No. 1]

Proc. Japan Acad., 90, Ser. A (2014) 1

On Rédei’s dihedral extension and triple reciprocity law

By Fumiya AMANO

Faculty of Mathematics, Kyushu University, 744, Motooka, Nishi-ku, Fukuoka 819-0395, Japan

(Communicated by Heisuke HIRONAKA, M.J.A., Dec. 12, 2013)

Abstract:

In this paper, we give an arithmetic characterization of Rédei’s dihedral

extension over QQ and another simple proof of the reciprocity law of the triple symbol.
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Introduction. As is well known, for two odd
prime numbers p and ¢, the Legendre symbol (%)
describes the decomposition law of ¢ in the quad-
ratic extension Q(,/p)/Q. Here we note that the
number field Q(y/p) for p=1 (mod 4) is charac-
terized as the unique quadratic extension of Q
where only p is ramified.

In 1939, L. Rédei ([R]) introduced a certain
triple symbol with the intension of a generalization
of the Legendre symbol and Gauss’ genus theory.
For three prime numbers pj,ps,p3 =1 (mod 4)
with (%) =1 (1 <i+#j<3) Rédei’s triple symbol
[p1, 2, p3] describes the decomposition law of p3 in a
dihedral extension K/Q of degree 8, (i.e., a Galois
extension K/Q with the Galois group Gal(K/Q)
being the dihedral group Dg of order 8) which is
constructed as follows. By the assumptions on p;
and po, there are integers x,y, z such that

a? - p1y2 — p2z2 =0, gcd(z,y,2) =1,
y=0 (mod 2), z—y=1 (mod 4).
Then Rédei’s extension K/Q is given by

K = Q(vp1,vp2, V), o=z +yy/pr.

It can be shown that K/Q is a dihedral extension of
degree 8 such that only p; and py are ramified
among all prime numbers. A meaning of Rédei’s
extension K/Q was explained by M. Morishita
([Mi]) from the viewpoint of the analogy with link
theory where Rédei’s triple symbol [pi,p2,ps] is
interpreted as a triple linking number.

In this note we give an arithmetic character-
ization of Rédei’s dihedral extension as follows (see
Theorem 2.1):

Theorem. Let p; and ps be prime number
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such that

pi=1(mod 4) (i=1,2), (ﬁ> —1(1<i£j<2).
bj

Let K be a dihedral extension over Q such that all

prime numbers ramified in K/Q are only p1 and po

with ramification index 2. Then, changing p1 and po

if necessary, there are integers x,y, z satisfying

2 —py? = pp? =0, ged(z,y,2) =1,
y=0 (mod 2),z—y=1 (mod 4),

such that
K = Q(\/p1, VP2, V), a =z +y\/pr.

We also give another simple proof of the reciprocity
law of Rédei’s triple symbol in Section 3.

Notation. For a number field k we denote by
O, the ring of integers of k.

1. Rédei’s dihedral extension and its
uniqueness. In this section, we recall the con-
struction of Rédei’s dihedral extension ([R]). Since
Rédei’s account ([R]) was written in a rather
classical and complicated manner, we give here a
presentation by clarifying arguments using modern
algebraic number theory.

Let p; and ps be distinct prime number such
that p1,p =1 (mod 4) and (8) = (&) = 1. We set
ki =Q(yF) (i =1,2).

Lemma 1.1. There are integers x,y,z sat-
isfying the following condition:
(1) 2 = p1y? — ;2> = 0,
(2) ged(z,y,z2) =1,
(mod 4).
Furthermore, for a given prime ideal p of Oy, lying
over ps, we can find integers x,y,z which satisfy
(1),(2) and (z+yy/p1) =p™ for an odd positive
integer m.

Proof. Since (2—;) =1, py is decomposed in ki,

y=0 (mod 2), z—y=1
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say (p2) =pp’. Since p; =1 (mod 4), the class
number, say ¢, of k; is odd by genus theory ([O])
and hence p°=(a) for some a= % €
Oy, s,t€Z,s=1 (mod 2). Since N((a)) = Np® =
p5, Nijqla) = '9274"““2 = +p§. Since py =1 (mod 4),
there is a unit € € Of such that Ny q(e) = —1 and
so we may assume Ny, /q(a) = ps.

(i) Case py=1 (mod8): If s=t=1 (mod 2),
s2=t>=1 (mod 8) and so s> — p;t> =0 (mod 8).
Hence we have 2[p§, which is a contradiction.
Therefore we have s =t =0 (mod 2). Putting x =
5, y=4% a=z+y/pr and 2° —py’ = p5 = P2,
z= péc_lw. This implies y =0 (mod 2) and we
can take a suitable sign of z if necessary so that
x—y=1 (mod 4).

(ii) Case pr =5 (mod 8): If s=¢t =0 (mod 2), we
can find x,y, z € Z satisfying (1) and (2) as in the
case (i). Now assume that s =t =1 (mod 2). Then
we have s? + 3t’p; = 3s” + t’p; =0 (mod 8) and so

(;_(&H¢mf
2

s(s2 + 3t%py) +t(3s% + t*p1) /D
-2 ! ; OV,

where we put x = % and y = M. There-
fore 2 — pr1y? = Nj, jq(0®) = pi, 2 = pg‘gc*lw. Then
y=0 (mod 2) and we can take a suitable sign of x
so that z —y =1 (mod 4). O

Let a = (z,y, 2) be a triple of integers satisfying
the conditions (1), (2) in Lemma 1.1. We let a =
x + y,/p1 and set

Ka = Q(\/p_h \/]7_2, \/a)

Firstly, we have the following theorem due to
Rédei ([R]). (1) can be easily proved and (2) can
also be proved using the well-known Lemma 1.3
below on the ramification in a Kummer extension.

Theorem 1.2 ([R]). (1) The extension
K./Q is a Galois extension whose Galois group is
the dihedral group Dg of order 8.

(2) Let d(ki(v/a)/k1) be the relative discriminant
of the eatension ki(v/a)/ki. Then we have
Ny, jqd(k(Va) k1)) = (p2).

In particular, all prime numbers which ramified
in Kq/Q are p; and ps.

Lemma 1.3 ([B]). Letl be a prime number
and F a number field containing a primitive [-th root
of unity. Let L = F(/a) (a € Op) be a Kummer
extension over F of degree l.
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(1) Suppose that the principal ideal (a) of F is
decomposed as p"a where p is a prime ideal in F,
(p,a)=1, h >0 and (h,l)=1. Then p is totally
ramified in K/F.

(2) Suppose (a) = q"b where q is a prime ideal in F
which does not divide I, (q,b) = 1 and l|h. Then q is
unramified in K/F.

The fact that K, is independent of choice of a
was shown by Rédei ([R]). Here we give an alter-
native proof based on the proof communicated by
D. Vogel (a letter to M. Morishita, 2008, February).

Proposition 1.4. Let 0 be an algebraic in-
teger in ky satisfying the following conditions:

(1) Nk, /q(0) = pah? for some h € Z\ {0}.
(2) d(k1(vV/0) /K1) = q, for a prime ideal q of Oy, lying
over ps.

Then kl(\/g) s uniquely determined.

Proof. Let # be another algebraic integer so
that 6 satisfies the above conditions (1), (2) in
Proposition 1.4. We will show & (vV8) = ki (V).
First, note that the extension ki(v0,v#)/k, is
unramified outside q and oo. Therefore
k1(1/0/0")/k; is unramified outside oo. But, since
p1 =1 (mod 4), the narrow ideal class number of k;
is odd by genus theory ([O]). Therefore k;(1/6/0") =
k1, hence ki(V0) = ki (V). O

Corollary 1.5. The field K, is independent
of a choice of a, namely depends only on an ordered
pair (p1,p2)-

Proof. Let a' = (2',y/,7) be another integers
satisfying the conditions (1), (2) in Lemma 1.1. We
let o/ =2 +y,/p1 and o =z — y,/p1. By Theorem
1.2, we have

d(k1 (V@) /kr) = d(ky (Vad) [ky) or d(ky (V@) k).

By Proposition 1.4, ki (va) = ki (V&) or ki (Va/),
therefore K, = K. Hence K, is independent of a
choice of a. O
By Corollary 1.5, we denote by k,, ,,) the field
K,. In fact, we show in the following theorem that
the field &, ,,) is independent of an order of p; and
p2. We note that Morton showed a related result in
Lemma 11 of [Mt].
Theorem 1.6.

K

We hawve

p1.p2) — K(PZ:pl)'

Proof. Let x9,12, 25 be integers satisfying the
conditions (1) 22 — pay® — p12%2 = 0, (2) (22,92, 20) =
1, 42 =0 (mod 2), 3 —y2 =1 (mod 4) in Lemma
1.1 so that
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K(pg,pl) = Q(\/p_l, \/p_Za V 052), Qg =Ty + y2\/p_2

We let @3 := x2 — y24/p2 and oy := 233 + 229./p2 =
g + a + 2290/p2 = (Va2 + \/6_2)2 € ki. Since only
one prime ideal p of k; is ramified in k;(y/ar)/k
and p is one of prime ideal of ky lying over py, we
have

Ni,jq(an) = (222)" — p1(222)% = pa(2u2)7,
d(k1 (V) /kr) = d(k1(var) [kr) or d(ky(an)/ k).

Therefore, by Proposition 1.4, ki (v/a) = ki(y/a1) or
ki1(var). Hence we have

K ) = QWp1, VP2, V)
= Q(v/p1, VP2, V1)

= QUL Vi, Vo)
= K(P2-,Pl)'
O

Definition 1.7. By Theorem 1.6, we denote
by K, ) the field K, ,,) and call the extension
Ky, 5}/ Q the Rédei extension associated to a set
{p1,p2} satisfying and p;,p2 =1 (mod 4) and
(&)= @) =1

2. A characterization of the Rédei exten-
sion. We keep the same notation as in Section 2.
Here is our main theorem.

Theorem 2.1. Let p; and py be prime num-
bers such that

pi=1 (mod 4) (i =1,2),

(Z)-1asizisn
bj

For a number field K, the following conditions are
equivalent.

(1) K is the Rédei extension Ky, 1.

(2) K is a dihedral extension of degree 8 over Q such
that prime numbers ramified in K/Q are only p; and
pa with ramification index 2.

Proof. (1) = (2) is nothing but Rédei’s theo-
rem (Theorem 1.2). Therefore it suffice to show
(2) = (1). Let ki =Q(/pi) (i=1,2) and kio =
Q(y/P1,/p2)- First, we show that ko C K. Since
Gal(K/Q) = Dg contains three distinct subgroups
of index 2, there are three distinct quadratic
subextensions in K/Q by Galois theory. Since all
prime numbers ramified in K/Q are only p; and po,
these three quadratic extensions must be ki, ko and
Q(y/p1p2). Therefore k1o = k1ky C K. By the struc-
ture of the group Dg, we have three distinct
quadratic subextensions of K/k;.

Rédei symbol 3

Let L be one of these three fields which is
different from kis. Then there is a=x +y,/p1 €
ki(z,y € Z) such that L=Fk(y/a) and K=
Q(y/p1, /P2, V). By the assumption (%) =1, py is
decomposed into two prime ideals, say p, and p,, in
k1. Then, by Lemma 1.3 and the assumption that
all of prime numbers ramified in K/Q is p; and py
with ramification index 2, we have the following
decomposition in ki:

(o) = plalpza2a27

where a1, as are non-negative integers and a is an
integral ideal of k; prime to p, and p,. Then we have

Ny jqla) = epy @b, e=1or —1,
b is a non-zero integer.

Here we show that e must be 1. Assume e = —1. Let
@ =z — y,/p1. Since K/Q is a Galois extension, @ €
K and so

K 3 ava = /Ny q(a) = /—ps b2

Since b€ Z,,/p; € K, we have V-1 € K, which
implies that 2 is ramified in K/Q. This contradicts
to the assumption (2). Therefore % — pjy® =
et 2p%. Let us define o€ Gal(K/Q) by
o (\/P1, /P2, V) — (/P1, —/P2, /@) so that the
subgroup generated by o corresponds to the subfield
ki(y/a) by Galois theory, and we have o(va) =
—+v/@. Then we have

o(vava) = —J/ava = —/ps .

On the other hand, we have
V@) = o) = oty )
— (1)t S,
2

Hence we have a1 +ay=1 (mod 2), and z°—
aj+ag—1

Py —pez®=0,2=p, > b. By Lemma 1.3, we
have d(ki(v/a)/ki) =p, or p,. Therefore, by
Proposition 1.4, K = Q(y/p1, /P2, V) is a Rédei
extension. (]

Remark 2.2. (1) The assumption on the
ramification indexes of p; and ps are necessary.
For example, let K = Q(v/5,v/101, v/ —35 — 12V/5).
Then, K/Q is not a Rédei extension, although K is
a dihedral extension over Q of degree 8 where
p1 = 5 and pe = 101 are all ramified prime numbers.
In fact, the ramification indexes of 5 and 101 are 4
and 2 respectively.
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(2) The ramification of the infinite prime in
Ky, p,}/Q is described in terms of the class number
h and the narrow class number h* of Q(,/pip2). In
fact, since the cyclic extension Ky, ,,3/Q(\/p1p2) is
unramified at all finite primes, genus theory tells
the 2-part of the narrow ideal class group of
Q(y/P1p2) is a cyclic group of order > 4. Therefore,
if h=h" or h"=2h and h=0 (mod 4), the
infinite prime is unramified in Ky, ,,,/Q, and if
ht =2h and h £ 0 (mod 4), the infinite prime are
ramified in Ky, ,,1/Q.

3. A proof of the reciprocity law of the
triple symbol. In this section, we give another
simple proof of the reciprocity law of the Rédei
triple symbol. We keep the same notations as in the
previous sections.

Let p1, p2 and p3 be distinct prime numbers
satisfying the conditions

pi=1 (mod 4) (i =1,2,3),
(Z)-1asirizy)

pj
Definition 3.1. We define the Rédei triple
symbol by
1 if p3 is completely decomposed
[p1, P2, 5] = in K, )/ Q;
— 1 otherwise.

The reciprocity law of the Rédei triple symbol is

stated as follows:
Theorem 3.2 ([R]).

1,7,k of 1,2,3, we have

For any permutation

[P17P2,P3] = [Pi,pjapk]-

We shall give another proof of the above theorem of
Rédei. Firstly, by Theorem 1.6, we have immedi-
ately the following:

Theorem 3.3. [p1,p2,p3] = [p2,p1,p3]-
Since the permutation group on 1 2 3 is generated by
the transpositions 1+ 2 and 2 < 3, in order to
prove Theorem 3.2, it suffices to prove the following:

Theorem 3.4. [p1,p2,p3] = [p1,D3,p2].

In the following we prove Theorem 3.4.

Let us write k for k; = Q(y/p1) for simplicity.
Let p, (resp. p;) be one of the prime ideals of k lying
over py (resp. p3). Then there is a triple of integers
(72,92, 22) With a =z9 +y2\/p1 (resp. (x3,¥3,23)
with 8 = x3 4+ y3,/p1) satisfying the conditions (1),
(2) in Lemma 1.1 with respect to the pair (p1,ps)
(resp. (p1,p3)) such that

[Vol. 90(A),

(@) =p,",(B) = p;" (Mg, m3 being odd integers),
K{]Jhpz} = Q(\/p_17 \/p_Qa \/a)v
K{Php:&} = Q(\/p_h \/p_37 \/B)

Since p; is unramified in k(v/a)/k by Theorem
1.2 (2), we have the Frobenius automorphism
(W) € Gal(k(y/a)/k). We note that the Rédei
tripfe symbol is rewritten as

o (K@/R) _
[p1,p2.p3] = { Lt ( ps ) = idy(ya),
—1 otherwise.

For a prime p of k, we denote by (F) the Hilbert
symbol in the local field k;,, namely,

(4, kp(VB) RV = (“;ob)ﬁ (abe k),

where (, ky(Vb)/ky) : ki — Gal(ky(vb)/ky) is the

norm residue symbol of local class field theory.

Lemma 3.5. We have
a, 3
= [p17p27p3]7
P3
a, 3
= [p1,p3,p2]-
P2

Proof. Let m be a prime element of ky, and U,
denote the wunit group in kpxg. We write (=
ur™, u € Up,. Noting that u, o€ U,, and mg3 is
odd, we have

) =)

s
= [p1, P2, p3]-
Similarly, we can show (C:J—j) = [p1, p3, Pa). O
Now, the proof of Theorem 3.4 goes as follows:

By Lemma 3.5 and the product formula for the
Hilbert symbol

H (%) =1 (p runs over all primes of k),
P
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we have only to prove

()

P7#PaP3

If p is prime to 2 or oo, we have

<a7,6’> 1,
p

since o, 3 € Uy,. The real prime oo is decomposed
into real primes ooj,000 in k and so we have

obviously
( , > < : ) !
001 009 '

Let 3 be a prime ideal of k lying over 2. Noting that
2 is unramified in k/Q and that «, 8 € U;§32> =149
by the condition (2) of Lemma 1.1, we have find
(“Tf) =1 ([FV]). This completes the proof of
Theorem 3.4.

Rédei symbol

[ B]
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[ Mt ]
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