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Abstract:

Let p be an odd prime which splits completely into distinct primes in a CM

field K. By considering ray class field of K with respect to prime ideals lying above p, one can
define a certain special non-cyclotomic Z,-extension over K. We will give some examples of such
non-cyclotomic Z,-extensions whose Iwasawa A- and p-invariants both vanish, using a variant of

a criterion due to Greenberg.
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1. Introduction. Let & be a finite extension

of Q and p be a fixed prime. Let
k=koCkiCkaC---Ck,C- Cke

be a cyclotomic Z,-extension. For arbitrary number
field k, Iwasawa has proved that there exist integers
i, A, and v such that the power of p dividing the
class number of k,, is p°», where e,, = up"™ + An + v
for all sufficiently large n. He also proved that if
k = Q, the class numbers of all intermediate fields of
Qo /Q are prime to p. This was based on a fact that
a unique prime of Q is totally ramified in Q.. From
this result, Fukuda and Komatsu [1] considered a
non-cyclotomic analogue where the base field was an
imaginary quadratic field. They gaved the following
criterion:

Let p be an odd prime number which splits
into two distinct primes p and p in an imaginary
quadratic field K and K., the non-cyclotomic Z,-
extension over K which is constructed through ray
class fields with respect to p. Let K, be the n-th
layer of Ko, A, the p-primary part of the ideal class
group of K,, B, = {c € A,|¢” = ¢ for any o €
Gal(K«/K)}, and D,, the subgroup of A,, consist-
ing of classes which contain an ideal, all of whose
prime factors lie above p. If p totally ramifies in
K /K then the Iwasawa invariant u(K/K) and
MK /K) vanish, if and only if B,, = D,, for some
integer n > 0.

The purpose of this paper is to extend this re-
sult in the case where the base field is a general CM
field, under some assumptions, we can see that both
Iwasawa A- and p-invariants vanish. These situation
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can be also considered as an analog to Greenberg’s
conjecture which states that both p and A vanish
for the cyclotomic Z,-extension of any totally real
number field. We hope that studies of this problem
provide somewhat new approaches to the conjecture.

We also note that since the number of funda-
mental units on a totally imaginary quartic field is
only one, in this case, we can handle it similarly
as in the case of cyclotomic Z,-extension of a real
quadratic field which is well known.

2. CM field. Let K be a finite abelian CM
field over Q of degree 2m and let p be a fixed
odd prime which splits completely as p;, ..., pm and
P1,...,Ppm which is a complex conjugation in K. We
denote by U, p, the pricipal local unit of p; and by
Ex 1 the group which consits of the units in K con-
gruent to 1 modulo all the primes p;. Embedding

m
Ek 1 to [[Us,, diagonally, we denote by EKJ the
i=1

i
closure of Ek ; in that product group.

Let K be the composite of all Z,-extensions
unramified outside p,,...,pm and F the maximal
abelian pro-p extension of K unramified outside
Pi,.spm. Then K C F and it follows from class
field theory that [F : I~(] < 00. Let Ex denote
the unit group of K and Wy the group of roots
of unity in K. One can show easily that [Efx :
WkEg+] < 2, where KT is the maximal real sub-
field of K. Thus Leopoldt’s conjecture, which is
valid for an abelian number field K, states that
rankszK,l = rankszKﬂl = m — 1. Recall that
rankz Gal(F/K) = rankzp(]—iUl}pi/EK}l), there-

i=1
fore rankz Gal(F/K) = 1, W}lliCh implies that there
is a unique Z,-extension over K unramified outside
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Piyeees Prne some ng, |By,| = |Bp| for all m,n > ng. These

Now, we will denote K=K (p"T*pit*...pi*1)  remarks imply that |A,| is bounded as n — oo
the ray class field of K modulo piT2pi+® ...pt+* and  if and only if for all sufficiently large n and all

define KéoznoLjOK;L. We had proved that a unique
Z,-extension K, over K exists in K/ .

Let K, be the n-th layer of Ko/K and A,, the
p-primary part of the ideal class group of K,,. As-
suming that p,,...,pm ramifies totally in K /K,
we can use the same criterion of Greenberg [2] to see
both Iwasawa invariants p(Ks/K) and MK /K)
vanish.

3. Criteria. Let I' = Gal(K«/K), and we
denote by o a fixed generator of I'. Let Cl(a) be the
ideal class of A,, for a fractional ideal a of K,,. We
put,

B, = AL = {Cl(a) € A,,|Cl(a)? = Cl(a)}

D, = {Cl(a) € A,la = [V, P; : prime
=1

above p;, a; > 0}.

We can prove the following Lemma and Theo-
rem similarly as the Proposition 1 and Theorem 2 of
Greenberg [2].

Lemma 3.1. Let K be an abelian CM field.
Then |B,,| remains bounded as n— oo.

Proof. Let L, denote the maximal unramified
abelian p-extension of K,. By class field theory,
Gal(L,/K,) = A,. If L denotes the maximal
abelian extension of K contained in L,, one can see
easily that L/, corresponds to A9~! and hence that
L) : K, = [A, : A7 = |B,|. On the other
hand, since py,...,pm totally ramifies in K /K,
L NKw=K,. Thus [L] : K] =L}, K : K] <
[F: Ky < 0 O

Theorem 3.2. Let K be an abelian CM
field of degree 2m which p splits completely as
Py Pms P15 Pm on K. Let Koy be a unique
Z,-extension over K where the n-th layer exists in
the ray class field of K modulo p¥trpitt. ... .phtt,
Assume that p,,...,pm totally ramifies in Ko /K.
Then the following two statements are equivalent:

1. B, = D, for all sufficiently large integer n.

2. |A,| is bounded as n — oo.

Proof. Let Ny, , be the norm mapping from
Ky, to Kp(m > n). We first observe that |4,] is
bounded as n — oo if and only if for all sufficiently
large n and all m > n, Ny, :
isomorphism. We also observe that Ker(N,, ) # 1
if and only if Ker(Ny, ) N By, # 1. By Lemma
3.1, |B,| is bounded as n — oco. It follows that for

A, — A, is an

m >n > ng, Ny @ By — By, is an isomorphism.
Since p;,...,pm totally ramifies in Ko, /K, we see
that Ny, © Dy, — Dy, is surjective for all m > n.
Thus Ny, : By, — By, is surjective and injectivity
would follow for n > ng. Therefore, 1 implies 2.
Now assume 2. Let B!, denote the subgroup of
A,, consisting of ideal classes containing ideals in-
variant under the action of Gal(K,/K). We will
show that B/ = B, for sufficiently large n. Let
n be such that N,,, : B,, — B, is surjective for
m > n. Let ¢ € B, and let b be an ideal of K,,
such that Cl(b) € B,, and N,, ,(Cl(b)) = c. Let
a = Ny n(b), so that a € c. Now b°~1 = (3), where
B € K, and a®~ 1 = (a), where o = Ny, (8) € K.
Let € = Ny o(a) = Npo(8). Then € € Ex. Now
for any prime of K lying above p, K,,, the comple-
tion of K at p;, is isomorphic to Q,. Thus, by local
class field theory, € € Ny, o(K,) implies that € is
an p;-adic p"'th power for all p; which totally ram-
ifies. On the other hand, since €2 € KT, €2 is an
pi-adic p™th power for all such p;. Thus Leopoldt’s
conjecture implies that € € Ef; for sufficiently large
m, since p is odd. We may assume that € = nP",
where 7 € Er. Therefore, a1 = (a) = (an™?!),
where N, o(an™) = 1 and so an™' = 7 lfor
some v € K,. Hence a(y~!) € ¢. Thus ¢ € B,
and B, = BJ, for sufficiently large n. Recall that
B}, = D,, - i9,n(Ao), where ig,, : A9 — A, denotes
a homomorphism sending Cl(a) to Cl(aDg, ) for ev-
ery ideal a of K and Ok, the ring of integers of
K,. Statement 2 implies that ig,(Ag) = 1 for n
sufficiently large, thus statement 1 will clearly fol-
low. |

4. The order of B,,.
introduce Inatomi’s [3] results which are useful in
computing the order of B,.

Let Ex be the unit group of K as above. Ex =
Wik E’, where E’ is a free abelian group of rank m—1.
Let ¢ = {¢1,¢2, "+ ,(m—1} be the base of E’. Since
Ky, = Qu(1 < i < m), for any (; there exists a
positive integer mc, ; for p; such that

In this section we will

-1 _ Mej,i -1 me; i+l
(57 =1(mod p; ") and ¢f"" #1(mod p,

).

We will define m¢; = min{m¢, ;|1 < i < m}
and m({) = m¢, + me, + - +me,, . Let M =
max{m({)|¢ is a base of E'} and |Ag| = p°. Then
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Table 1. Examples condition on Section 3. Then |B,| = pctM-(m=1)
D l m D l m D l m forn > M.
7 19 —19 | 11 43 —17 | 11 211 —13 We also note that taking a base of N, o(K,,)NE",
19 96 | 11 43 —921 | 11 211 91 we can show that m(¢) = M for n > M.
5. Examples.
7 73 —-10 11 43 -39 | 11 211 —-35 .
Example 5.1. Let K be a composite of an
Toowo Sl el =6 i 229 6 imaginary quadratic field and a cubic cyclic field.
T =8 6 ST L 229 -7 Let Ko be the non-cyclotomic Z,-extension over K
77T -3l 11 61 —19 | 11 229 -10 which satisfy the same condition on Section 3. As-
717 =38 |11 61 =30 | 11 229 17 sume |Ag| = 1, which implies that p,,p,,p; are to-
7 181 -6 |11 61 -39 |11 229 -21 taly ramified in Ko /K. The fact |B,| = 1 implies
7 223 —6 |11 193 —6 | 11 229 —29 |An| = 1. Hence if M = 2, namely, m¢, = me, =1
7223 —13 | 11 193 —17 | 11 229 —39 for any base {(1, (2} of E’, then we have [A,| =1
119 7 111 193 —19 | 13 103 —10 for all n > 0, which means A = p=v = 0.
1 19 —19 |11 193 —30 | 13 103 —14 Let Q(vm),m < 0 be tllrle imaginary quadrat.lc
field and Q(«) the cubic cyclic field. We may obtain
11 19 —-30 11 193 -39 | 13 103 —17 .

o using the trace due to Gal(Q(u;)/Q(«)) for some 1
18T =10 199 =6 ) 13 103 =23 with p; a primitive Ith root of unity. Then the table
no 37 -13 )1 19 -13 13 103 -29 below are examples considered on 1 < [ < 1000,
37 -—19 1 199 17 | 13 103 30 —100 < m < —1 which satisfy our condition.

11 37 —21 11 199 —19 13 163 —10
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