
On the cohomology of the mod p Steenrod algebra

By Xiugui LIU
*) and He WANG

**)

(Communicated by Heisuke HIRONAKA, M.J.A., Oct. 13, 2009)

Abstract: Let p be an odd prime greater than seven and A the mod p Steenrod algebra. In

this paper we prove that in the cohomology of A the product h1hn~�sþ4 2 Ext
sþ6;tðs;nÞþs
A ðZp;ZpÞ is

nontrivial for nd 5, and trivial for n ¼ 3; 4, where ~�sþ4 is actually ~�
ð4Þ
sþ4 described by X. Wang

and Q. Zheng, 0 c s < p� 4, tðs; nÞ ¼ 2ðp� 1Þ½ðsþ 1Þ þ ðsþ 3Þpþ ðsþ 3Þp2 þ ðsþ 4Þp3 þ pn�:
We show our results by explicit combinatorial analysis of the (modi�ed) May spectral sequence.

The method of proof is very elementary.
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1. Introduction and statement of results.

In this paper, p always denotes an odd prime and

q ¼ 2ðp� 1Þ.
To determine the stable homotopy groups of

spheres is one of the most important problems in al-

gebraic topology. So far, several methods have been
found to determine the stable homotopy groups of

spheres. For example, we have the classical Adams

spectral sequence (ASS) (cf. [1]) based on the
Eilenberg-MacLane spectrum KZp, whose E2-term

is the cohomology of A-Exts;tA ðZp;ZpÞ, where A de-

notes the mod p Steenrod algebra. So, for computing
the stable homotopy groups of spheres with the clas-

sical ASS, we must compute the E2-term of the ASS,

Ext�;�A ðZp;ZpÞ.
The known results on Ext�;�A ðZp;ZpÞ are as fol-

lows: Ext0;�
A ðZp;ZpÞ ¼ Zp by its de�nition. From

[2], Ext1;�
A ðZp;ZpÞ has Zp-basis consisting of a0 2

Ext1;1
A ðZp;ZpÞ, hi 2 Ext1;piq

A ðZp;ZpÞ for all id 0, and

Ext2;�
A ðZp;ZpÞ has Zp-basis consisting of �2, a2

0,

a0hiði > 0Þ, giðid 0Þ, kiðid 0Þ, biðid 0Þ, and
hihjðjd iþ 2; id 0Þ whose internal degrees are 2qþ
1, 2, piq þ 1; piþ1q þ 2piq, 2piþ1q þ piq, piþ1q and

piq þ pjq respectively. In 1980, Aikawa [3] deter-

mined Ext3;�
A ðZp;ZpÞ by �-algebra.

In [4], X. Wang and Q. Zheng proved the follow-

ing theorem.

Theorem 1.1 [4]. For p d 11 and 0 c s < p �
4, there exists the fourth Greek letter family ele-

ment ~�sþ4 6¼ 0 2 Ext
sþ4;t1ðsÞþs
A ðZp;ZpÞ, where t1ðsÞ ¼

q½ðs þ 4Þp3 þ ðs þ 3Þp2 þ ðs þ 2Þpþ ðs þ 1Þ�. Here we

write ~�sþ4 for ~�
ð4Þ
sþ4 which is described in [4].

In [5], X. Liu and H. Zhao showed the following
result.

Theorem 1.2 [5, Theorem 1.2]. For p d 11

and 4 c s < p, the product h0b0
~�s 6¼ 0 in the classical

Adams spectral sequence.

The method of proof of Theorem 1.2 above is by

explicit combinatorial analysis of the May spectral

sequence (MSS), and very elementary. In the ASS
h0 and b0 detect the �-element �1 and �-element �1

respectively, and ~�s is the element of lowest �ltra-

tion which could detect the element �s arising from
the existence of a self-map on Toda-Smith spectrum

V ð3Þ inducing multiplication by vs4 in BP -homology

of V ð3Þ. It follows that h0b0
~�s could detect the com-

posite �1�1�s in the ASS.
In this note, our main results can be stated as

follows:
Theorem 1.3. For p d 11, 0 c s < p� 4 and

tðs; nÞ¼q½ðs þ1Þ þ ðs þ3Þpþ ðs þ 3Þp2 þ ðs þ 4Þp3 þ
pn�: Then in the cohomology of the mod p Steenrod

algebra A Ext
sþ6;tðs;nÞþs
A ðZp;ZpÞ,

(1) the product h1hn
~�sþ4 is nontrivial for n d 5.

(2) the product h1hn
~�sþ4 is trivial for n ¼ 3; 4.

The paper is arranged as follows: after introduc-

ing a method of detecting generators of the E1-term

E�;�;�1 of the MSS in Section 2. Section 3 is devoted to

showing Theorem 1.3.
2. A method of determining generators

of the May E1-term E�;�;�1 . In this section, we
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will give a new method used to determine genera-

tors of the May E1-term E�;�;�1 . We refer the reader

to Section 2 of [5] for the MSS, and denote ai, hi; j
and bi; j by x, y and z respectively. By the graded

commutativity of E�;�;�1 ; we can suppose a generator

g ¼ ðx1 � � �xuÞ ðy1 � � � yvÞ ðz1 � � � zlÞ 2 Es;tþb;�
1 ; where

t ¼ ð�c0 þ �c1 þ � � � þ �cnp
nÞq with 0 c �ci < p ð0 c i <

nÞ, 0 < �cn < p, 0 c b < q.

Assertion. If s < bþ q, u must equal b.

Otherwise, by the characteristics of deg ai,

deg bi; j, deg hi; j and deg g; we would get u ¼ b þ
wq for some integer w > 0. It follows that dim gd

bþ wq > s ¼ dim g which is a contradiction. The

assertion is proved.

So we have g ¼ ðx1 � � �xbÞðy1 � � � yvÞðz1 � � � zlÞ 2
Es;tþb;�

1 : By [5, (2.5)], the degrees of xi, yi and zi can

be expressed uniquely as:

deg xi ¼ ðxi;0 þ xi;1pþ � � � þ xi;npnÞq þ 1;

deg yi ¼ ðyi;0 þ yi;1pþ � � � þ yi;npnÞq;
deg zi ¼ ð0þ zi;1pþ � � � þ zi;npnÞq;

8
><

>:

and

(a) ðxi;0; xi;1; � � � ; xi;nÞ is of the form ð1; � � � ; 1;
0; � � � ; 0Þ,

(b) ðyi;0; yi;1; � � � ; yi;nÞ is of the form ð0; � � � ; 0;
1; � � � ; 1; 0; � � � ; 0Þ,

(c) ð0; zi;1; � � � ; zi;nÞ is of the form ð0; � � � ; 0;
1; � � � ; 1; 0; � � � ; 0Þ.

By the graded commutativity of E�;�;�1 , the gen-

erator g ¼ ðx1 � � �xbÞðy1 � � � yvÞðz1 � � � zlÞ 2 Es;tþb;�
1 can

be arranged in the following way:

ðiÞ If i > j;we put ai on the left side of aj;

ðiiÞ If j < k;we put hi; j on the left side of hw;k;

ðiiiÞ If i > w;we put hi; j on the left side of hw; j;

ðivÞ Apply the same rules ðiiÞ and ðiiiÞ to bi; j:

8
>>><

>>>:

Then from (a){(c) and (i){(iv), the factors xi; j,

yi; j and zi; j in g must satisfy the following conditions:

ð1Þ x1; j dx2; j d � � � dxb; j;

ð2Þ xi;0 dxi;1 d � � � d xi;n;

ð3Þ If yi;j�1 ¼ 0 and yi; j ¼ 1;

then for all k < j yi;k ¼ 0;

ð4Þ If yi; j ¼ 1 and yi;jþ1 ¼ 0;

then for all k > j yi;k ¼ 0;

ð5Þ y1;0 d y2;0 d � � � d yv;0;

ð6Þ If yi;0 ¼ yiþ1;0; yi;1 ¼ yiþ1;1; � � � ;
yi; j ¼ yiþ1; j; then yi; jþ1 d yiþ1; jþ1;

ð7Þ Apply the same rules ð3Þ�ð6Þ to zi; j:

8
>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>:

ð2:1Þ

From deg g ¼
Pb

i¼1

deg xi þ
Pv

i¼1

deg yi þ
Pl

i¼1

deg zi;

by the properties of the p-adic number we get the
following group of equations

(2.2)

x1;0 þ � � � þ xb;0 þ y1;0 þ � � � þ yv;0 þ 0þ � � � þ 0

¼ �c0 þ k0p;

x1;1 þ � � � þ xb;1 þ y1;1 þ � � � þ yv;1 þ z1;1 þ � � � þ
zl;1 ¼ �c1 þ k1p� k0;

� � �
x1;n�1 þ � � � þ xb;n�1 þ y1;n�1 þ � � � þ yv;n�1þ
z1;n�1 þ � � � þ zl;n�1 ¼ �cn�1 þ kn�1p� kn�2;

x1;n þ � � � þ xb;n þ y1;n þ � � � þ yv;n þ z1;n þ � � � þ
zl;n ¼ �cn � kn�1;

8
>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>:

where ki d 0 for 0 c icn� 1.

In the above group of equations, we get

two integer sequences K ¼ ðk0; k1; � � � ; kn�1Þ and
S ¼ ð�c0 þ k0p; �c1 þ k1p� k0; � � � ; �cn�kn�1Þ denoted

by ðc0; c1; � � � ; cnÞ which is determined by ðk0; k1; � � � ;
kn�1Þ and ð�c0; �c1; � � � ; �cnÞ. We want to get the solu-
tions of the group of equations (2.2) which satisfy

the conditions (2.1).
Remark. Since the values of xi; j; yi; j and zi; j

must be 0 or 1, to solve the group of equations (2.2)

will be mechanical. Since we want to get the solu-
tions of the group of equations (2.2) which satisfy

the conditions (2.1), we can use the conditions (2.1)

in solving the group of equations. For example, if
x1;0 ¼ 0 for x1, using the conditions (1){(2) of (2.1),

we will get all xi; j ¼ 0. By the method, to determine

the solutions of the group of equations (2.2) which
satisfy the conditions (2.1) will not be too dif�cult.

Notice that the elements xi, yi and zi are

uniquely determined by their degrees. A solution of
(2.2) which satis�es (2.1) determines a generator g

by setting deg xi (respectively yi and zi) to be ðxi;0þ
xi;1pþ � � � þ xi;npnÞq þ 1 (respectively ðyi;0 þ yi;1p þ
� � � þ yi;npnÞq and ð0þ zi;1pþ � � � þ zi;nÞqÞ. Thus for

the Es;tþb;�
1 -term where t ¼ ð�c0 þ �c1pþ � � � þ �cnp

nÞq
with 0 c �ci < p ð0 c i < nÞ, 0 < �cn < p, 0 c b < q;

the determination of Es;tþb;�
1 is deduced to the follow-

ing steps:

(1) List up all the possible ðb; v; lÞ such that
bþ vþ 2l ¼ s.

(2) For each given ðb; v; lÞ, list all the sequences

K ¼ ðk0; k1; � � � ; kn�1Þ and S ¼ ðc0; c1; � � � ; cnÞ such
that ci c bþ vþ l for all 0 c icn.
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(3) For each given ðb; v; lÞ, the sequences K ¼
ðk0; k1; � � � ; kn�1Þ and S ¼ ðc0; c1; � � � ; cnÞ, solve the

group of equations (2.2) by virtue of (2.1), then de-

termine all the generators of Es;tþb;�
1 by setting the

corresponding second degrees.

3. Proof of Theorem 1.3. In this section we
�rst give two lemmas which are needed in the proof

of Theorem 1.3.

Lemma 3.1 [5, Lemma 3.1]. For p d 11 and

0 c s < p� 4. Then the fourth Greek letter family

element ~�sþ4 2 Ext
sþ4;t1ðsÞþs
A ðZp;ZpÞ is represented

by as
4h4;0h3;1h2;2h1;3 2 E

sþ4;t1ðsÞþs;�
1 in the E1-term of

the MSS, where t1ðsÞ ¼ ½ðs þ 1Þ þ ðs þ 2Þpþ ðs þ
3Þp2 þ ðs þ 4Þp3�q:

Lemma 3.2. Let p d 11, n d 4, 0 c s < p� 4.

Then the May E1-term satis�es

E
sþ5;tðs;nÞþs;�
1 ¼

0 nd 5 and 0 c s < p� 5;
M n ¼ 4;
K nd 5 and s ¼ p� 5:

8
<

:

Here, tðs; nÞ ¼ ½ðs þ1Þ þ ðs þ 3Þp þ ðs þ 3Þp2 þ ðs þ
4Þp3 þ pn�q, M is the Zp-module generated by four-

teen elements

g1 ¼ as4h4;0h3;1h1;3b4;0;

g2 ¼ as4h4;0h4;1h3;1b1;2;

g3 ¼ as4h5;0h3;1h1;3b3;0;

g4 ¼ as4h4;0h4;1h1;3b3;0;

g5 ¼ as4h4;0h3;1h2;3b3;0;

g6 ¼ a5a
s�1
4 h4;0h3;1h1;3b3;0;

g7 ¼ as4h4;0h3;1h2;1h2;3h1;3;

g8 ¼ as�1
4 a2h4;0h4;1h3;1h2;2h1;3;

g9 ¼ as4h2;0h4;1h3;1h2;2h1;3;

g10 ¼ a5a
s�1
4 h4;0h3;1h1;1h2;2h1;3;

g11 ¼ as4h5;0h3;1h1;1h2;2h1;3;

g12 ¼ as4h4;0h4;1h1;1h2;2h1;3;

g13 ¼ as4h4;0h3;1h1;1h3;2h1;3;

g14 ¼ as4h4;0h3;1h1;1h2;2h2;3;

where

g1 2 Esþ5;tðs;4Þþs;9sþ7pþ13
1 ,

g2 2 Esþ5;tðs;4Þþs;9sþpþ19
1 ,

gi 2 Esþ5;tðs;4Þþs;9sþ5pþ15
1 ð3 c ic 6Þ,

gi 2 Esþ5;tðs;4Þþs;9sþ19
1 ð7 c ic 14Þ,

and K is the Zp-module generated by one element

g15 ¼ ap�5
n hn;0hn�1;1h4;1hn�3;3hn�4;4

2 Ep;tðp�5;nÞþp�5;ð2nþ1Þðp�5Þþ8n�13
1 .

Proof. Consider g 2 Esþ5;tðs;nÞþs;�
1 where

tðs; nÞ ¼ ½ðsþ1Þ þ ðsþ 3Þpþ ðsþ 3Þp2 þ ðsþ 4Þp3þ
pn�q with ð�c0; �c1; �c2; �c3; �c4; � � � ; �cn�1; �cnÞ ¼ ðsþ 1;

sþ 3; sþ 3; sþ 4; 0; � � � ; 0; 1Þ. Then dim g ¼ sþ 5
and deg g ¼ tðs; nÞ þ s. Since sþ 5 < sþ q; ac-

cording to the assertion in Section 2, the number

of xi in g is s. By the reason of dimension, all the
possibilities of g can be listed as x1x2 � � �xsy1z1z2;

x1x2 � � �xsy1y2y3z1; x1x2 � � �xsy1y2y3y4y5:

Case 1. g ¼ x1x2 � � �xsy1z1z2. Note that s <

p� 4. Then
Ps

i¼1

xi; j þ y1; j þ z1; j þ z2; j c sþ 3 c

sþ 3 < p for all 0 c jcn. one easily gets the integer

sequence K ¼ ðk0; k1; � � � ; kn�1Þ in the corresponding

group of equations (2.2) equals ð0; 0; � � � ; 0Þ, and
then S ¼ ðc0; c1; c2; c3; c4 � � � ; cn�1; cnÞ ¼ ðsþ 1; sþ 3;

sþ 3; sþ 4; 0; � � � ; 0; 1Þ. Since
Ps

i¼1

xi;3 þ y1;3 þ z1;3 þ

z2;3 c sþ 3 < sþ 4 ¼ c3, the fourth equation of (2.2)

has no solution. It follows that such g is impossible to
exist.

Case 2. g ¼ x1x2 � � �xsy1y2y3z1. Similar to

Case 1, we can get that the integer sequence
K ¼ ðk0; k1; � � � ; kn�1Þ in the corresponding group

of equations (2.2) is ð0; 0; � � � ; 0Þ, and then S ¼
ðc0; c1; c2; c3; c4 � � � ; cn�1; cnÞ ¼ ðsþ1; sþ 3; sþ 3; s þ
4; 0; � � � ; 0; 1Þ.

Subcase 2.1. nd 5. Since
Ps

i¼1

xi;3 þ y1;3 þ

y2;3 þ y3;3 þ z1;3 ¼ sþ 4, we get xi;3 ¼ y1;3 ¼ y2;3 ¼
y3;3 ¼ z1;3 ¼ 1 for 1 c ic s. Since

Ps

i¼1

xi;4 þ y1;4 þ

y2;4 þ y3;4 þ z1;4 ¼ 0, we get xi;4 ¼ y1;4 ¼ y2;4 ¼ y3;4 ¼
z1;4 ¼ 0 for 1 c ic s. Then by the conditions (2),

(4) and (7) in (2.1), we get xi; j ¼ y1; j ¼ y2; j ¼
y3;j ¼ z1; j ¼ 0 for 1 c ic s and 5 c jcn; which

contradicts
Ps

i¼1

xi;n þ y1;n þ y2;n þ y3;n þ z1;n ¼ 1: So

the corresponding group of equations (2.2) has no

solution. It follows that g is impossible to exist.
Subcase 2.2. n ¼ 4. We solve the correspond-

ing group of equations (2.2) by virtue of (2.1), and

get six nontrivial generators as follows:

g1 ¼ as4h4;0h3;1h1;3b4;0; g2 ¼ as4h4;0h4;1h3;1b1;2;

g3 ¼ as4h5;0h3;1h1;3b3;0; g4 ¼ as4h4;0h4;1h1;3b3;0;

g5 ¼ as4h4;0h3;1h2;3b3;0; g6 ¼ a5a
s�1
4 h4;0h3;1h1;3b3;0;
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where

g1 2 Esþ5;tðs;4Þþs;9sþ7pþ13
1 ; g2 2 Esþ5;tðs;4Þþs;9sþpþ19

1

and gi 2 Esþ5;tðs;4Þþs;9sþ5pþ15
1 for 3 c ic 6:

Case 3. g ¼ x1x2 � � �xsy1y2y3y4y5.

Subcase 3.1. n ¼ 4. Similar to Case 2, we

easily get that S ¼ ðc0; c1; c2; c3; c4Þ ¼ ðsþ 1; sþ 3;
sþ 3; sþ 4; 1Þ. One can solve the corresponding

group of equations (2.2) by virtue of (2.1), and get

eight nontrivial generators as follows:

g7 ¼ as4h4;0h3;1h2;1h2;3h1;3;

g8 ¼ as�1
4 a2h4;0h4;1h3;1h2;2h1;3;

g9 ¼ as4h2;0h4;1h3;1h2;2h1;3;

g10 ¼ a5a
s�1
4 h4;0h3;1h1;1h2;2h1;3;

g11 ¼ as4h5;0h3;1h1;1h2;2h1;3;

g12 ¼ as4h4;0h4;1h1;1h2;2h1;3;

g13 ¼ as4h4;0h3;1h1;1h3;2h1;3;

g14 ¼ as4h4;0h3;1h1;1h2;2h2;3;

where gi 2 Esþ5;tðs;4Þþs;9sþ19
1 for 7 c ic 14.

Subcase 3.2. nd 5 and 0 c s < p� 5. Simi-

lar to Case 2, one can get that S ¼ ðc0; c1; c2; c3;

c4; � � � ; cn�1; cnÞ ¼ ðsþ 1; sþ 3; sþ 3; sþ 4; 0; � � � ;
0; 1Þ. We solve the corresponding group of equa-

tions (2.2) by virtue of (2.1), and get a generator
as4h4;0h

2
3;1h1;3h1;n which is trivial by h2

3;1 ¼ 0:

Subcase 3.3. nd 5 and s ¼ p� 5. Since
Ps

i¼1

xi; j þ y1; j þ y2; j þ y3;j þ y4;j þ y5; j c s þ 5 ¼ p

ð0 c jcnÞ; all possibilities of the integer sequence

K ¼ ðk0; k1; � � � ; kn�1Þ in the corresponding group

of equations (2.2) are K1 ¼ ð0; 0; � � � ; 0Þ and Ki ¼
ð0; 0; 0; 0; 0; � � � ; 0; 1ðiÞ; 1; � � � ; 1Þ (5 c icn), where

1ðiÞ means that 1 is the i-th term of the sequence Ki.

Then the corresponding sequence S ¼ ðc0; c1; c2; c3;

c4; � � � ; cn�1; cnÞ are listed as follows:

S1 ¼ ðp� 4; p� 2; p� 2; p� 1; 0; � � � ; 0; 1Þ;
Si ¼ ðp� 4; p� 2; p� 2; p� 1; 0; � � � ; 0; pðiÞ;

p� 1; � � � ; p� 1; 0Þ ð5 c icnÞ.
For S1, we solve the corresponding group of

equations (2.2) by virtue of (2.1), and get a genera-

tor ap�5
4 h4;0h

2
3;1h1;3h1;n which is trivial by h2

3;1 ¼ 0:

For S5, one can solve the corresponding group
of equations (2.2) by virtue of (2.1), and get

a generator g15 ¼ ap�5
n hn;0hn�1;1h4;1hn�3;3hn�4;4 2

E
p;tðp�5Þþp�5;ð2nþ1Þðp�5Þþ8n�13
1 : For Sið6 c icnÞ; it is

easy to get the corresponding group of equations
(2.2) has no solution.

Combining Cases 1-3 gives the desired result. r
Proof of Theorem 1.3. (1) It is known

that h1;n 2 E1; pnq;�
1 is a permanent cycle and re-

presents hn 2 Ext1; pnq
A ðZp;ZpÞ in the MSS for

nd 0. By Lemma 3.1, ~�sþ4 is represented by

as4h4;0h3;1h2;2h1;3 2 Esþ4;t1ðsÞþs;�
1 in the MSS. Thus,

h1;1h1;na
s
4h4;0h3;1h2;2h1;3 2 Esþ6;tðs;nÞþs;9sþ18

1 is a per-

manent cycle in the MSS and represents h1hn~�sþ4 2
Ext�;�A ðZp;ZpÞ:

Case 1. 0 c s < p� 5. From Lemma 3.2, the

May E1-term

E
sþ5;tðs;nÞþs;�
1 ¼ 0;

which implies that E
sþ5;tðs;nÞþs;�
r ¼ 0 for rd 1. Con-

sequently, h1;1h1;na
s
4h4;0h3;1h2;2h1;3 cannot be hit by

any May di�erential in the MSS. Thus in this case,

h1hn~�sþ4 6¼ 0.

Case 2. s ¼ p� 5. By Lemma 3.2,

E
sþ5;tðs;nÞþs;�
1 ¼ Ep;tðp�5;nÞ;�

1 ¼ Zpfg15g:
Note that Mðg15Þ ¼ ð2n þ 1Þðp � 5Þ þ 8n �
13 and Mðh1;1h1;na

p�5
4 h4;0h3;1h2;2h1;3Þ ¼ 9ðp �

5Þ þ 18. By the reason of May �ltration, we
have that h1;1h1;na

p�5
4 h4;0h3;1h2;2h1;3 is not in

d1ðEp;tðp�5;nÞþp�5;ð2nþ1Þðp�5Þþ8n�13
1 Þ: At the same time,

from

d1ðg15Þ ¼ d1ðap�5
n hn;0hn�1;1h4;1hn�3;3hn�4;4Þ

¼ � ap�5
n d1ðhn;0Þhn�1;1h4;1hn�3;3hn�4;4

þ � � �
¼ � ap�5

n hn�2;2h2;0hn�1;1h4;1hn�3;3hn�4;4

þ � � �
6¼ 0;

we get E
p;tðp�5;nÞþp�5;ð2nþ1Þðp�5Þþ8n�13
r ¼ 0 ðrd

2Þ, showing that h1;1h1;na
p�5
4 h4;0h3;1h2;2h1;3 is not

in drðEp;tðp�5;nÞþp�5;ð2nþ1Þðp�5Þþ8n�13
r Þ for rd 1.

Thus h1;1h1;na
p�5
4 h4;0h3;1h2;2h1;3 cannot be hit by

any May di�erential, showing that h1hn~�p�1 6¼ 0 2
Ext

pþ1;tðp�5;nÞþp�5
A ðZp;ZpÞ:
This completes the proof of Theorem 1.3(1).

(2) Since h1h3
~�sþ4 is represented in the MSS by

h1;1h1;3a
s
4h4;0h3;1h2;2h1;3 which is trivial by h2

1;3 ¼
0, it follows that h1h3

~�sþ4 ¼ 0: To show h1h4
~�sþ4 ¼

0, it suf�ces to prove h1;1h1;4a
s
4h4;0h3;1h2;2h1;3 2
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E
sþ6;tðs;4Þþs;9sþ18
1 which represents h1h4

~�sþ4 2
Ext�;�A ðZp;ZpÞ is in d1ðEsþ5;tðs;4Þþs;9sþ19

1 Þ. By Lemma

3.2 we get that

E
sþ5;tðs;4Þþs;9sþ19
1 ¼ Zpfg7; � � � ;g14g:

By [5, (2.3)] and [5, (2.4)], we compute the �rst May

di�erential of gið7 c ic 14Þ as follows (Using the
graded commutativity in the MSS, we arrange the

factors of every term of d1ðgiÞ ð7 c ic 14Þ in the
way of (i), (ii) and (iii) in Section 2):

d1ðg7Þ ¼ ð�1Þsð�sas�1
4 a2h4;0h3;1h2;1h2;2h2;3h1;3

1

� as4h2;0h3;1h2;1h2;2h2;3h1;3
2

þ as4h4;0h2;1h1;1h2;2h2;3h1;3
3

� as4h4;0h3;1h1;1h1;2h2;3h1;3
4
Þ;

d1ðg8Þ ¼ ð�1Þsð�as�1
4 a0h4;0h2;0h4;1h3;1h2;2h1;3

5

� as�1
4 a1h4;0h4;1h3;1h1;1h2;2h1;3

6

þ as�1
4 a2h4;0h3;1h1;1h3;2h2;2h1;3

7

� as�1
4 a2h4;0h3;1h2;1h2;2h2;3h1;3

1
Þ;

d1ðg9Þ ¼ ð�1Þsðsas�1
4 a0h4;0h2;0h4;1h3;1h2;2h1;3

5

� as4h1;0h4;1h3;1h1;1h2;2h1;3
8

þ as4h2;0h3;1h1;1h3;2h2;2h1;3
9

� as4h2;0h3;1h2;1h2;2h2;3h1;3
2
Þ;

d1ðg10Þ ¼ ð�1Þsðas�1
4 a0h5;0h4;0h3;1h1;1h2;2h1;3

10

� as�1
4 a1h4;0h4;1h3;1h1;1h2;2h1;3

6

� as�1
4 a2h4;0h3;1h1;1h3;2h2;2h1;3

7

þ as�1
4 a3h4;0h3;1h1;1h2;2h2;3h1;3

11

� as4h4;0h3;1h1;1h2;2h1;3h1;4
12
Þ;

d1ðg11Þ ¼ ð�1Þsð�sas�1
4 a0h5;0h4;0h3;1h1;1h2;2h1;3

10

� as4h1;0h4;1h3;1h1;1h2;2h1;3
8

� as4h2;0h3;1h1;1h3;2h2;2h1;3
9

þ as4h3;0h3;1h1;1h2;2h2;3h1;3
13

� as4h4;0h3;1h1;1h2;2h1;3h1;4
12
Þ;

d1ðg12Þ ¼ ð�1Þsðsas�1
4 a1h4;0h4;1h3;1h1;1h2;2h1;3

6

þ as4h1;0h4;1h3;1h1;1h2;2h1;3
8

þ as4h4;0h2;1h1;1h2;2h2;3h1;3
3

� as4h4;0h3;1h1;1h2;2h1;3h1;4
12
Þ;

d1ðg13Þ ¼ ð�1Þsðsas�1
4 a2h4;0h3;1h1;1h3;2h2;2h1;3

7

þ as4h2;0h3;1h1;1h3;2h2;2h1;3
9

þ as4h4;0h3;1h1;1h1;2h2;3h1;3
4

� as4h4;0h3;1h1;1h2;2h1;3h1;4
12
Þ;

d1ðg14Þ ¼ ð�1Þsð�sas�1
4 a3h4;0h3;1h1;1h2;2h2;3h1;3

11

� as4h3;0h3;1h1;1h2;2h2;3h1;3
13

� as4h4;0h2;1h1;1h2;2h2;3h1;3
3

� as4h4;0h3;1h1;1h1;2h2;3h1;3
4

� as4h4;0h3;1h1;1h2;2h1;3h1;4
12
Þ:

Without generality, we let s be even. Then we get
the matrix of coef�cients of d1ðg7Þ, � � �, d1ðg14Þ
under the elements 1; 2; 3; � � �, 13 which are

linearly independent as follows:

�s �1 1 �1 0 0 0 0 0 0 0 0 0
�1 0 0 0 �1 �1 1 0 0 0 0 0 0
0 �1 0 0 s 0 0 �1 1 0 0 0 0
0 0 0 0 0 �1 �1 0 0 1 1 �1 0
0 0 0 0 0 0 0 �1 �1 �s 0 �1 1
0 0 1 0 0 s 0 1 0 0 0 �1 0
0 0 0 1 0 0 s 0 1 0 0 �1 0
0 0 �1 �1 0 0 0 0 0 0 �s �1 �1

0

B
B
B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
C
C
A

By the knowledge of matrix, we can get the

rank of the upper matrix is 7. We add a row

ð0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 1; 0Þ in the upper matrix
and get a new matrix whose rank is also 7. This

implies that ð0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 1; 0Þ can be

linearly represented by the other rows of the
upper matrix. Consequently as4h4;0h3;1h1;1h2;2h1;3h1;4

12

can be linearly represented by the May di�er-

entials d1ðg7Þ, � � �, d1ðg14Þ, showing that

h1;1h1;4a
s
4h4;0h3;1h2;2h1;3 2 E

sþ6;tðs;4Þþs;9sþ18
1 is in

d1ðEsþ5;tðs;4Þþs;9sþ19
1 Þ.
This �nishes the proof of Theorem 1.3. r
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