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Abstract:

It is shown that mass-parameter-dependent solutions of the imaginary-time

magnetic relativistic Schrodinger equations converge as functionals of Lévy processes represented
by stochastic integrals of stationary Poisson point processes if mass-parameter goes to zero.
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1. Introduction and results. Kasahara-
Watanabe [12] discussed limit theorems in the frame-
work of semimartingales represented by stochastic
integrals of point processes. In fact, they considered a
sequence of point processes and their certain func-
tionals represented by stochastic integrals, and
proved their convergence in that context.

In this paper we treat a sequence of a slightly
more general functionals of special kind of Lévy
processes, which have no Gaussian part stemming
from relativistic quantum mechanics, to discuss
its convergence. Naturally we have in mind the
following relativistic Schrodinger equation which
describes a spinless quantum particle of mass m >
0 (for example, pions) in R? under the influence of
the vector and scalar potentials A(xz), V(z):

.0
(1.1) zaw(x,t) =[HY —m+Viy(x,t) (¢t>0),
where = € R% In this paper, to see the main idea,
we only consider the case that A € C°(R%; R?) and
V € Cy(R%R). Here then H is defined by

m — B L i(x—y)-&
A =00 / / RO
% A€ = AER) [ + m? f(y)dyde

for fe CFRY), where “Os” means oscillatory
integral. HY' is called the Weyl pseudo-differential
operator with mid-point prescription, correspond-
ing to the classical relativistic Hamiltonian
VI]E— A(x)]2 +m2. Tt is essentially selfadjoint in

2010 Mathematics Subject Classification.
Secondary 60F17, 60H05, 35510, 81540.

Primary 60G51;

doi: 10.3792/pjaa.90.60
©2014 The Japan Academy

L*(R%) on CF(R?) and bounded from below by m
([5], [10]). We have H]'=+v—-A+m? for A=0,
where —A is the Laplacian in R% The light velocity
¢, electric charge e and Planck’s constant h are
taken to be 1, 1 and 27 respectively.

The operator Hf —m + V was first studied in [9]
by one of the authors of this paper to treat the pure
imaginary-time relativistic Schrédinger equation
(1.2) %u(m,t) =—[H} —m+ V]u(z,t) (t>0),
where z € RY. An imaginary-time path integral
formula was given on path space Dy to represent the
solution of the Cauchy problem for (1.2). Here Dy is
the set of the right-continuous paths X : [0,00) —
R? with left-hand limits and X(0) = 0.

We use the probability space (Dy, F, \™) treated
in [9] with the natural filtration {F(¢)},»,, where
F(t) == o(X(s);s <t) C F. {X(t)},., is Lévy proc-
ess, namely, it has stationary indepeﬁdent increments
and is stochastically continuous (cf., [11], [15], [1]).
A"(X; X(t) € dy) is equal to k{'(y, t)dy, where k' (y, t)
—t(V=At+m?—m)

is the integral kernel of the operator e

and has an explicit expression

(1.3) k' (y,t)
) (d+1)/2 te™ K, (m(|y]*+t2)"?)
_ 2(%) . ((d‘;‘l;ﬁ;zr;(dzw/-i ,  m > 0:
T'((d+1)/2
(7(r(d+l))/é )(ly‘2+t;)(d+l)/27 m = 0.

Here K, stands for the modified Bessel function of
the third kind of order v.
The characteristic function of X(¢) is

(1.4) Em[eif-X(t)] _ eft(\/\£|2+m2fm)’ 5 c ]_:{'d7
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where E™ denotes the expectation over Dy with
respect to A™. By the Lévy-Khintchine formula,

(1.5) VIEP+m?—m
T /y|>()(6i§y —1 =i yly)n™(dy).

Here n™(dy) is the Lévy measure, that is a o-
finite measure on R\ {0} satisfying f‘>0

ly[*)n" (dy) < oo, and having density

(1.6)  n™(y) =n"(jyl)
2(%)(d+1)/2K<d|+ZJll>({é(i3';§\y\)’ m >0,
TG e m=0.

As shown in [5], HY}' has another expression
connected with the Lévy measure n™(dy)

(H f) (@) e A f(a + )

= f(@)]n"™ (dy).
For X € Dy, let Nx(dsdy) be a counting measure
n (0,00) x (R?\ {0}) defined by

Nx(E) = #{s > 05 (s, X(s) — X(s—)) € E}

=mf(z) — lim

"0 Jlyl>r

for E € B(0,00) x B(RY\ {0}), where B(---) are
o-algebras of Borel sets. Nx(dsdy) is the stationary
Poisson random measure with intensity measure
dsn™(dy) with respect to A" Let N (dsdy):=
Nx(dsdy) — dsn™(dy). By the Lévy-Ité theorem,

// yNx(dsdy)

ly|>1

—i—// y]r\f\?(dsdy).
0 Jo<lyl<1

Here and below, we should understand fo = Jo. "
can be proved that the solution of (1.2) with 1n1t1al
data u™(x,0) = g(x) is given by

(1.8) (1) := E"[e”¥" Vgl + X(1))],

(1.9) S™() = iY™(t,2, X) + /O’V(HX(S))ds,

(1.7)

Y™(- / / Az + X(s—) +1y) - yNx(dsdy)
0 Jy>1

+ / / Alx + X(s—) + %y) . y]/\f\?(dsdy)
0 Jo<|yl<1

+ /0t ds ~/0<|y<1[A($ + X(s) +3y)

— Az + X(s))] - yn™ (dy)-
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n (1.7) and (1.9) above, the integration regions
|yl > 1 and 0 < |y| < 1 may be replaced by |y| > 6
and 0 < |y| < 8 respectively, for any § > 0.

We note that these relativistic quantities,

HY —m+V, I§?+m2—m, Dy, X", k'(y,t) and
X(t) correspond to the nonrelativistic ones

L—iv—AP+v, L ¢,

’ 2m?
heat kernel (Qﬂm)’me_%‘yiz,
respectively. Here Cj is the space of continuous
paths B: [0,00) — R? with B(0) = 0. Furthermore,
(1.8) with (1.9) is what does correspond to
Feynman-Kac-Ité formula ([16]).

The purpose of this paper is to answer the
following question:

(Q) When the mass m >0 of the particle becomes
sufficiently small, how does its property vary?

Theorem 1. A" converges weakly to \° as
m | 0.

Theorem 2. u™(-,t) converges to u’(-,t) on
L*(RY) as m | 0, uniformly on [0,T).

Here and below, 0 < T < oo can be taken ar-
bitrary. Theorem 2 implies the strong resolvent
convergence of H7? —m+V to HY+V ([13,IX,
Theorem 2.16]). An immediate consequence is the
following result for the solution ™ (x,t) of the
Cauchy problem for (1.1).

Corollary 1. ¢™(-,t) converges to °(-,
L*(RY) as m | 0, uniformly on [0,T).

We will prove Theorem 2 by using following:

Theorem 3. u™(-,t) converges to u’(-,t) on
Coo(RY) asm | 0, uniformly on [0, T], where Cs (R?)
is the space of the continuous functions g : R — C
with |g(z)] = 0 as |z| — oo with norm ||g| :=
-

The crucial idea of proof is to do a change of
variable “path”. In Sections 2, 3 and 4, these theo-
rems are shown by probabilistic method, although
one can more easily show Theorem 2 by operator-
theoretical one [6], and also by pseudo-differential
calculus [14]. In this paper, as we mentiond before, we
treat the problem under a rather mild assumption on
the potentials A(z),V(z). We will come to more
general case in a forthcoming paper, together for the
other two different magnetic relativistic Schrédinger
operators ([7], [8]) corresponding to the same classical
relativistic Hamiltonian. Another limit problem
when the light velocity ¢ goes to infinity (nonrelativ-
istic limit) was studied in [4].

2. Proof of Theorem 1.

Wiener measure, the

Brownian motion B(t),

t) on

We observe the
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following three facts which imply Theorem 1 ([2,
Theorem 13.5]): (i) The finite dimensional distribu-
tions with respect to A™ converge weakly to those
with respect to A’ as m | 0. (ii) For any t >0,
N(X; X(t) — X(t —€) € dy) converges weakly to Dir-
ac measure concentrated at the point 0 € R?as e | 0.
(iii) There exist constants a >3, >0 and a non-
decreasing continuous function F on [0, co) such that
E™[|X(s) = X(r)|"1X (1) — X(s)|]
<[F)—F@)P, 0<m<1,0<r<s<t.

Proof. (i) follows from (1.4), and (ii) from
the stochastic continuity of {X(t)},.,. (iii) Since
LKy (1) = —7"K,1 (1) (1>0,v >0) ([3,(21),
p. 7)) and v~ K,(r) is strictly increasing
in (0,0) ([3,(21), p. 82]), we have
(d/dr)(e"m" K, (7)) = e (K,(T) — Ky—1(7)) <0 if
0 < v < 3. Therefore 7— e"7"K,(7) is strictly de-
creasing in (0,00) and so [3, (41), (42), (43), p. 10]

(2.1) €7K, (1) < limT"K,(T) =2711(v).

Then we have for 0 <r < s <t, 1<6<1

E™|X(s) — X(r)|"1X(t) — X(s)|"]
/Iylﬂk’” Yos—T dy/lylﬂk’” y,t — s)dy
= 0(d, B)’ ((S—T)(t—s))

3 r ‘/j
X e'"’(”_’)(m(s — 7")) 2

(s =)

« em,(t—s)(m(t _ S))%QK# (m(t — 3))

2

< C0(d,p)*2

where in the second equality we use [4, Lemma
3.3(ii)] with a constant C(d B) depending on d and
f3. Therefore (iii) holds for < 3 < 1 and o = § and
F(p) := C(d, /@)1/” (1+20) /zﬁF(l ﬂ)l/ﬁ . 0

3. Proof of Theorem 2. We will prove
Theorem 2 by assuming validity of Theorem 3. In
this and the next section, we assume V > 0 without
loss of generality, since in the general case, we have
only to replace V in (1.8), (1.9) by V —inf V > 0.
Step I: Let g € C°(R?). For R > 0, we have

™ (o 8) = aCo)lly < Jlu™ (5 8) = ()| g2 ag ey

" (o t) = w () 2ago )
=: I1(t,m, R) + L(t,m, R).

IR - ),

From Theorem 3, I;(t,m, R) converges to zero as
m | 0 uniformly on ¢t <7T. From (1.8), we have

[Vol. 90(A),

L(t,m, R) < [|u™ (-, )| 2u>r) + HUO(‘at)HL?(\w\zR)

< </|I>Rdx / K (1)) g( +y)2dy>%
</g”'>Rdx/ (. 1)lg(z + )] dy>

=: J(t,m,R) + J(t,0,R).

Let x be a nonnegative C5°(R?) function such that
x(z )—1 if [#] <1 and =0 if |z] > 1. Put h(z) =
lg(z)|?. Since 1.<r > Xx(%), we have

J(t,m,R)
< /(1 —X(%))dx/kg’(y,t)h(x+y)dy

o (e ]
< Xtndn-+ [ (HO)) ~ Rp)

X exp{—t [\/,’%—E—F m? — m} })?(77)0377},

which converges to zero as R — oo uniformly on
t<T and 0 <m < 1. Here, for ¢ ES(Rd)7 P is
the Fourier transform of ¢ given by (&) =
[e @p(x)dz (¢ € RY).

From (1.3) and (2.1), it follows that k{'(y,t) —

ky(y,t) as  m |0, then  J(t,0,R)* <
liminf,, o J(t,m, R)*> by Fatou’s lemma. Therefore
we have Theorem 2 for this step.
Step II: Let g € L*(R?). There is a sequence {g,} C
C(RY) such that g, — g in L*(RY) as n — occ.
Put u™(z,t) := E™[e=5" 2N g, (z + X(t))]. Then we
have

and

[u™ (- 8) = u’ (-, 1)l
< ™ (o t) =y ()l + g (1) = un (- )
S CACHE ('7t)||2
< 2llg, = glly + ' () = v ()l
By Step I, we have
limsupsup [[u™ (-, ¢) = u’(-,t)ll, < 2/lg, — glla
ml0  t<T
which converges to zero as n — oo. (I

4. Proof of Theorem 3. From (1.8), we
have to prove that

u" (1) = B Vg 4 X (1)
— B ¥g 0 1 X (1)) = (1)

as m | 0 in Oy (RY). But its direct proof seems
difficult since both the integrand e’Sm@“’X)g(m—&—
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X(t)) and the probability measure A™ depend on m.
So we change E™[---] to E°[---] by a change of vari-
able (i.e., change of probability measure) \™ = \®_ 1
with path space transformation ®,,: Dy — Dy. If
there is such a ®,,, we can see by (1.4) and (1.5) that
the difference between the path X(¢) and the trans-
formed path ®,,(X)(t) is expressed in terms of the
difference between the two Lévy measures n’(dy)
and n"(dy), so that it is presumed to hold that
n™(dy) = n’¢;!(dy) for some map ¢, : R\ {0} —
R4\ {0}.

We will determine ¢, in such a way that
(1) wn(dy) =n%é (dy), (2) € ORI\ {O};
R?\ {0}), (3) &, is one to one and onto, (4)
det D¢, (2) # 0 for all z€ R?\ {0}, where D¢,,(2)
is the Jacobian matrix of ¢,, at the point z.

Let U:={yecR\ {0}yl €U} for U'¢€
B(0,00). Introducing the spherical coordinates by
z=rw, r>0,wec 8" we have

d) / m d 1 dT‘

where C(d) is the surface area of the d-dimensional
unit ball.

Let us assume that ¢, '(z) = lm(|z|)
non-decreasing C! function I, : (0, oo)
Then we have

n’¢, (U)
:L”%wmww%mw%mnw
= Cld) [ ') T )
(d/dr)l,(r). Therefore we have

= 1 (L () ()10, (7),

If m > 0, from (1.6), we have

d 1 d-1
—_——_— lm — 27 P F ﬁ
dar (7) ( 2 )

for some

(0, 00).

where I (r) =

n’”(r)rd_l a.s.r > 0.

11 d-3
YT K,M(mr)

We solve this differential equation under boundary
condition I,,(c0) = oo to get

27T
(1) = a1 :
mz [Fu = Kd+1 (mu)du

(4.1)

Here we note that 0 < [ u 7 KL(mu)du < oo by

Kgoi(r) > 0 for 7> 0, and [3, (37), (38), p. 9]
2

1/2
;T) 726 (1 4+ 0(1)), 71 .

2

Kia(r) = (
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Proposition 1. (i) l,,(r) is a strictly increas-
ing C* function of r € (0,00) and I,(+0) =0,
I (00) = 0.

(ii) For all 7> 0, ly(r) converges to r, strictly
decreasingly, as m | 0.

Proof. (2.1) implies I,,(+0) =0. The other
claims of (i) follow from (4.1) and the fact that
K(g41)2(7) is a C* function in (0,00). The claim
(ii) can be proved by the fact that 7VK,(r) is
strictly decreasing in (0, 00) (cf. Section 2, Proof of
(ii)), (2.1) and the monotone convergence theorem.

O

If m =0, let ly(r) := r. Let us put ¢o(z) := z and

for m > 0,

%w:mwquewww
Then we have
671(2) = ln(l2) =, =€ R\ {0}.

EN
We note that
(4.2)  du(2) = 2 (2] =11 (12]) 1 |2

as m | 0 by Proposition 1 (ii).
Let us define ®y(X) := X and for m > 0,

//|>l yNx(ds¢,,' (dy))

+AAﬂW%WW”
<|y|<

(4.3) b, (X

t t
= / ¢m(2)Nx(dsdz) + / Pm(2) N (dsdz)
0 Jlz[=ln(1) 0 Jo<|z|<l,(1)
t t o
= / ém(2)Nx (dsdz) + / bm(2) N (dsdz).
0 Jlz[>1 0 Jo<|z|<1

Proposition 2. For every sequence {m}
withm | 0, there exists a subsequence {m’} such that
sup | @, (X)(t) — X(t)] — 0 as m' | 0, \-a.s. X € D.
t<T

Proof. From (1.7) and (4.3), we have

sup |®,,(X) \<// |pm(2) — 2| Nx(dsdz)
I<T |2>1
+wp//‘ (én(2) — )N (dsd)
t<T |Jo Jo<|z)<1

=: I;(m, X) + sup | L1 (¢t, m, X)|.
t<T

We have I;(m,X)—0 as m |0 by (4.2) and
fo Jiz1 12INx(dsdz) < co. We note that I»(t,m, X)
is the L?(Dy;\°)-limit of the right-continuous
{F(t)},>o-martingale {I5(t,m, X)} s with
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I8, X) = f1 [y (B(2) — )N (dsdz)  as
elo, w1th convergence being uniform on t <7T.
By taking a subsequence if necessary, I5(t,m,X)
converges to Ir(t,m, X) as € | 0 uniformly on ¢t < T,
A-a.s., and hence Iy (t,m, X) is right-continuous on
t<T, XN-as. ([11,p. 73, Proof of Theorem 5.1],
[15,p. 128-129, Proofs of Lemmas 20.6, 20.7]). Then
we use Doob’s martingale inequality [1] to have

E° [sup \L(t, m, X)|2] < 4B [\12 (T, m, X)|2]
t<T

<at [ joule) - o),
0<|z|<1

which converges to zero as m | 0 by (4.2) and
Jo<ja<1 |2|*n°(dz) < oo. O
By (1.8) and A" = \’®_ 1 we have

m

" (x,t) = E()[e_gm(tﬁ;c@m(X))g(x + @, (X) (t))],
and then
(4.4) sup ||u"(-,t) — UU('at)”oo
t<T
gl sup B S _ S
t<T,xcR?

+ 8 sup - + @0 (1) — o +X<t>>||oo]

Since g € Cx(RY) is uniformly continuous and
bounded on R?, the second term on the right of
(4.4) converges to zero as m | 0.

Next we consider the first term on the right of
(4.4). By Ng, (x)(dsdy) = Nx(ds¢,' (dy)), we have

S™ (b, x, (X))
= z(/o |-\>1A($ + @0 (X)(5=) + 20 (2)) - du(2) Nx(dsdz)

' — l VA Saz
+ / /0<|Z|<1A<x+<1>m<X><s )+ 160(2)) - bun(z) N (dscl2)

+/0 ds /0<|Z|<1[A(:c +@,,(X)(s) + %qﬁm(z))
~ A+ 800N B0 )

/ V(z + @,,(X)(s))ds
i(SP(t,x, X)+ S5 (t, @, X) + S§(t,, X)) + S)'(t, z, X).
By the inequality
|€7( _ e—(ia’+b’)| < e Yemia - efm’| Lo

for any a,a’ € R, b,b' >0, sup E°[--] of the first
term on the right of (4.4) is less than or equal to

ia+Db)

(45) E' sup||e”"51n<t"’x) —

t<T

eﬂiS?(f,.;,X) Hoc
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+ sup EY {sup |55 (¢, x, X) —
zeR? t<T

S8t )]
+E° [sup 1S5 (¢, -, X) — Sh(¢, -, X)||oo:|
t<T

+ E° {33? SP (¢, -, X) — Si(t, -,X)Iloo}

Now, let {m} be a sequence with m | 0 and {m'}
any subsequence of {m}. By Proposition 2, there
exists a subsequence {m”} of {m'} such that
supy<r | (X)(t) — X(t)| — 0 as m” | 0, A-a.s.

To prove that each term of (4.5) converges to
zero as m” | 0, we first note that

S (t, 2, X) — SO(t, x, X)
-/ [ (A 200006 #4600 (2)
— Al + X(s=) +42)) - b (2) Nx (dsd2)
i /t |21 Az + X(s=) +532) - (b (2) — 2) Nx(dsdz).

Then the integrand of the first term of (4.5) is less
than or equal to

[ [ swlat + 20006 + 60r(2)
0 [2|>1 zeR?

— Az + X(s—) +32)||2| Nx (dsdz)
+ sup |A(x |/ / |pmr (2) — 2| Nx(dsdz),
reR? |2[>1

which converges to zero as m” |0 since A€
Cy (R4 RY) is uniformly continuous on R,

Next, since S§'(t,z,X) is seen to be right-
continuous, by Schwarz’s inequality and Doob’s

martingale inequality, E°[---] of the second term of

(4.5) is less than or equal to

zE[/ ds /MM (2 + By (X)(5=) + 2 (2)) - b (2)

—Alr+ X(s-) +12) - z\2n0(dz)} 2.

By the inequality (a+b)* < 2(a®+b?) for any
a,beR, E0 -] above is less than or equal to

¥ §¢m~<z>> ~ Aw+ X(s-) + %z>|2|z|2n0<dz>]

+ T sup [A(z)?
reR?

(b (2) — z|2n“<dz>},

0<|z|<1
which converges to zero as m” | 0. As for the third
term of (4.5), by the mean value theorem, we have
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S;”H(t,x,X) SO t,z, X)

/ ds/ dz
0<|z\<1

x / (W (5,0) e (2)) - b (2)

- (WO (s,0)z) - z]d6.

Here W7 (s,0) and W »x(s,0) are d x d matrices
defined by
" (3 9) ( + (I)m”<X)(5) +%¢m”(3)9)a
WOX(s 0) = DA(z + X(s) + 320),

where DA(-) is the Jacobian matrix of A. Since
(W (5,0) b (2)) - S (2) = (W x(5,0)2) - 2
= (W(5.0)6m(2)) - (60 (2) = 2)
+ (W (5,0) = W) x(5,0)) by (2)) - 2
+ (W, x(5,0) (Pnr(2) — 2)) - 2,

the integrand of the third term of (4.5) is less than
or equal to

T sup | DA(x)| / (b (2) — 2|2l (d2)
zeR? 0<|2<1

1
+7/ ds/ 12]*n° (dz)
2 Jo 0<|z]<1
<[ (5.0) -
0

where || - || is the norm of matrices. This is less than
or equal to 3T sup, g || DA(z)] f0<|z‘<1 |2n(dz) <
oo, and converges to zero as m” | 0 because each
component of DA is uniformly continuous on R
Finally, the fourth term of (4.5) is less
than or equal to EO[fOT V(- + @ (X)(s)) — V(- +
X(s))|lds], which converges to zero as m” | 0 since
V € Cy(R%R) is uniformly continuous on R? Thus
we have supyrp [[u™ (-, ) — u’(-,t)]| . — 0 as m" | 0,
and hence sup,<p [[u™(-,t) — u’(-,¢)||,, — 0 as m | 0.
O
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