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Abstract: In this paper we study energy growth for solutions to wave equations. We prove

that there exist compact in space perturbations of the wave equation @2
t u�4u ¼ 0 such that the

energy of solution grows at the rate expðð1þ tÞ�Þ for any � � 0.
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1. Introduction. We are interested in en-

ergy growth for solutions to wave equations. There

are many results about lower bounds of energy. For

instance Reissig-Yagdjian [5] showed that there is

an exponentially growing solution to

@2
t u� aðtÞ

24u ¼ 0;

where aðtÞ is positive, smooth, periodic and non-

constant.

On the other hand, for solutions to wave

equations in divergence form

@2
t u�

Xn
i;j¼1

@xiðai;jðxÞ@xjuÞ ¼ 0;

the energy is preserved.

In this paper we consider compact in space

perturbation cases, that is

@2
t u�

Xn
i;j¼1

@xiðai;jðt; xÞ@xjuÞ ¼ 0;

where ai;jðt; xÞ is constant outside a compact set

in Rn
x.

Colombini-Rauch [1] studied an example of

compact in space perturbation that would give

exponentially growing solutions. But their proof

was not complete. Doi-Nishitani-Ueda [2] complet-

ed thier proof and extended this result to examples

that give expðð1þ tÞ�Þ growth of energy for any

0 � � � 1.

Here we shall further extend these results and

we get examples that give expðð1þ tÞ�Þ growth of

energy for any 0 � �.

2. Main result. We consider the wave

equation

@2
t u�

Xn
i;j¼1

@xiðai;jðt; xÞ@xjuÞ ¼ 0ð2:1Þ

with Cauchy data

uð0; xÞ ¼ fðxÞ; @tuð0; xÞ ¼ gðxÞ;

where t 2 ½0;1Þ; x 2 Rn and u denotes a complex-

valued unknown function. We assume that ai;jðt; xÞ
are smooth, real-valued, ai;j ¼ aj;i, and there exist a

constant A > 0 and a smooth nonnegative function

�ðtÞ such that for any ðt; x; �Þ 2 ½0;1Þ �Rn �Rn

we have

A�2j�j2 �
Xn
i;j¼1

ai;jðt; xÞ�i�jð2:2Þ

� A2ð1þ �ðtÞÞ2j�j2:
Moreover, we assume that for any multiindex � 2
Zn
�0 the inequality

j@�x ai;jðt; xÞj � C�ð1þ �ðtÞÞ
2ð2:3Þ

holds with some constant C� > 0. We put

aðt; x; �Þ :¼
Xn
i;j¼1

ai;jðt; xÞ�i�j

and

Eðu; tÞ :¼
Z

Rn
j@tuj2 þ

Xn
i;j¼1

ai;j@xiu@xjudx:

We call Eðu; tÞ the total energy of u. If

f; g 2 C10 ðRnÞ, then the energy identity holds:

Eðu; tÞ ¼ Eðu; 0Þð2:4Þ

þ
Z t

0

Z Xn
i;j¼1

@tai;jðs; xÞ@xiu@xjudxds:
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Denote by H the Hilbert space that is the comple-

tion of C10 ðRnÞ with respect to the norm

kuk2
H :¼

Z
Rn

Xn
i¼1

j@xiuj
2dx ¼

Z
Rn
jruj2dx:

Let Rðt; 0Þ be the solution operator defined by

C10 ðRnÞ � C10 ðRnÞ ! C10 ðRnÞ � C10 ðRnÞ
ðuð0; �Þ; @tuð0; �ÞÞ 7! ðuðt; �Þ; @tuðt; �ÞÞ

;

which can be extended uniquely to bounded oper-

ator on H� L2ðRnÞ. A bicharacteristic of a function

Hðt; x; �Þ is a solution to the canonical equation

dX

dt
ðtÞ ¼ r�Hðt; XðtÞ;�ðtÞÞ;

d�

dt
ðtÞ ¼ �rxHðt;XðtÞ;�ðtÞÞ:

8>><
>>:ð2:5Þ

Following Colombini-Rauch [1] and Doi-Nishitani-

Ueda [2], we use the following lower estimate of

energy in terms of a null bicharacteristic:

Lemma 2.1. Assume that there is a bichar-

acteristic ðXðtÞ;�ðtÞÞ of
ffiffiffi
a
p

or � ffiffiffi
a
p

such that

j�ðtÞj > c�ð2:6Þ

for t � 0 with some constant c� > 0. Then there

exists a family of Cauchy data ðfj; gjÞ 2 SðRnÞ �
SðRnÞðj 2 NÞ such that for corresponding solutions

uj to ð2:1Þ we have

lim sup
j!1

Eðuj; tÞ
Eðuj; 0Þ

�
1

4
GðtÞ

for all t � 0, where

GðtÞ ¼ exp

Z t

0

@ta

2a
ðs;XðsÞ;�ðsÞÞds

� �
:

Here SðRnÞ denotes the Schwartz space on Rn.

We can prove this lemma in the same way as in

Nishiyama [4], where he treated the case ai;jðt; xÞ ¼
ai;jðxÞ with a damping term.

From this lemma, we have the following

estimate of the operator norm of Rðt; 0Þ:
Corollary 2.2. We have

kRðt; 0ÞkLðH�L2Þ �
1

2
A�2ð1þ �ðtÞÞ�1

ffiffiffiffiffiffiffiffiffiffi
GðtÞ

p

� 1

2
A�3ð1þ �ð0ÞÞ�1=2ð1þ �ðtÞÞ�1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
j�ðtÞj
j�ð0Þj

s

for all t � 0.
Applying Corollary 2.2, we can construct ex-

amples which cause expð
R t

0 �ðsÞdsÞ growth of energy

for any given �ðtÞ. Our construction works in all

dimensions n � 2 though we present only the case

n ¼ 2 for simplicity. Consider the wave equation

@2
t u�

X2

i¼1

@xið~aaðt; xÞ@xiuÞ ¼ 0;ð2:7Þ

where ðt; xÞ 2 ½0;1Þ �R2. That is, a12 ¼ a21 ¼ 0

and a11 ¼ a22 ¼ ~aa in (2.1). To apply Corollary 2.2,

we require the following conditions that correspond

to (2.2), (2.3) and that ~aa is compact in space

perturbation:

~aaðt; xÞ � 1 for jxj � 2;

A�2 � ~aaðt; xÞ � A2ð1þ �ðtÞÞ2;
j@�x ~aaðt; xÞj � C�ð1þ �ðtÞÞ2:

ð2:8Þ

Theorem 2.3. For any smooth nonnegative

function �ðtÞ on ½0;1Þ there exists ~aaðt; xÞ satisfying

ð2:8Þ such that for the associate solution operator

Rðt; 0Þ to ð2:7Þ we have

kRðt; 0ÞkLðH�L2Þ �
1

2
A�3ð1þ �ð0ÞÞ�1=2ð2:9Þ

� ð1þ �ðtÞÞ�1

� exp

Z t

0

�ðsÞds
� �

:

Moreover, if �ðtÞ satisfies

inf
t2½0;1Þ

�ðtÞ > 0; �0 ¼ oð�2Þ; �00 ¼ oð�3Þð2:10Þ

as t!1, then for any " > 0 there exists ~aaðt; xÞ
satisfying (2.8) such that for the associate solution

operator Rðt; 0Þ to (2.7) we have

1

2
A�3�ð0Þ�1=2�ðtÞ�1 exp

Z t

0

�ðsÞds
� �

ð2:11Þ

� kRðt; 0ÞkLðH�L2Þ

� C0 exp ð2þ "Þ
Z t

0

�ðsÞds
� �

;

C1�ðtÞ�1 exp

Z t

0

�ðsÞds
� �

ð2:12Þ

� kRðt; 0ÞkLðH1�L2;H�L2Þ

� kRðt; 0ÞkLðH1�L2Þ

� C2 exp ð1þ "Þ
Z t

0

�ðsÞds
� �

;

where H1 denotes the usual Sobolev space.
We note that when �ðtÞ is bounded, estimates

(2.11), (2.12) are proved in [2].

3. Proof of Lemma 2.1. This proof is al-

most similar to the proof in Nishiyama [4]. We first
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describe h-pseudodifferential operators, microlocal

defect measures and a diagonalization of the

equation (2.1). Let h be a small positive parameter,

Sm ¼ Sðð1þ j�j2Þm=2; jdxj2 þ ð1þ j�j2Þ�1jd�j2Þ and

a 2 Sm. We define

awhuðxÞ ¼
1

ð2�hÞn
Z Z

eiðx�yÞ�=ha
xþ y

2
; �

� �
uðyÞdyd�

for u 2 SðRnÞ. The operator awh is called the h-

pseudodifferential operator of symbol a. We put

OPSm ¼ fawh ; a 2 Smg;
h1S�1 ¼

\
r2R

\
l2R

hrSl;

h1OPS�1 ¼ fawh ; a 2 h1S�1g:
If fuhg is a bounded family in L2ðRnÞ then there

exist a subsequence fhjgj2N tending to 0 and a

positive Radon measure � on R2n such that

lim
j!1
ðawhjuhj ; uhjÞ ¼

Z
R2n

aðx; �Þd�

for any a 2 C10 ðR2nÞ. We call � the microlocal

defect measure associated with fuhjg.
Next, we explain a diagonalization of (2.1). Let

�ð�Þ 2 C10 ðRnÞ satisfy 0 � � � 1, supp� 	 fj�j <
c�g and � � 1 near 0. Multiplying (2.1) by h and

adding ð1=hÞ�whu we have

h@2
t uþ

1

h
ðaðt; x; �Þ þ h

2

4

X
i;j

@i@jai;j þ �ð�ÞÞwhu

¼
1

h
�whu:

By ellipticity of aþ ðh2=4Þ
P
@i@jai;j þ �, one can

find � 2 S1 satisfying

ðaðt; x; �Þ þ
h2

4

X
i;j

@i@jai;jðt; xÞ þ �ð�ÞÞwh � �wh 
 �wh

modh1OPS�1:

We put

V ¼
v1

v2

� �
¼

@t þ
i

h
�wh

@t �
i

h
�wh

0
BB@

1
CCAu;

then V is a solution to

h@tV ¼
i�wh 0

0 � i�wh

� �
V þ

h

2

@t�

�

� �w
h

1 � 1

�1 1

� �
V

�
h2

4i

1

�2
f@t�; �g

� �w
h

1 � 1

�1 1

� �
V þ R

u

u

� �
;

where R denotes the remainder and f�; �g the

Poisson bracket:

fa; bg ¼ @�a@xb� @xa@�b:

In order to diagonalize the principal term of

the equation above. We introduce

Q ¼
1 0

0 1

� �
þ
ih

4

@t�

�2
þ
b

�

� �w
h

0 1

�1 0

� �

� ¼
i�wh 0

0 �i�wh

� �
þ
h

2

@t�

�
� b

� �w
h

1 0

0 1

� �
:

Then QV satisfies

h@tðQV Þ ¼ �QV þ ~RRV þQR
u

u

� �
;

where ~RR 2 h2OPS�1. Let ~��ð�Þ 2 C10 ðRnÞ satisfy 0 �
~�� � 1, supp~�� 	 fj�j < c�g and ~�� � 1 near 0. We put

W ¼
w1

w2

� �
¼ ð1� ~��ÞwhQV

then we have

h@tW � �W þ ½ð1� ~��Þwh ;��W
modh2OPS�1V ; h2OPS�1u;

where ½�; �� denotes the commutator. If we take a

family fWhg that satisfies the equation above, then

the microlocal defect measure 	 of fWhg satisfies

certain corresponding equation. More precisely, we

have

Lemma 3.1. Assume that ðfh; ghÞ 2 SðRnÞ �
SðRnÞ, kfhkL2ðRnÞ ¼ Oðh�1Þ and fuhg are the cor-

responding solutions to (2.1). We define fv1;hg,
fv2;hg, fw1;hg, fw2;hg from fuhg as above. If

suph2ð0;1� Eðuh; 0Þ < þ1 then one can find a subse-

quence fhjgj2N tending to 0 and microlocal defect

measures 	kðtÞ on Rn �Rn
j�j>c� associated with

fwk;hjðtÞgðk ¼ 1; 2Þ such that

d

dt
	1 ¼ f

ffiffiffi
a
p

; 	1g þ
@ta

2a
	1;

d

dt
	2 ¼ �f

ffiffiffi
a
p

; 	2g þ
@ta

2a
	2

8>><
>>:

on Rn �Rn
j�j>c� in the sense of distribution. Here

Rn
j�j>c� ¼ f� 2 Rn; j�j > c�g.

We can prove this lemma by differentiating the

form of microlocal defect measure. We omit the

detail, which can be found in Nishiyama [4].

Now we prove Lemma 2.1:

Proof of Lemma 2.1. We can assume that

ðXðtÞ;�ðtÞÞ is a bicharacteristic of � ffiffiffi
a
p

without loss
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of generality. We put ðx0; �0Þ ¼ ðXð0Þ;�ð0ÞÞ. Let

’ 2 C10 ðRnÞ satisfy k’kL2ðRnÞ ¼ 1 and we define

�hðxÞ ¼ h�4=n’
x� x0

h1=2

� �
eix��0=h:

We choose Cauchy data

ðfh; ghÞ ¼
h

i
ð�wh Þ

�1 1

2
�h;

1

2
�h

� �
;

where ð�wh Þ
�1 is a parametrix of �wh . We note that

ðv1;hð0Þ; v2;hð0ÞÞ � ð�h; 0Þ mod h1S�1. Using the

sharp Gårding inequality, we calculate

ð3:1Þ
Eðuh; 0Þ

¼
1

4

X
i;j

ðai;jh@jð�wh Þ
�1�h; h@ið�wh Þ

�1�hÞL2 þ
1

4

¼ �
1

4

X
i;j

ðð�wh Þ
�1h@iai;jh@jð�wh Þ

�1�h;�hÞL2 þ
1

4

¼
1

2
� ð�wh ð�wh Þ

�1�h; ð�wh Þ
�1�hÞL2 þOðh1Þ

�
1

2
þOðhÞ:

It is known that f�hg has the defect measure �ðx0;�0Þ
(see Evans-Zworski [3]) and it is easy to see that

ð1� ~��Þwh v1;hð0Þ and w1;hð0Þ have same defect meas-

ure �ðx0;�0Þ. From this and Lemma 3.1, we can take a

subsequence fhjgj2N tending to 0 and microlocal

defect measure 	1ðtÞ on Rn �Rn
j�j>c� associated with

fw1;hjðtÞg satisfying

d

dt
	1 ¼ f

ffiffiffi
a
p

; 	1g þ
@ta

2a
	1;

	1ð0Þ ¼ �ðx0;�0Þ:

8<
:

Solving this equation we have

	1ðtÞ ¼ GðtÞ�ðXðtÞ;�ðtÞÞ:

Since

GðtÞ ¼
Z

Rn�Rn
j�j>c�

GðtÞ�ðXðtÞ;�ðtÞÞdxd�

¼
Z

Rn�Rn
j�j>c�

d	1ðtÞ � lim
j!1
kw1;hjðtÞk

2
L2ðRnÞ

and

kw1;hjðtÞk
2
L2ðRnÞ � 2kw1;hjðtÞ � ð1� ~��Þwh v1;hjðtÞk

2
L2ðRnÞ

þ 2kð1� ~��Þwh v1;hjðtÞk
2
L2ðRnÞ

� 4Eðuhj ; tÞ þOðhÞ

(see Nishiyama [4] Lemma 3.1), we obtain

4 lim sup
j!1

Eðuhj ; tÞ � GðtÞ:

On the other hand, from (3.1) it follows that

Eðuh; 0Þ � 1 for small h. Thus we have

4
Eðuh; tÞ
Eðuh; 0Þ

� 4Eðuh; tÞ

for small h. Consequently we obtain

4 lim sup
j!1

Eðuhj ; tÞ
Eðuhj ; 0Þ

� GðtÞ

and complete the proof. �

4. Proof of Theorem 2.3. We follow the

construction given by Colombini and Rauch in [1].

We first show a simple upper bound:

Proposition 4.1. We have

kRðt; 0ÞkLðH�L2Þ � A2ð1þ �ð0ÞÞð4:1Þ

� exp
1

2

Z t

0

sup
x2Rn

�2Rn

j@taðs; x; �Þj
aðs; x; �Þ ds

0
B@

1
CA

for all t � 0.

Proof. From (2.4) we have

Eðu; tÞ ¼ Eðu; 0Þ þ
Z t

0

Z
@taðs; x;ruÞdxds

� Eðu; 0Þ

þ
Z t

0

sup
x2Rn


2Cn

j@taðs; x; 
Þj
aðs; x; 
Þ

Eðu; sÞds;

where

aðt; x; 
Þ ¼
Xn
i;j¼1

ai;jðt; xÞ
i
j:

Using Gronwall’s inequality, we get

Eðu; tÞ � Eðu; 0Þ exp

Z t

0

sup
x2Rn


2Cn

j@taðs; x; 
Þj
aðs; x; 
Þ ds

0
B@

1
CA:

Noting

sup
x2Rn


2Cn

j@taðs; x; 
Þj
aðs; x; 
Þ

¼ sup
x2Rn

�2Rn

j@taðs; x; �Þj
aðs; x; �Þ

and (2.2), we obtain (4.1). �

Proof of Theorem 2.3. Let n ¼ 2 and �ðtÞ be

an arbitrary smooth nonnegative function. Using

the standard identification C 3 uþ iv 7! ðu; vÞ 2
R2 of R2 with the complex plane, we write
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x ¼ rei�; � ¼ �ei
:

Let fð�Þ be a smooth 2� periodic function verifying

fð0Þ ¼ 0; f 0ð0Þ ¼ 1; sup
�2R
jf j �

1

2
; sup

�2R
jf 0j � 1:

For example

fð�Þ ¼
1

2
sinð2�Þ

satisfies these requirements. We define �ðtÞ and 
ðtÞ
by the solutions to

d�

dt
ðtÞ ¼ 1þ �ðtÞ; �ð0Þ ¼ �

2
;

d


dt
ðtÞ ¼ 1þ �ðtÞ; 
ð0Þ ¼ 0:

8>><
>>:

Let �ðrÞ be a smooth cut-off function such that 0 �
�ðrÞ � 1 and

�ðrÞ �
1 near r ¼ 1;

0 r � 1=2 or r � 2:

�

Let us defineffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~aaðt; r; �Þ

p
¼ �ðrÞer�1ð1þ �ðtÞ � 2�ðtÞfð�� �ðtÞÞÞ
þ 1� �ðrÞ

then ~aa 2 C1ð½0;1Þ �R2Þ and (2.8) holds. More-

over, rðtÞ � 1; �ðtÞ; 
ðtÞ and �ðtÞ ¼ expð2
R t

0 �ðsÞdsÞ
satisfy the canonical equation with Hamiltonian

�
ffiffiffi
~aa
p

:
dr

dt
¼ �

ffiffiffi
~aa
p

cosð��
Þ;

d�

dt
¼ 1

r

ffiffiffi
~aa
p

sinð�� 
Þ;

d


dt
¼ �@

ffiffiffi
~aa
p

@r
sinð
� �Þ þ 1

r

@
ffiffiffi
~aa
p

@�
cosð
� �Þ;

d�

dt
¼ � @

ffiffiffi
~aa
p

@r
cosð
� �Þ þ 1

r

@
ffiffiffi
~aa
p

@�
sinð
� �Þ

 !
:

8>>>>>>>>>>>><
>>>>>>>>>>>>:

ð4:2Þ

Hence

XðtÞ ¼ rðtÞei�ðtÞ; �ðtÞ ¼ �ðtÞei
ðtÞ

are solutions to (2.5) and satisfy (2.6). Further-

more, we haveffiffiffiffiffiffiffiffiffiffiffiffiffi
j�ðtÞj
j�ð0Þj

s
¼ exp

Z t

0

�ðsÞds
� �

:

Thus we can apply Corollary 2.2 and get (2.9).

Next we prove the latter assertion. Let �ðtÞ
satisfy (2.10) and " > 0. And let M be a large

integer depending on " > 0 and fð�Þ a smooth 2�

periodic function satisfying

fð0Þ ¼ 0; f 0ð0Þ ¼ 1; sup
�2R
jf j �

1

M
; sup

�2R
jf 0j � 1;

for example

fð�Þ ¼
1

M
sinðM�Þ:

Take �ðtÞ; 
ðtÞ and �ðrÞ defined as above. We defineffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~aaðt; r; �Þ

p
¼ �ðrÞer�1ð�ðtÞ � 2�ðtÞfð�� �ðtÞ þ tÞÞ
þ 1� �ðrÞ:

Then ~aa 2 C1ð½0;1Þ �R2Þ and (2.8) holds. Note

that we can replace ð1þ �ðtÞÞ by �ðtÞ in the

condition (2.8). Furthermore, in this case rðtÞ �
1; �ðtÞ � t; 
ðtÞ � t; �ðtÞ ¼ expð2

R t
0 �ðsÞdsÞ also satis-

fy (4.2). And then we can apply Corollary 2.2 and

get the lower estimate of (2.11). To give the upper

estimate of (2.11), it suffices to estimate

sup
x2Rn

�2Rn

j@taðt; x; �Þj
aðt; x; �Þ

from Proposition 4.1. We first obtain

j@t~aaj
~aa
¼ 2
j@t

ffiffiffi
~aa
p
jffiffiffi

~aa
pð4:3Þ

� 2
ð1þ 2=MÞj�0j þ 2�2

ð1� 2=MÞ�

¼ 2
ð1þ 2=MÞj�0j
ð1� 2=MÞ�

þ 4

1� 2=M
�:

By using assumption (2.10), there exists T1 ¼
T1ðMÞ > 0 such that for all t � T1

2
ð1þ 2=MÞj�0ðtÞj
ð1� 2=MÞ�ðtÞ �

1

M
�ðtÞ:

Hence we have

exp

Z t

T1

2
ð1þ 2=MÞj�0ðsÞj
ð1� 2=MÞ�ðsÞ þ

4

1� 2=M
�ðsÞds

� �

� exp
1

M
þ

4

1� 2=M

� �Z t

T1

�ðsÞds
� �

for all t � T1. Therefore we put M1 so that

1

M1
þ

4

1� 2=M1
� 4þ 2";

then

kRðt; T1ÞkLðH�L2Þ � A2�ðT1Þ exp ð2þ "Þ
Z t

T1

�ðsÞds
� �
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for ~aa defined from M which larger than M1. From

this and a standard energy inequality we have

kRðt; 0ÞkLðH�L2Þ � C0 exp ð2þ "Þ
Z t

0

�ðsÞds
� �

for t � 0 with some constant C0 ¼ C0ð";MÞ > 0.

Thus we get (2.11).

Finally we prove (2.12). We can easily prove

the lower estimate of (2.12) by modifying

Lemma 2.1. To prove the upper estimate, following

Doi-Nishitani-Ueda [2], we consider a modified

energy

~EEðtÞ ¼ EðtÞ þ �ðtÞReð@tu; uÞ þ �ðtÞkuk2:

Here �ðtÞ and �ðtÞ are chosen later. We define �ðtÞ
by the right hand side of (4.3). We obtain

d

dt
~EEðtÞ � � ~EEðtÞð4:4Þ

þ ð�� 2�Þ
Z

~aajruj2dx

þ ð�0 þ 2� � �2ÞReð@tu; uÞ
þ ð�0 � ��Þkuk2:

Now we put

� ¼
2

1� 2=M
�; � ¼

1

2
ð�2 � �0Þ

then we have

�0 þ 2� � �2 ¼ 0;

�0 � �� ¼
1

2
ð3��0 � �00 � �3Þ:

We shall estimate EðtÞ by ~EEðtÞ. From the definition

of �ðtÞ and the assumption (2.10), there exists T2 ¼
T2ð";MÞ > 0; c1 > 0 such that

3��0 � �00 � �3 � 0;

1

3
�2 � �0 � c1

for all t � T2. By using the Schwarz inequality,

there is a constant c2 > 0 such that

~EE �
1

4
E þ c1kuk2 � c2kðu; @tuÞðtÞk2

H1�L2 :

In particular, we have

EðtÞ � 4 ~EEðtÞ:
From this and (4.4) we obtain

d

dt
~EEðu; tÞ � � þ 8

ð1þ 2=MÞj�0j
ð1� 2=MÞ�

� �
~EEðu; tÞ

for all t � T2. Using the assumption (2.10) again,

we get

8
ð1þ 2=MÞj�0ðtÞj
ð1� 2=MÞ�ðtÞ

�
1

M
�ðtÞ

for t � T3 with sufficiently large T3. Thus we have

~EEðtÞ � ~EEðT3Þ exp
2

1� 2=M
þ

1

M

� �Z t

T3

�ðsÞds
� �

:

Now we take M2 so that

2

1� 2=M2
þ

1

M2
� 2þ 2"

then for any M �M2 we have

~EEðtÞ � ~EEðT3Þ exp ð2þ 2"Þ
Z t

T3

�ðsÞds
� �

while t � T3. From this and a standard energy

estimate, it follows that

kRðt; 0ÞkLðH1�L2Þ � C2 exp ð1þ "Þ
Z t

0

�ðsÞds
� �

for all t � 0 with some constant C2 ¼ C2ð";MÞ > 0.

Thus, we finish the proof. �
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