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Kirchhoff elastic rods in higher-dimensional space forms
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Abstract: In this paper, we give examples of Kirchhoff rod centerlines fully immersed in
higher-dimensional space forms. More precisely, we prove that any helix in a space form is a
Kirchhoff rod centerline. These examples imply the difference of the geometric properties
between Kirchhoff rod centerlines and elasticae.
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1. Introduction. The elastica and the
Kirchhoff elastic rod (or simply Kirchhoff rod) are
both classical mathematical models of thin elastic
rods. The elastica is probably the simplest model,
and is characterized as a critical curve of the energy
of bending only. On the other hand, the Kirchhoff
rod is some more complicated model, and is charac-
terized as a critical framed curve of the energy with
the effects of both bending and twisting. The curve
obtained by eliminating the frame of a Kirchhoff rod
is called a Kirchhoff rod centerline. Then a Kirchhoff
rod centerline is a generalization of an elastica.

These curves were originally considered in
the two or three-dimensional Euclidean space, but
these notions (or their generalizations) are natu-
rally extended to those in general Riemannian
manifolds (see, e.g., [1,2,8,9,12-14,16,17,20]).

In this paper, we consider Kirchhoff rod center-
lines in simply-connected n-dimensional space
forms M =R", 8" H", n>2. It is known that
when n = 2,3, all Kirchhoff rod centerlines in M
are explicitly expressed in terms of Jacobi sn
function and the elliptic integrals ([11], see also
[6,10,15,18,19,21,22]). However, in the case where
n > 4, examples of Kirchhoff rod centerlines fully
immersed in M are not known. The purpose of this
paper is to give examples of Kirchhoff rod center-
lines fully immersed in M =R" 5" H", where
n > 4. We obtain the following main theorem.

Theorem 1.1 (Theorem 4.1). Let v be any
heliz in M =R", 8", H", where n > 2. Then v is a
Kirchhoff rod centerline.
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Here, a helix is defined to be a curve all of
whose Frenet curvatures are constant. (For details
about the definition of a helix, see Section 3.) Since
there exists a helix in M which does not lie in any
(n — 1)-dimensional totally geodesic submanifold of
M, we have the following

Corollary 1.2 (Corollary 4.2). There exists
a Kirchhoff rod centerline in M =R", 8", H" ,n > 2
which does not lie in any (n — 1)-dimensional totally
geodesic submanifold of M.

On the other hand, as for elasticae, the follow-
ing result is known ([16], see also [5]).

Proposition 1.3 (Langer-Singer [16]). Let
v be an elastica in M =R" S" H", where n > 4.
Then v lies in a three-dimensional totally geodesic
submanifold of M.

Corollary 1.2 and Proposition 1.3 show the dif-
ference of the geometric properties between elasti-
cae and Kirchhoff rod centerlines in space forms.

2. Elasticae and Kirchhoff rod centerli-
nes. In this section, we define an elastica and a
Kirchhoff rod centerline.

Let M be R", 8", H™ of constant sectional
curvature G. We denote by (x,*) the Riemannian
metric of M, and by | * | the norm. Unless otherwise
specified, all curves, vector fields etc. are assumed
to be of class C*.

First we define an elastica. Let v = () : [t1,t2] —
M be a unit-speed curve in M. We denote by T'(t) =
7/(t) the tangent vector to v and by Vi = Vs the
covariant derivative along . The bending energy of
is defined to be the total squared curvature of -y, that is,

to
§(v) = / VT dt.
ty


http://dx.doi.org/10.3792/pjaa.87.5

6 S. KAWAKUBO

We call v an elastica if v is a critical point of the
bending energy § with respect to the variations of
unit-speed curves which preserve the end points
~v(t1),v(t2) and the tangent vectors T'(t1),T(t2) at
the end points. More precisely, an elastica is defined
to be a solution of the associated Euler-Lagrange
equation:

(1) Vr2(Ve)T + (3IVe Tl -+ 2G)T] =0,

where p is a real constant. For the derivation of the
Euler-Lagrange equation in a general Riemannian
manifold, see Section 1 of [16].

Definition 2.1. A unit-speed curve v in M
is called an elastica if there exists u € R such that
(1) holds.

Next we define a Kirchhoff rod, which is a
mathematical model of an elastic rod with the
effects of both bending and twisting. The twisting of
an elastic rod cannot be represented by a curve ~
only. (Note that the torsion 7 or the higher order
Frenet curvatures of « are not directly related to
the twisting of the elastic rod.) To describe how the
elastic rod is twisted, we utilize an orthonormal
frame field M = (M, Ms, ..., M,_1) in the normal
bundle T+ M along v. We call such a pair {y, M} a
unit-speed curve with adapted orthonormal frame,
and v the centerline of {~, M}.

Let v be a fixed positive constant, which is
determined by the material of the elastic rod. We
define the energy ¥, which includes the effects of
both bending and twisting, as follows:

n—1 to
T M) =3+ Y / VEM, P,
=1 1

where V* denotes the normal connection in 7+ M, so
that, V#M; = VoM; — (VrM;, T)T. Here, the first
term of T({v, M}) expresses the energy of bending,
and the second term that of twisting. We call {~, M}
a Kirchhoff rod if {7, M} is a critical point of T
with respect to the variations of unit-speed curves
with adapted orthonormal frames which preserve the
end points v(¢1), y(t2) and the orthonormal frames
(T'(t1), M(t1)), (T'(ts), M(t2)) at the end points. More
precisely, a Kirchhoff rod is defined to be a solution of
the associated Euler-Lagrange equations:

Vr [2(VT)2T + <3VTT|2 —p+2G

n—1
@ oy |V%Mi|2)T

i=1
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n—1
— 4> (ViT, MiW%Mi] =0,
i=1

(3) (VgMy,..

where p € Rand a € o(n — 1). Here, o(n — 1) stands
for the Lie algebra of all skew-symmetric matrices
of size m—1. For the derivation of the Euler-
Lagrange equation in a general Riemannian mani-
fold, see Section 2 of [10].

Definition 2.2. Let {7, M} be a unit-speed
curve with adapted orthonormal frame in M. We
call {y, M} a Kirchhoff rod if there exist u € R and
a € o(n — 1) such that (2) and (3) hold. The matrix
a is uniquely determined, and is called the twist
matriz of {~, M}.

We note that the matrix a in (3) is independent
of t. Therefore, we see that if {7, M} is a Kirchhoff
rod, then the integrand of the second term of
%({vy,M}) is independent of t. Physically, this
means that the twist of an elastic rod in equilibrium
is uniformly distributed along the centerline.

Remark 2.3. Let ¢€O(n—1), where
O(n — 1) stands for the Lie group of all orthogonal
matrices of size n — 1. A straightforward calculation
using (2) and (3) yields that if {~, M} is a Kirchhoff
rod, then {v, My} is also a Kirchhoff rod. Note
that if the twist matrix of {y, M} is a, then that of
{v, My} is ¢~ ap.

We define a Kirchhoff rod centerline as follows:

Definition 2.4. A unit-speed curve v in M
is called a Kirchhoff rod centerline if there exists an
orthonormal frame field M = (My, My, ..., M,_) in
the normal bundle along v such that {v, M} is a
Kirchhoff rod.

By (1), (2) and (3), we see the following

Proposition 2.5. Lety be an elastica in M.
We take an orthonormal frame M® = (MY, ..., M° )
of the normal vector space at a point y(ty) on the
curve v. Let M = (Mjy,...,M,_1) be the parallel
translation of M° with respect to the normal con-
nection along y. Then {7y, M} is a Kirchhoff rod with
twist matriz 0. Therefore, ~v is a Kirchhoff rod
centerline. Conversely, if {y, M} is a Kirchhoff rod
with twist matriz 0, then v is an elastica and M is
parallel with respect to the normal connection.

The above proposition implies that a Kirchhoff
rod centerline is a generalization of an elastica.

3. Helices. In this section, we recapitulate
the Frenet frame and Frenet curvatures of a curve
in a space form and define a helix.

o) v%]\4n71) = (Mh CE) Mnfl)a/;
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Let M =R", S§", H", and let d be an integer
satisfying 2 < d <n. A unit-speed curve v in M
is called a Frenet curve of osculating rank d if
T, ViT,..., (VT)d_lT are linearly independent
for each t, and T, VT, ..., (V)" 'T, (V)T are
linearly dependent for each t. For a Frenet curve
v of osculating rank d, let (Ny, N1,..., Ng_1) be the
orthonormal d-frame along ~ obtained by applying
the Gram-Schmidt orthogonalization to (T,VrT,
(V)T ..., (VT)dflT), and let ki(t),...,Kq_1(¢)
be the functions defined by k; = (VrN;_1, N;), i =
1,...,d—1. Then Kkq,...,Kk4_1 are positive functions
and the following Frenet formula holds:

(4)  (VrNo,...,VrNg_1) = (No,...,Na1)/f,
where

0 —K1 O

K1 0 — Ko

K9 0 '
= ) .
0 —KRd—1
O Kd—1 0

The orthonormal d-frame (Ny,...,Ny_1) is called
the Frenet d-frame along 7, and the function k; is
called the i-th Frenet curvature of ~.

By a similar argument to that in the case of R?
[4], we can check the following holds. Given arbitra-
ry d — 1 positive functions k1, ..., k41, there exists
a curve 7 of osculating rank d whose i-th Frenet
curvature coincides with x; fort =1,...,d — 1. Such
~ is uniquely determined up to isometries of M. We
can also check that a Frenet curve of osculating rank
d lies in a d-dimensional totally geodesic submani-
fold of M, and does not lie in any (d — 1)-dimen-
sional totally geodesic submanifold of M.

A Frenet curve v of osculating rank d is called a
heliz of order d if all the Frenet curvatures k1, ..., K41
are constant functions. Also, a unit-speed curve 7 is
called a heliz if v is a helix of order d for some d.

4. Main theorem. In this section, we ex-
press the Euler-Lagrange equation (2) in terms of
the Frenet frame, and state the main theorem.

Let M =R", S", H", where n > 4. Let {v, M}
be a unit-speed curve with adapted orthonormal
frame in M defined on I = [t,ts]. Suppose that v
is a Frenet curve of osculating rank n, and let
(N, ..., N,_1) denote the Frenet n-frame along ~,
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and K1, ...,K,—1 the Frenet curvatures of v. We fix
to € 1. By Remark 2.3, we may assume, without loss
of generality, that M(ty) = (N1(to),- .., Na-1(to))-

Suppose that (3) holds for some a € o(n — 1). It
follows from (4) that

Vr [Q(VT)QT + (3|VTT2 — 1+ 2G

n—1
+uvy |V:#MI;|2) T]

i=1

n—1
267 + (k1) + (u +2G+v Z(ajq;f) K1

ij=1

— 2/4:1(/&2)2 N1+ (4/{’152 + 2/%1/4;’2)]\]2

+ 2kK1kK2k3 N3,

where ' denotes the differentiation with respect to ¢,
and a’; the (j,7)-component of a.

To calculate Vo [/ (VsT, Mi)V#M;], we
also use a V'-parallel frame along 7. Let P =
(Py, Ps,...,P,_1) denote the parallel translation of
(N1 (to),. .., Nu_1(to)) with respect to the normal
connection V* along 7. Let w; = (V7T, M;) and
ki=(VyT,P),i=1,2,...,n— 1. Then

(VTTv VoM, ..., VTMn,1)

0 —'w
= (T7 Mla .. 'aMn—l) )
W a
(VTT7 VTPh ey VT-Pnfl)
= (T,P P )(0 Jk)
- s ly ey din—1 k 0 )
where w="Y(wy,...,w,_1) and k="(ky,..., k,1).
The orthonormal frames (7T,M,..., M, 1) and

(T,Ny,...,N,_1) are expressed as
(T,Mh...,Mn,l)
10
:(Tvplv"'apn—l) 9
0 ¢
(T7N1a"'aNn,—l)
1 0
:(T,Pl,...7pn,1) 3
0 v

for some &,¢:I— O(n—1). A straightforward
calculation yields

5 W=k=CR a=g
"(k1,0,...,0) ="k =k,
where b: I — o(n — 1) is defined by

b=y,
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K2 —K3

R3 0

O KRn—1 0
Therefore, &, 1 are the solutions of the following
initial value problems, respectively:

(6) g(t)=¢&t)a, &) =e,
(7) P(t) = P(B)b(t),  Y(to) =,
where e stands for the identity matrix of size n — 1.

The solution of (6) is explicitly expressed as £(t) =
exp|(t — to)a]. By using (5), we see

n—1
Vr | (VeT, M)V M,
i=1
= VT[(Pl, ey P,,L_l)ak:] = (Pl, e ,P,,L_l)ak:'
Hl
1
R1K2
= (Np,...,No_wtap| O

0
Therefore, (2) is expressed in terms of the Frenet
frame as follows:

n—1
267 + (k1)” + <—,u +2G +v Z(aji)2> K1

ij=1

— 2:‘{1(52)2 Nl + (4/%’1}432 + 2H1H,2)N2
+ 2K1Kok3 N
(8) 1K2K31V3 /
K1
R1K2
—4v(Ny,... Nowlaw| O | =o0.

0
Before stating the main theorem, we describe
the case where n = 2, 3. First, let n = 3. Then since
O(2) is commutative, ¥ tay) = a holds, and the
equation (8) reduces to

[2“/1/ + (51)° + (—p+2G + 20(a”1)* )1

(9) - 2/€1/€2(I€2 - 21/a21)} N1

[Vol. 87(A),

+ (4K kg + 2k K — dva® K] )Ny = 0.

It is known that all the solutions ki,ks of (9) are
explicitly expressed by Jacobi sn function. Moreover,
~ themselves are explicitly expressed by Jacobi sn
function and the elliptic integrals in terms of cylin-
drical coordinates, and various properties of Kirchhoff
rods are investigated ([6,10,11,19,21], etc.). Next let
n = 2. Then for any unit-speed curve {v, M;} with
adapted orthonormal frame, V7M; = 0 holds. Thus
(3) is satisfied for a = 0. Therefore, Proposition 2.5
yields that {~, M;} is a Kirchhoff rod if and only if 7 is
an elastica. The equation (8) reduces to

10)  |26) + (k1)* + (—p + 20)51}1\5 =0.

The solutions k; of (10) are also explicitly expressed
by Jacobi sn function, and elasticae in M = R?, S2,
H? are extensively studied ([3,7,15,16,20], etc.).

We return now to the case of n > 4. In this
case, it seems to be difficult to obtain the explicit
expressions of all the solutions of (8). But, we can
construct some examples of Kirchhoff rod center-
lines. The following main theorem holds.

Theorem 4.1. Let v be any helix in M =
R", S™ H", wheren > 2. Then 7 is a Kirchhoff rod
centerline.

Proof. First, we consider the case where v is
a helix of order n. Let (Np,...,N,_1) denote the
Frenet n-frame, and ki,...,k,-1 (> 0) the Frenet
curvatures of v. We fix a point ¢y, and let P, 1, b be
as above, and let M = Pexpl(t — ty)a], where a €
o(n — 1). Then (3) holds. Also, since b is a constant
matrix, the solution ¢ of (7) is explicitly expressed
as ¥ = expl(t — t9)b)].

Let n > 4. We seek for a and p satisfying (8). If
we assume [a,b] =0, then ¢ 'ay) = a holds, and
hence the equation (8) reduces to the following:

n—1

(k)" = +2G +v Yy ()

|
— 2(/12)2 — 4uatoky =0,

(11)

(12) Ky — 2va’y = 0,
(13) aty =ad’y = =a" 'y =0.
And so we set
1
a=—~o,
2v
) n—1 )
p= ) 45, > ()
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Then we see that [a,b] =0, and (11), (12) and (13)
hold. Thus {~v, M} is a Kirchhoff rod, and so v is a
Kirchhoff rod centerline.

Next let n» =3. In this case, it immediately
follows that there exists u € R satisfying (9). Thus
{7, M} is a Kirchhoff rod, and hence ~ is a Kirchhoff
rod centerline. In the case of n = 2, by setting u =
Kk} + 2G, the equation (10) is satisfied, and hence
is a Kirchhoff rod centerline.

We consider the case where 7 is a helix of order
2 <d <n—1. Then v lies in a d-dimensional totally
geodesic submanifold A' of M. By an argument
similar to the above, we see that there exists
an orthonormal (d — 1)-frame field (M, ..., My_1)
along ~ such that {v, (My,..., My_1)} is a Kirchhoff
rod in V. Since N is a totally geodesic submanifold,
we can take an orthonormal (n — d)-frame field
(Mg, ...,M,—1) along 7 such that Vo M;=---=
VrM,—1 =0 and (My(t),...,M,_1(t)) is an ortho-
normal basis of the normal vector space Tj(t)/\/' for
each ¢. Then we can check that {, (Mi,..., My,
My, ..., M,_1)} is a Kirchhoff rod in M. Hence 7 is
a Kirchhoff rod centerline in M. O

For arbitrary positive numbers ki,..., kK, 1,
there exists a helix v of order n whose i-th Frenet
curvature coincides with k; for ¢=1,...,n—1.
Since v does not lie in any (n — 1)-dimensional
totally geodesic submanifold of M, we obtain

Corollary 4.2. There exists a Kirchhoff rod
centerline in M = R", 8", H", n > 2 which does not
lie in any (n — 1)-dimensional totally geodesic sub-
manifold of M.
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