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Abstract: In this paper, we use the variational methods to study the following problem
(1) —Agvu = (d(z))|u’?u,u € H'(BY)
in Hyperbolic space BY, where a > 0, d(x) = dg~(0,2), and H!(B") denote the Sobolev space of

radial H'(BY) function on the disc model of the Hyperbolic space BY and Apy denotes the
Laplace-Beltrami operator on BY, N > 3. Unlike the corresponding problem in Euclidean space

RY, we prove that there exists a positive solution of problem (1) provided that p € (

2N+2a
2, N—2 )

which will be contrasted with a result due to Gidas and Spruck [6].

Key words:
hyperbolic space.

1. Introduction and main result. In this
paper, we study the existence of positive solution
for the following problem

(2)  —~Agvu=(d@) " uu € H(BY)

where a >0, p € (2,272), d(z) = dg~(0,z), and
H!(BY) denote the Sobolev space of radial H'(B")
function on the disc model of the Hyperbolic space
BY and Apv denotes the Laplace-Beltrami operator
on BY, N > 3.

When posed in Euclidean space RY, problem
(2) has two features. First it is the following

problem

(3) — Au = |z|*uf’*u in R,

Attention was focused on the existence and
Liouville-type theorem for solutions of problem
(3). There is a host of later important contributions
to the subject, among them we must mention the
famous paper [6] where the Liouville-type theorem
of problem (3) was obtained. They proved that the
only non-negative solution of (3) is u = 0 when

2N + 2«

. N>3.
N_2

2<p<
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Second, problem (3) is known as the Hénon equation

(4) —Au=|z|"[uf’?u, z€Q, u=0, zecdQ,

where Q is a unit ball in RY. Equation (4) was
proposed by M. Hénon in [8] when he studied
rotating stellar structures and is called Hénon
equation. A standard compactness argument show
that the infimum

Vul® d
5) T
ueHy ()\{0} (fQ |$|a‘u|17 d,’E);

is achieved for any 2 < p < 2" and a > 0. In 1982,
Ni proved in [10] that the infimum

Vul® d
(6) g —dalVulde
u€HG OO ([ |2 uf? dac)r
is achieved for any p € (2,%) by a function in

Hé,md(Q)7 the space of radial H}(Q) functions.
Thus, radial solutions of (3) exist also for (Sobolev)
supercritical exponents p.

A natural question is whether any minimizer of
(5) must be radially symmetric in the range 2 <
p< ]\2,—% and « > 0. For a > 0, Since the function
r— r® is increasing, neither rearrangement argu-
ments nor the moving plane techniques of [7] can
be applied. Therefore nonradial solutions could be
expected. Smets et al. also proved in [13] some
symmetry-breaking results for (4). They proved
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that minimizers of (5) (the so-called ground-state
solutions, or least energy solutions) cannot be radial
for « large enough. As a consequence, (4) has at
least two solutions when « is large (see also [14]).
Further results on problem (4) can be found
in [3-5,14] for residual symmetry properties and
asymptotic behavior of ground states (for p — ]\2[—]7\]2,
or «—o0) and in [1,11,12] for existence and
multiplicity of nonradial solutions for critical,
supercritical and slightly subcritical growth.

It is also of interest to study problem (3) and
(4) with respect to different ambient geometries in
particular to see how curvature properties affect
the existence and nature of solutions. A recent paper
by He and Wang [9] have studied the existence or
nonexistence and asymptotic behavior of ground

state solution of the following elliptic equation
(7) = Agvu=d(x)"|ul’*u in Qu e HY(Q),

where Q ¢ BY is geodesic ball with radial 1. They
proved that the ground state solution of problem
(7) is nonradial as p — 2.

However, for problem (2), there exists some
difference from FEuclidean space. Firstly, we are
working in B which is a noncompact manifold, so
it means that H'(B") — L?(B") is not compact for
any 2 < p < 2% Secondly, the weight function d(z)
depends on the Riemannian distance r from a pole

o, we have some difficulties in proving that
/ d(z)" Ju(z)|P dVgy < oo, Yu € H'(BY).
BY

So the functional of problem (2) is not well defined

and cannot satisfy the (PS), condition for all ¢ > 0.

Below we will show that we can overcome this

difficulty by restricting to the radial situation.
Our main result is as follows:

Theorem 1.1. Problem (2) has at least one
positive solution provided that p € (2, 2%3“), where
a > 0.

The proof of this result will be given in
section 3. In section 2, we give some basic facts
about hyperbolic space and prove that the map
u— (d(z))ru from H'(BY) to LP(B") is compact
for pe (2,‘%#]\1%‘)(2 <p<HEAY) . Finally, in
section 4, a generalization to the generally elliptic
problem is presented.

2. Preliminaries. Hyperbolic space H" is a
complete simple connected Riemannian manifold
which has constant sectional curvature equal to —1.
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There are several models for HY and we will use the
Poincaré ball model BY in this paper.

The Poincaré ball model for the hyperbolic
space is:

BN:{QL':(.T17Z‘2,"'7Q;‘”) 6RN| |x‘ < 1}

endowed with Riemannian metric g given by g;; =
(p(x))?8;; where p(z) = 1jz‘2. We denote the hyper-
bolic volume by dVg~ and is given by dVpv =
(p(x))Y dz. The hyperbolic gradient and the
Laplace Beltrami operator are:

Agv = (&) N din((p(2)*2Vw)), Vgru= -
p(x)
where V and div denote the Euclidean gradient and
divergence in R", respectively.
The hyperbolic distance dgv(z,y) between
z,y € BY in the Poincaré ball model is given by
the formula:

2z —y’
dg~(z,y) = Arccosh <1 + .
(1= a1 = [yl

From this we immediately obtain for z € BY,

d(z) = dgv (0, 2) = 1og<1 - :i:)

Let u € H'(BY), we can not prove that
fBN d(x)”|u|pdVB\

a N
= 1+|z] 9
= Jnou [log(l——}ﬂ)} Jul? (m) da < .
It implies that for v € H! (BN), the functional

1
(8) I(u) = = / |V grul*dVigs
BY

1
ff/ d(x)* (u* ) dVgw,
pJBY

corresponding to (2) is not well defined. We also
know that the embedding H'(BY) — L?(B") is not
compact for any 2 < p < % Thus the functional of
problem (2) cannot satisfy the (PS), condition for
all ¢ > 0. Below we can overcome this difficulty by
restricting to the radial situation.

Let H!(B") denotes the subspace

H'BY) = {u e H(B") : u is radial}.

Since the hyperbolic sphere with central 0 € BY
is also a Euclidean sphere with central 0 € BY,
H!'(BY) can also be seen as the subspace consisting
of hyperbolic radial functions.
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Lemma 2.1. Letu € H'(BY), then

u(z)|
< 1 (l—|m\2>772
- \/WN—I(N*2> 2 [

xzllull i o)
x| 2

.
1 L—]z7) * 1
u(z)| < ( ) — l[ull g sy,
- 2 g
WN-1 | |

x| 2

or

where wy_1 is the surface area of SN
Proof. Let u € H'(BY), then u(x) = u(|z|), we
have

N-2 n_
WN-1 fol W (s)? (1352) sV ds

= fBN |VBNU|2 dVBN < 00,
where wy_1 is the surface area of SV—1. Thus for
u e HY(BY),

u(|z)

|7)¥L%(f‘il s ds)

||

NI

1
-5 I—|z
< WN2—1HUHH1(B~“")( Q‘T

o

< 7% 1*‘1"2 =
—WN71HUHH'(BN)( 2 )

s

|2

o]
or
u(fa)
=l
< oyl gy () (50 )

N-2

< (v (N = 2)) 2 [Jull g, (FED) T —iy
= BYHU 2 N=2*

|z 2

u'(s) ds

rol=

(]
Lemma 2.2. The map uvw (d(z))"u from
H'(BY) to LP(BY) is compact for p € (2,10), where
m >0, and
2N . N -2
N_2-am UMy
00 otherwise.

Proof. By Lemma 2.1, we have that
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Sy (@@) ™ u(@)]? Vs

—wn lfo (In22) ™ u(r)Pr =1 (22) ™ dr

< wN 1||uHH1 B\)

Ji a3z ) (T gy

I ng)™ () B b ar

2
< CHUHHI Bl\
Indeed, for In+ < 25 p > 2, we have

Ji () ) 57 i gy
1
<Cf05 N-1-8=2 7 p+mp dT<C

and

fll (ln%)mp (%) (NTflpr)rNili%,p "

<€ fH iy i) T gy

N-1
00 o5 _])—N+1
<C Jiags™ ((e-*z—!zl)z)( ’ ) ds < C.

This show the map is continuous, for all p €

(2, 7%%5-). Now we will show it is compact.

From [2], we know that H'(B") — LY(B") is
2 2N

compact for all g € (2,775). Then, by the Holder
inequality for a € (0,1),
Jer d(@)™ [u(z)]” dVgy
= [ d(@)™ Jul”" " u" dVgy
>~ fBN |’LL| dVB\)
1-a
[ ()™ )T avge]
Now, we only need to check that
p—qa 2N
N-2-21"°

p—qa

9) P =

1—a

if m < 8321t is easy to check that (9) holds if and
only if

(10) p(N—-2-2m) < 2N(1—a)+qa(N —2).

Thus for a fixed p < 725, (10) may easily be
achieved by choosing a sufficiently small.
Hence, we have

a l1-a

|||d(x)|fnu||Lp (BY) < ||u||Lq BY ”u”le(BN)

where a > 0 and is small. It is easy to see that this
Lemma holds. O
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3. Proof of Theorem 1.1.
the energy functional corresponding to (2) by

Let us denote

1
(11) I(u) == / |V gvul*dVigy
2 BN

1
- — d(x)"(u*
9% BY
defined on H1 (BY). By Lemma 2.2, we know that
Jgn(d )|p dVgn
= fBN ‘I)Hp dVpy < o0, u € }:I,1 (BN)
Then we see that (11) is well defined and it is
known that critical points of the functional I €
C'(H}(BY),R) correspond to solutions of problem
(2)-
Now, we will prove Theorem 1.1.
Proof of Theorem 1.1. Define T : H'(BY)—
H}(BY) by

) dVign

(T, ) gy = /B ()l Vg,

then,  (—ApvTu,v). = ((d(@)*ul’",v) 0, Tu =
—Agkv((d(m))a|u|p71). Thus, T may be decomposed
as follows:
N(p—1) 2N
T: H1 — L N+2 — [N+ — (Hrl)
w e ()7 T = (d()7 T ful)
= (d())"|uf"" — Tu.

_1—)H1}

By Lemma 2.2 and 2]\]/\,121) <% 22N = 1f 4 < N
(from the hypothesis p < 2N“Ok) then T is compact

from H!(BY) to H}(BN), then 7: H(BY) — R
satisfies the Palais-Smale condition as [10] and
using the Mountain Pass theorem similarly as [10],
we can get a radial solution of problem (2). Multi-
plying the equation by v~ and integrating over BY,
we find v~ = 0, and v is a solution of the equation
(2). O

4. Further result. The method used in the
proof of Theorem 1.1 can be applied to study the
following problem

{ ~Agvu = K(d(@))f(u),

(12) = HI(BN),

where r = d(x),
hypothesis:

(i) K(r) is a nonnegative continuous function with
K(0)=0and K #0 in B".

(ii) K(r) = O(r*) at r = 0 and K(r)
oo for some a > 0.

K(r) and f(u) satisty the following

=0(r*) asr —
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(iii) f is a continuous function, f(u) >0 for all
u>0, flu) = ()atU*Oandf<>—>ooasu—>oo
(iv) [f(u)] < C(1+ [u])’™, where p < 22 for u
large.
(v) There exists constants 6 € (0,
F(u) = [ f(t) dt < Ouf(u) for u € R.

Replace (™)’ with F where F(u) = [ f(t) dt
and f(u) =0 for all <0 and f(u) = f(u ) for all
u > 0. Then similarly as the proof of Theorem 1.1,
we can also get the following result.

Theorem 4.1. Under the hypotheses (1)—(v),
problem (12) possesses a positive solution.

Proof. By (iii) and (iv), we have that I(u) =
%||u||2 +o(||lull*) as u — 0. Then there exists > 0
such that

Dsuch  that

b:= inf I(u)>0.

llwfl=r

By (v), we have that for any v € H'(BY)\ {0},
1
I(tu) < = |Julf? —téc/ K(d(@))°[uf} dVigy
12 BY

— —00

as t — oo. Then there exists e = tu such that ||e|| =
rand I(e) <0.

Now, we want to prove that I satisfies the
Palais-Smale condition. Let {u,} be a sequence with
{I(uy)} < M and I'(u,) — 0, then

M + 0|, ||
> I(uy) — 01 (un)un)
= (% - Q)HUHHQ

+ fBN K(d(x))n[ef(u”)un -
> (3= 0)uall*.
It follows that ||u,l|| is bounded.
From (i) and (ii), we have that K(r) < Cr®
for all 0 <r < oo for some constant C >0, and

by LemmaQQ we have that the map: uw+—
(K(r))ﬂu from H'(BY) to LP(BY) is compact if

F(uy,)] dVigx

pE (Z,W)@ <p<ZEFY). Then we can also
prove that J'(u) is compact where J(u)=
Jgx (K(d(2)))*F(u) dViy. This, together with {u,}

being bounded and I'(up) = up — J'(uy) — 0 as
n — 0 implies that {u,} has a convergent subse-
quence. Thus, we know that I satisfies the Palais-
Smale condition. Using the Mountain pass theorem,
we obtain that there exists a positive solution of
problem (12). O
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