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Abstract: We denote by hD the class number and by pD the Ono number of the imaginary

quadratic fields Qð
ffiffiffiffiffiffiffiffi
�D

p
Þ. Sairaiji-Shimizu [2] showed that there are infinitely many imaginary

quadratic fields such that the inequality hD > cpD holds for any real number. On the other hand

we have the possibility that hD 5 cpD holds for infinitely many imaginary quadratic fields for the

same real number c. In this paper, given a real number c, we consider whether hD 5 cpD holds for

infinitely many imaginary quadratic fields or not.
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1. Introduction. Given a square-free inte-

ger d > 0, we define D by

D :¼
4d if d � 1; 2 (mod 4Þ
d if d � 3 (mod 4Þ,

�

and call �D the discriminant of the imaginary

quadratic field KD ¼ Qð
ffiffiffiffiffiffiffiffi
�D

p
Þ. We denote by hD

the class number of KD. Let �ðnÞ be the number of

(not necessarily different) prime factors of an

integer n, then we define the Ono number pD as

follows:

pD :¼

maxf�ðfDðxÞÞ j x are integers

in the interval 0 5 x 5 D=4� 1g
if d 6¼ 1; 3

1 if d ¼ 1; 3,

8>>><
>>>:

where we define fDðxÞ by

fDðxÞ :¼
x2 þ d if d � 1; 2 (mod 4Þ
x2 þ xþ ð1þ dÞ=4 if d � 3 (mod 4Þ.

(

A motivation of this study was raised by the

inequality

hD 5 2pD ;

which conjectured by T. Ono [1]. Sairaiji-Shimizu

[2] showed that the inequality hD 5 2pD does not

hold for all D, by giving infinite many imaginary

quadratic fields such that hD > cpD holds for any

real number. Further in [3] we also showed that

hD 5 2pD holds for all D if D � 7 (mod 8Þ.

We consider the supremum c0 of real numbers c

such that the inequality hD 5 cpD holds for only

finitely many D. At first we show:

Proposition 2.1. There is a constant c0
which satisfies the following conditions (1) and (2).

(1) If c < c0, then there are finitely manyD such that

hD 5 cpD .

(2) If c > c0, then there are infinitely many D such

that hD 5 cpD .

We want to calculate the constant c0, but we

can not do now. In this paper, we show the following

theorems.

Theorem 2.4. The inequality c0 5
ffiffiffi
2

p
holds.

Theorem 3.3. The inequality
ffiffiffi
24

p
5 c0 holds.

In Section 2 we discuss an upper bound for c0
and we give the Proof of Theorem 2.4. In Section 3

we discuss a lower bound for c0 and we give the

Proof of Theorem 3.3.

2. An upper bound for c0. At first we con-

sider the existence of the following real number c0.

Proposition 2.1. There is a constant c0
which satisfies the following conditions ð1Þ and ð2Þ.
(1) If c < c0, then there are finitely manyD such that

hD 5 cpD .

(2) If c > c0, then there are infinitely many D such

that hD 5 cpD .

Proof. Put S :¼ fc j hD 5 cpD holds for finitely

many D}. Since there are only finitely many D such

that hD ¼ 1, we have 1 2 S. Since in [3] we have the

fact that hD 5 2pD holds for infinitely many D, we

see that S � ½1; 2Þ. Thus there exists the supremum

c0 of S, and we have the assertion. �
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For giving an upper bound for c0, we show

Propositions 2.2 and 2.3.

Proposition 2.2. For real numbers ‘, m,

a > 1 and k > 0, if there are infinitely many D such

that pD > k logað‘DþmÞ, then the inequality c0 5ffiffiffi
a2k

p
holds.

Proof. Siegel [4] showed that the inequality

hD < ð3=�Þ
ffiffiffiffi
D

p
logD holds for all D. By this in-

equality and the assumption of this proposition,

there are infinitely many D such that

pD

loghD
>

k logað‘DþmÞ
logðð3=�Þ

ffiffiffiffi
D

p
logDÞ

;

that is,

pD log a

loghD

>
k logð‘DþmÞ

logðð3=�Þ
ffiffiffiffi
D

p
logDÞ

:

Putting

�ðDÞ ¼
k logð‘DþmÞ

logðð3=�Þ
ffiffiffiffi
D

p
logDÞ

;

we have

�ðDÞ ¼
k logð‘DþmÞ

logð3=�Þ þ ð1=2Þ logDþ log logD

¼
k logð‘DþmÞ= logD

logð3=�Þ= logDþ 1=2þ log logD= logD
:

Since

lim
D!1

logð‘DþmÞ= logD ¼ 1;

lim
D!1

logð3=�Þ= logD ¼ 0;

and

lim
D!1

log logD= logD ¼ 0;

we have

lim
D!1

�ðDÞ ¼ 2k:

For any � such that 0 < � < 2k, there are infinitely

many D such that

pD log a

loghD

= 2k� �:

This inequality implies

pD log a

2k� �
= loghD;

and consequently

hD 5 a
pD

2k�� ;

that is, there are infinitely many D such that

hD 5 a
pD

2k�� :

Hence, for " ¼ "ð�Þ > 0 there are infinitely many D

such that hD 5 að
1
2kþ"ÞpD .

Let cð"Þ ¼ a
1
2kþ", then it holds that

ffiffiffi
a2k

p
< cð"Þ

and hD 5 cð"ÞpD for infinitely many D.

Thus given a real number c >
ffiffiffi
a2k

p
, then there is

a positive number " such that
ffiffiffi
a2k

p
< cð"Þ 5 c, and it

holds hD 5 cð"ÞpD 5 cpD for infinitely many D.

Hence we get

c0 5
ffiffiffi
a2k

p
:

�

Proposition 2.3. There are infinitely many

D such that pD > log2ðD=4� 1Þ.
Proof. By Sairaiji-Shimizu [3], we have the

inequality pD > logqDðD=4� 1Þ for D > 4. If

d � 7 (mod 8Þ, then qD ¼ 2. Hence there are infin-

itely many D such that pD > log2ðD=4� 1Þ. �

By Propositions 2.2 and 2.3, we immediately

obtain the following theorem.

Theorem 2.4. The inequality c0 5
ffiffiffi
2

p
holds.

3. A lower bound for c0. For giving a

lower bound for c0, we show Propositions 3.1 and

3.2.

Proposition 3.1. For real numbers ‘, m,

a > 1 and k > 0, if there exists a constant D1 such

that pD < k logað‘DþmÞ for all D > D1, then
ffiffiffi
a2k

p
5

c0.

Proof. Siegel [4] showed the following formula

related to class numbers, that is,

lim
n!1

loghD

log
ffiffiffiffi
D

p ¼ 1:

For any " > 0, there exists a constant D2

depending on " such that the inequality

1� " <
loghD

log
ffiffiffiffi
D

p

holds for all D > D2. From this, we have

1� "

2
logD < loghD:

By this inequality and the assumption of this

proposition, for all D > maxfD1; D2g we have

pD

loghD

<
k logað‘DþmÞ

1�"
2 logD
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¼
2k

ð1� "Þ log a
�
logð‘DþmÞ

logD

¼ 1

log a
1�"
2k

�
logð‘DþmÞ

logD
:

Since

lim
D!1

logð‘DþmÞ= logD ¼ 1;

we obtain

lim
D!1

1

log a
1�"
2k

�
logð‘DþmÞ

logD
¼ 1

log a
1�"
2k

:

Hence for any � > 0 there is a constant D3 depend-

ing on �, we get

1

log a
1�"
2k ��

>
pD

loghD

for all D > maxfD1; D2; D3g, that is,

pD log a
1�"
2k �� < loghD:

Therefore we get

að
1�"
2k ��ÞpD < hD;

and consequently

að
1
2k�

"
2k��ÞpD < hD:

Let cð"; �Þ ¼ a
1
2k�

"
2k��, then we have cð"; �Þ < ffiffiffi

a2k
p

and cð"; �ÞpD < hD for all D > maxfD1; D2; D3g.
Hence there are only finitely many D such that

hD 5 cð"; �ÞpD .

Thus given a real number c <
ffiffiffi
a2k

p
, then there

are positive numbers " and � such that c 5 cð"; �Þ <ffiffiffi
a2k

p
, and it implies that hD 5 cpD holds for finitely

many D. Therefore we get
ffiffiffi
a2k

p
5 c0. �

Proposition 3.2 (Sairaiji-Shimizu [3]). The

inequality pD < 2 log2 D holds for all D.

By Propositions 3.1 and 3.2, we immediately

obtain the following theorem.

Theorem 3.3. The inequality
ffiffiffi
24

p
5 c0 holds.

From Theorems 2.4 and 3.3 we have showed

that the inequality
ffiffiffi
24

p
5 c0 5

ffiffiffi
2

p
holds. We want to

obtain sharper lower bounds and upper bounds for

c0, and determine the value c0 itself. Furthermore

we wonder whether c0 is an algebraic number or a

transcendental number, and whether the inequality

hD 5 cpD0 holds for infinitely many D or not.
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