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Abstract:

In the present paper, transitivity of a linear operators acting on a reflexive

Banach space with the weak topology is investigated. We show any bounded operator, transitive
on an open bounded subset of X with the weak topology, is weakly hypercyclic.
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1. Introduction. Let X be a separable,
infinite-dimensional Banach space. If T' is a bound-
ed linear operator on X, the orbit of a vector x € X
under T is defined by orb(T,z) = {T"x :n € N}.
The operator T is said to be hypercyclic if there
exists a vector x € X whose orbit, is norm dense in
X. The study of such operators on Banach space
was initiated by Rolewicz [6], who showed that if B
is the unilateral backward shift on /#(N), 1 <p <
400, then the operator AB is hypercyclic for any
scalar A with |A| > 1.

A generalization of hypercyclicity was pro-
posed recently. It replaces the norm topology of X
with the weak topology: T is said to be weakly
hypercyclic if there is a vector z € X whose orbit
is dense in the weak topology of X. Since the norm
topology is strictly stronger than the weak top-
ology, every hypercyclic operator is weakly hyper-
cyclic but it is shown in [3] that weakly hypercyclic
operators may fail to be hypercyclic. A weakly
hypercyclic operator has many of the same proper-
ties as a hypercyclic operator. For example, its
adjoint, has no eigenvalue [3] and every component
of whose spectrum must intersect the unite circle [4].
Good sources of background information on weakly
hypercyclic operators include [1-3] and [7].

On every separable Banach space, hypercyclic-
ity is equivalent to transitivity, i.e., for every pair
of nonempty, norm open sets (U, V), T"UNV # 0,
for some integer n > 0. To prove it, Godefroy and
Shapiro [5] used the Baire Category Theorem,
which is not available in the weak topology. In the
present paper, we consider the transitivity of linear
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operators on Banach spaces with separable dual
with the weak topology. We prove a bounded linear
operator, weakly transitive on an open bounded
subset of X, must be weakly hypercyclic on X.
However, we show there is some example of weakly
hypercyclic operator on ¢2(Z) without being weakly
transitive on any bounded open set.

2. Main result. In what follows, X will be a
Banach space with separable dual, £(X) denotes the
algebra of all bounded linear operators on X. For any
integer N > 1, use By(X) for denote the open N-ball
of X, i.e., the set of all vectors x € X with ||z|| < N
and By (X) for the close N-ball of X as well.

Definition 2.1. Let T € £(X) and D be a
nonempty subset of X. The operator T is said to be
weakly transitive on D whenever for each nonempty
norm open set U and nonempty weakly open set V'
in X that UND # 0 and VN D # 0, there exists
some integer n > 0 such that

(1) T"(UND)NVND#A0.

Note that norm transitivity implies weak transitiv-
ity on any open subset of X. Also in Lemma 2.4
below, we prove that if D is norm open, T is
surjective and condition (1) is true for some positive
integer n, then it must be true for infinitely many
positive integers n.

Remember that if T' € L(X), the orbit of a set D C
X under T is defined by

orb(T, D) = U T"D.
neN
Theorem 2.2. LetT € L(X) and it is weakly
transitive on a bounded open subset of X whose orbit
under T is weakly dense in X, then T is weakly
hypercyclic on X.
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Proof. Let D be a bounded open subset of X
for which orb(T, D) is weakly dense in X and let
D C By for some positive integer N. Since X has
separable dual and every bounded subset of X is
weakly metrizable, every closed balls in X are
first countable in the weak topology. Let E be a
countable dense subset of X. For each = € E, let

{Wp,q(x) N Bp}qu

be a countable basis of weakly neighborhoods of
z in B,; where W, ,(z) is a weakly open set in X
containing x. Consider the index set

L,(x)={reN:T"W,,(z)ND #0} (xz€E,p,qeN)

which is nonempty by the weak density of
orb(T, D). Then each of the sets

A(z,p,q,r) = | T7(T "W, 4(x) N D)
neN

is norm open in X and norm dense in D for r €
I, 4(x). To prove the norm density, let z € E, p,q €
N, r € I, ,(z) and let UN D be a nonempty norm
open set in D. Then

UND#0, T7W,.(z)ND#0 (because r € I, ,(x))

and T "W, 4(x) is weakly open set in X. By weak
transitivity of 7" on D, we find that

T (T " Wy(x)ND)NUND #D

for some integer n >1 which follows that
A(z,p,q,7) is norm dense in D. Now the Baire
Category Theorem for D implies that the set

Why(T) = n ﬂ ﬂ A(x7p7Q7T)

z€E p,geN rel, ()

is norm dense in D. We claim every element of
Wiy (T) is a weakly hypercyclic vector for 7. For
this, let z € W), (T) and W be an arbitrary weakly
open set in X. Then there is a weakly neighborhood
W(x) of some x € E contained in W. Using the
weak density of orb(T, D) to get, T"D N W (z) # 0
for some integer r > 1. Choose a positive integer
p > N|T||" in such a way that the set 77D N W(x) N
B, is nonempty. Thus

T"(W(x)NB,)ND 0.
The first countability of B, implies that for some
qEN, T (W,,(x)NB,)ND is nonempty. This

yields that T7"W,,(x) N D is also nonempty and
hence r € I,,(x). Since z¢€ A(x,p,q,r), there is
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some integer n > 1, such that T"""z € W, (z) and
T'ze€ DC By. But ||[T"z|| < N|T||"<p and
T2 € W,,4(z) N B, which is a subset of W(z)N
Bp7 deducing T""z € W. Therefore, z is a weakly
hypercyclic vector for T and T is weakly hyper-
cyclic. O

Assume that T is weakly transitive on Bj.
If U is a norm open and W is a weakly open set in X
then for some integer m > 1 both m~'U N B; and
m~'W N B, are nonempty. Hence,

T"m'UNB)Nm *WnNB, #0

and so T"(U)NW # @ for some n € N. Therefore,
orb(T,U) is weakly dense in X for any norm open
set U and in particular for U = B;. This led to the
following corollary

Corollary 2.3. If T € L(X) is weakly tran-
sitive on By then it is weakly hypercyclic on X.

Since the set of weakly hypercyclic vectors for T’
is norm dense in X, a necessary condition for weakly
hypercyclic operators in terms of open sets can be
given. In fact, if T' € £(X) is a weakly hypercyclic
operator, then for every nonempty norm open set U
and weakly open set W, there is a positive integer
r such that T"(U) N W # (). This means that the
converse of the above theorem is true for unbounded
set D = X while the following example shows it can
not be true for any bounded open set. Before state it
we need the following simple lemma;:

Lemma 2.4. If T € L(X) is a surjective
operator satisfying the hypotheses of Definition 2.1
for a norm open set D, i.e, weakly transitive on
norm open set D, then condition (1) holds for
infinitely many positive integers n.

Proof. Let U and V be as in Definition 2.1 then
by weak transitivity of T on D, there is a positive
integer n; such that

(2) T"(UND)NVND=#0.

By the open mapping Theorem Uy :=T™ (U N D), is
norm open and by (2), Uy N D # (. Again by weak
transitivity,

(U, ND)NVND#0
which implies that
T(U)NVND#()
and so

T ™(UND)NVND#0.
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Repeating this method, we construct a sequence of
positive integers {ny} such that

ijLnQJr“xnk(U ND)NVND# ]

and this completes the proof. [l

Example 2.5. In [3] Chan and Sanders have
shown that the bilateral weighted shift T" with the
weight sequence w, =2 if n >0, w, =1 if n <0
acting on X := (?(Z) is weakly hypercyclic. We
prove the operator T is not weakly transitive on
any bounded open subset D of X. Let {e, }, .5 be the
standard base for X.

Fix a bounded open subset D and let R >0
be such that D C Bg. Also, let € > 0 be such that
D contains a ball of radius 2¢ centered at a point
a € D. Choose a positive integer ¢ such that
207e > R, and let U={z:|<me, >|>e/2}.
Then, U is norm open (weakly open) in X and we
claim DNU #0 and T"UN Br =0 for all n > q.
Indeed, if DN U = 0, then consider two vectors x :=
a+eeq and y:=a—-cee, in D. Hence, z,y do not
belong to U and so | <z —y,e; > | <e while by
definition | < z —y, e, > | = 2e. This contradiction
says that DNU # ().

To see the next part, fix an integer n > g, it is
enough to prove

T"(U) N By = 0.

Assume that z = )., \je; is any vector in U. Then

jeZ

T2 = NP (wjwj 1 - wjnin)?
=
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2 |)‘q|2(wqwqf1 e wqfn+1)2
= |\ 47 > 2477 > R2,
It follows that T"xz ¢ Bpg for all n > ¢ and by the
preceding lemma the surjective operator T' is not
weakly hypercyclic on D. O
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