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Abstract:

A complex hyperbolic triangle group is a group generated by three complex

involutions fixing complex lines in complex hyperbolic space. In a previous paper [3] we discussed
complex hyperbolic triangle groups of type (n,n,oco; k) and proved that for n > 29 these groups
are not discrete. In this paper we show that if n > 22, then complex hyperbolic triangle groups of
type (n,n,o0; k) are not discrete and give a new list of non-discrete groups of type (n,n,co; k).
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1. Introduction. Let n and k be positive

integers. Let I, I5, I3 be the following matrices:

1 »p T -1 0 0
L=]|0 -1 0|, L=|p 1 o/,
0o 0 -1 0 0 -1
-1 0
Ir=10 -1 0
T o

Assume that p,o,7 satisfy the conditions |p|=
2cos(m/n), |o| =2, |r|=2cos(n/n), |pr—7|=
2cos(m/k). Then we have that I} =13 =13=
(LL)" = (Is1)" = (L LI, I3)* = B (the identity
matrix) and I>[3 is a parabolic element. We call
the group generated by I, I and I3 a complex
hyperbolic triangle group of type (n,n,o0;k) and
denote it by I'(n,n,00; k). Up to conjugation, there
is a one-parameter family of these groups parame-
trized by k(> [n/2] + 1).

It is interesting to ask which values of the
parameter correspond to discrete groups as men-
tioned in [5]. This will be done in a case by case
fashion, so we try to restrict the range to search
for discrete groups by finding non-discrete groups.
In this paper we improve our previous result in [3]
and give a new list of non-discrete groups of type
(n,n, oc0; k).

2. Non-discrete groups. To show a group

2010 Mathematics Subject Classification.
32Q45, 51M10.

Primary 22E40,

doi: 10.3792/pjaa.89.100
©2013 The Japan Academy

Complex hyperbolic triangle group; complex involution.

of type (n,n,o0;k) to be non-discrete, we use the
following version of Jgrgensen’s inequality.

Lemma 2.1 ([4, Corollary 2.3]). Let T be a
complezx hyperbolic triangle group of type (n,n,
00} k). If n > 7 and

(por + 557 — 2ol — 2r* = |of +4)* < 4= |o,

then I is not discrete.
From the conditions on p, o, 7, we have

o 4T 2T
poT+poT =16cos” — — 2cos— + 2.
n k
Hence, we can rewrite the inequality in Lemma 2.1
as
< 2T AT 9 7T) 2 L 5T
cos— +1—8cos” —+6cos” — | <sin”—.
k n n n

Let a, = —1+ 8cos(m/n) — 6 cos?(m/n) —
sin(m/n) and b, = —1 + 8cos*(7/n) — 6 cos®(m/n) +
sin(7/n). We immediately obtain.

Lemma 2.2. Let I’ be a complex hyperbolic
triangle group of type (n,n,o00;k) with n>7. If
ay, < cos(2m/k) < by, then T is not discrete.

We are ready to state our theorem, which
shows a new list of non-discrete groups of type
(n,n,00;k). In particular, we prove that I'(n,n,
00; k) for n > 22 and k > [n/2] + 1 is not discrete.

Theorem 2.3. Let I'=<1,I5,I3> be a
complezx hyperbolic triangle group of type (n,n,
oo; k) with k> [n/2] + 1. The following groups are
non-discrete.

(1) T'(5,5,00;3).
(2) T'(6,6,00;5).
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(3) I(7,7,00;4), [(7,7,00;6).

(4) T'(8,8,00;5).

(5) (9,9, 00;5), ['(9,9,00;6).

(6) T(10,10, 00; 6), T(10, 10, 00; 9).

(7) T(11,11,00;6), T(11,11,00;10), T(11,11,00;
11).

(8) T'(12,12,00;7), and T'(12,12,00;k) for 11 <
k < 16.

(9) T'(13,13,00;7), and T'(13,13,00;k) for 12 <
k < 38.

(10) I'(14,14,00;8), and T'(14, 14, 00; k) for k > 12.

(11) T(15,15,00;8), D[(15,15,00;9), D[(15,15,00;
10), and T'(15,15, 005 k) for k > 13.

(12) T(16,16,00;9), T'(16,16,00;10), and I'(16, 16,
oo; k) for k> 14.

(13) T(17,17,00;9), T'(17,17,00;10), T'(17,17,00;
11), and T'(17,17,00; k) for k > 15.

(14) T(18,18,00; 10), [(18,18,00:11), I'(18, 18, 00
12), and T'(18,18,00; k) for k > 16.

(15) T(19,19,00; 10), [(19,19, 00;11), (19,19, 00
12),1'(19,19,00;13), and I'(19,19,00;k) for
k>17.

(16) T(20,20,00;11), T'(20,20, 00; 12), T'(20,20, 00;
13), T(20,20,00;14), T'(20,20,00;15) and
I'(20,20, 00; k) for k > 18.

(17) T(21,21,00;11), T(21,21,00:12), (21,21, 00;
13), T'(21,21,00;14), [(21,21,00:15), [(21,
21,00;16), and T'(21,21, 00; k) for k > 19.

(18) T'(22,22,00;k) for any k (> 12).

(19) T'(n,n,o0;k) for any n (> 22).

Proof. First, from Lemma 2.2, it is readily
verified that the following are not discrete:

1) T'(11,11, 00; 6);

(12,12, 00;7);
T'(13,13,00;7);
(14,14, 00; 8);
I( )
I'( )

),

=W N

)

and (15, 15, 00; 9);
and I'(16, 16, c0; 10);
(17,17, oc; 10), and T'(17,17,

15,15, 00; 8

16,16, 00;9
(17,17, 00:9
oo; 11);
I'(18,18, 00; 10), I'(18, 18, 00; 11), and T'(18, 18,
00; 12);
I'(19,19, 00; k
I'(20,20, 00; k
(21,21, 00 k
(22,22, 00; k
(23,23, 00: k
(
(
(

o Ot

)
)
)
)
)
)

3

o
=

for 10 < k£ < 13;
for 11 < k < 15;
for 11 < k < 16;
for 12 < k < 18;
for 12 < k < 20;
for 13 < k < 22;
for 13 < k < 25;
for 14 < k < 29;

12
13
14
15
16

24,24, 005 k
2525ook
26,26, co; k
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r
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r
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17) T'(27,27,00; k) for 14 < k < 33;
18) I'(28,28,00;k) for 15 < k < 40.
The list above includes 36 new non-discrete groups,
which were not shown in [3, Theorem 4.2].

Next we show another 6 new non-discrete
groups, which were not shown in [3, Theorem 4.2].

Before this, we recall the following two equalities in
[1, Theorem 7]:

2m
(@) COS ¢ — 008 — =
™ 2w 47 o1
(B) fcosl—5+cos1—5+cos£fco =3

Consider the elements Iy 1o 5131 and I3l 1311514,
which are written as 1(12)232 and 1(31)221, respective-
ly. It is seen that

trace(l ;9)23)
= (pom+po7)(1 = [p[*) = 1+ |of’
+1pl (=2l + [7* + |plof?)
2 T 2 6
= 2c0os— 4+ 4cos— cos— — 2cos —
k k n n

2
—2cos— +1
n

and
trace(l 32y, )
= (po7 +po7)(1 - |7*) = 1+ oI’
2 2 2 2,2
+ I (=2lp]” + lol” + [p[|7]")
2 2 2 47
= 2cos— + 4cos—cos— — 2cos—
k k n n

2T
—2cos— + 1.
n

Now, consider the case n = 8 and k = 5. Here, it is
numerically checked that the value of trace(l;y;,)
is about 2.4920. It follows from [2, Theorem 6.24]
that the element I<12>232 is regular elliptic. Then
there is a real number ¢ such that

2T 21 om 2
2co8— +4cos—cos— —2cos— —2cos— + 1
5 5 8 8 8

=1+ 2cos ¢m.
By using the above equality («), we have
s T . 3m o =
CO8 ¢ — CO8 s+ COS o — COSPT = .

Since 1+ 2cos¢m = 2.4920---, cos(n/3) < cos ¢ <
cos(m/6). Assume that cos(m/5) = cos ¢m. Then it is
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seen that
T 3 .m0
—Cc0S— + cos— = 2sin —sin —
20 20 4 10
Vb —1 1
=2 <=
4 2’

which is a contradiction. Therefore cos(n/5) #
cos ¢m. Suppose that ¢ is a rational number. Then
/5, 77/20,37/20 and |¢|7 are four distinct rational
multiples of 7 lying strictly between 0 and 7/2. For
any non-empty subset S of {x/5,77/20,37/20,
|¢|7}, any rational linear combination of the cosines
of elements in S does not appear in the list of
[1, Theorem 7]. Hence, we have a contradiction.
Therefore ¢ is not rational, which implies that
1(12)232 has infinite order. Thus I'(8,8,00;5) is not
discrete. Next, consider the following cases: n =6
and k=5, n=7and k=6, n=9 and k=6, n=
10 and k=6, and n=15 and k=10. In each
case, it is seen that the element 1(31)221 is regular
elliptic. It implies that there is a real number
such that

2m 2r 2w 4T 2m
(%) 2cos — +4 cos—cos — —2cos— —2cos— + 1
k k n n n
=1+ 2cosym.

In the case where n =6 and k =5, using («), we
obtain
(a) T L 27 " 1
a - — = =—.

cos ¢ +cos— —cosym = o
Similarly, for cases n=7 and k=6, n=9 and
k=06, and n =10 and k=6, we obtain the equa-
tions,

3m 1
(b) —cos — + cospm = 3
dm 1
(c) cos?+cos¢7r: 3
2m 1
(d) COS?—I—COS’(/)TF: 3
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respectively. For the case n = 15 and k = 10, using
(o) and (B), we have

() 2 T 1

e —cos?—l—cosﬁ—l—coswﬂ'—i.
As before, [1, Theorem 7] tells us that there are no
rational solutions to the above equations (a), (b),
(c), (d) and (e), 80 I(3;y2y, is of infinite order in each
case. Hence the groups I'(6,6,00;5), I'(7,7,00;6),
I'(9,9,00;6), I'(10, 10, 00; 6) and T'(15, 15, 00; 10) are
not discrete.

Combining the above with [3, Theorem 4.2], we
have our desired result. (]

Remark 2.4. In I'(10, 10,00;6),](12)232 is a
regular elliptic element of order 10, while in T'(6, 6,
00;5), I'(7,7,00;6), I'(9,9, 00;6) or T'(15, 15, 00; 10),
1(12)232 is not elliptic.
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