set. By the independent-
ness, the number of Galois orbits in X; x X5 is the
product of the numbers of Galois orbits in X; and
Xo. O

Next we apply Theorem 1 to Galois represen-
tations. Let R be a discrete valuation ring with
maximal ideal m = (7) and finite residue field of
order q := |R/(m)|. Set R, := R/m° for each e > 1.
Let X be a free R.-module of finite rank d. Let p, :
Gk — GLg, (X) be a continuous Galois representa-
tion unramified outside a finite set S of places of K.
First we consider two extreme cases. One is the
case where the image of p, is trivial. Then we have
M(X) = | X], the cardinal number of X. The other is
the following case:

Theorem 4.
M(X)=e+1.

Proof. For each 0 <i <e, let X; = 7' X. Then
X=XyDX;D --D2X.,=0 and X,’s are stable
under the Galois action. If we let U; = X; \ X411,
then each U; is also stable under the Galois action
and by assumption Gy acts transitively on U; for
each ¢. So the number of orbits of Gi in X is equal
to e+ 1. O

Following the ideas of Chen-Kuan ([1], p. 341),
we can combine Corollary 3 and Theorem 4 to
show:

Corollary 5 ([1], Cor. 1.5). Let E be an
elliptic curve defined over a number field K without
complex multiplication. Then there exists an integer
constant Cp g (depending on E and K ) such that for
all n prime to Cg/, we have

M(E[n]) = d(n),

M(X) = lim

s—1+

then

If p, s surjective,

where d(n) is the number of positive divisors of n.
Proof. Let n = []p® be the prime factorization
of n and
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p: Gg — Aut(E[n]) ~ GLy(Z/nZ)
~ [[ GL2(2/p*2Z)

be the Galois representation on E[n]. By a theorem
of Serre ([3], Section 4.2, Theorem 2) together with
Appendix of [2], there exists an integer constant
CEg/k such that p is surjective if n is prime to Cp k-
By Theorem 4, we have M(E[p™]) = e, + 1 for each
p. By Corollary 3, we have

M(En]) = [ M(Ep™])
= H(ep +1)

=d(n).
(]

Now we consider a more general image case.
Theorem 6. Let c be a positive integer such
that p(Gr) D 1+ 7My(R.). Then we have

M(X) < (6 _ c)(q(:d _ q((:—l)d) + q(:d7

and the equality holds if and only if p.(Gg) =1+
WCMd(RE).

Proof. Let G :=p,(Gk) C GLy4(R.). We sup-
pose that G =1+ 1My(R,), 1 < ¢ < e. We denote
My(R.) by M. For each 0 < i <e, U; = X; \ X1 18
stable under the action of G; we calculate the
number of orbits of G in each U;. For u € U;, we
have Gu = (1 + ™M)u = u + 7°Mu = v + X;... So,

|Gu| = | Xite| = { q(€7270>d, Psemo
1, 1> e—c.
Hence vt e
U/61 ="
3 { g — g, i<e-—c
gDl _ gl s o

Therefore the number of orbits of G is

X/6] = Y|/l
i=0
= (e—c)(q — V) + ¢,
Moreover if G D 1+ 7°M, then we have Gu 2 u+
X+ and hence

|X/G| < (e — ) (g™ — ¢“ ™) + ¢

O
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