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Abstract:

The gradient map associated to a regular open convex cone gives a diffeomor-

phism from the cone onto its dual cone. If the cone is homogeneous, the inverse of the map is
known to be equal to the gradient map associated to the dual cone. However, we show that this is
no longer true for a general case by presenting a simple counterexample.
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1. Introduction. An open convex cone § in
a finite-dimensional real vector space V is said to
be regular if Q contains no straight line. This is
equivalent to saying that the dual cone Q* := {\ €
V*; A(v) > 0 for all v € Q\ {0}} is not empty. The
characteristic function ¢ : @ — R of a regular
cone () is defined by an integral over the dual cone:
ea(v) == [5. e *dX (v € Q). Vinberg [4, Chap-
ter I, Proposition 7] shows that the gradient map ¢, :
Q3 v+ —dlogyq(v) € V* gives a diffeomorphism
from Q onto Q* (see [1] and [3] for generalizations
of this map). Since the dual cone of Q* coincides
with Q under the identification (V*)* =V, the gra-
dient map v+ associated to 2* is a diffeomorphism
from Q* onto Q. Then it is natural to expect that
Lo~ equals the inverse map of tn. Indeed, this is
the case if Q is homogeneous, that is, if the group
GL(Q) = {g € GL(V); ¢Q = Q} acts on Q transi-
tively ([4, Chapter I, Proposition 10]). For a general
regular cone 2, it has been an open question whether
o+ = tg" ([2, p-23]). In this article, we shall present
a simple counterexample which answers the question
in the negative.

2. Preliminaries. For vectors aq,as,...,

anm € RN, we denote by (ai,as,...,a,)+ the open
convex cone spanned by these vectors:

. .,am>+

m
= {Ztkak eRN: ty, to, ... tm >0}.
k=1

<a17a27 .
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Put
0 1 1 0
v = 0 , VU 1= 0 , U3 = 1 , Uy 1= 1 s
1 1 1 1
and consider a cone ; C R? given by
(1) Ql = <U17U27U37v4>+ .

Then it is easy to see that

(2)

X
MW=Lyl eR}0<z<z 0<y<z
z
X
z >0, >0
=1 |v] eR% !
. —x4+2>0,—y+2>0

To know directly that €2; is not homogeneous, we
note by (1) that the union of the extremal genera-
tors ([2, p. 73]) of the closure of Q; equals U?Zl (Vi) 4,
which is invariant under the action of GL(€;). Thus
GL(£) preserves also the subset L := (v1,vs)4 N
(v2,v4)4 of Q4. In other words, a point on L cannot
be mapped into 2\ L by any element of GL(€;).
Let Q5 be the dual cone of Q;. We identify
the dual space (R?)* with R? by the standard inner
product (-,-) on R®. Then (1) and (2) tell us that

§
Qy — 0| ere. (>0, £E€4(C>0
¢ E4+n+(C>0,n+(>0

<)\17 )\27 )\37 )‘4>+ ’
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where we set we have

1 0 -1 0

—dlo

)\12: 0 7)\22— 1 7)\32— 0 7)\42— -1 s

0 0 1 1 = d{logx + logy + log(z — x) + log(z — y) — log z}

Let us calculate the characteristic function ¢ = (l — 1 ) dx + (l — L) dy
of ;. For v € Qi, we have by definition ¢1(v) = rooz-a L
fQ —{A X, Since Q2 = (A1, Ao, A3, \s) 4 equals +( 1 + 1 l) dz,
the union of the cones (A1, A2, A3)+ and (A1, A3, A\g)+ R
up to a set of measure zero, we have so that we get
(PI(U) Ll(x7y7 Z)
= / e~ dx +/ e g, /1 11 1 1 11
(A1A2,A3) + A2z A0)+ _(E_z—x7 y z—y z—x+z—y_;)

Noting that det(A; A2 A3) =1, we have

/ e WA dN
(A1,A2,03) +
+oo ptoo it
/ Oo/ Oo/ = vt1>\1+t2>\2+t3>\3)dt1dtzdt3
0 0 0
—+oo
Z/ 6_t1<v’)\1>dt1 / 6_t2<v Az)dtz
0 0

—+oo
. / 6_t3<v’)\3> dt3
0

1
- <U7 )\1><U, )\2><U, )\3) '

Similar calculation leads us to

1
A g\ =
e .

/<)\17>\37>\4)+ <U7)‘1><U7)\3><U7)\4>
Thus we obtain for (z,y,2) €

1 1

J’_

wy(z —x)  w(z—2)(z—y)

z

¥1 (CL‘, Y, z) =
(3)

Cay(z—a)(z—y)
In the same way, we calculate the characteristic func-
tion ¢ of Qy. For A = (&, n, () € N2, we have
1 1
<U1 ) )‘> <U27 )‘> <U37 )‘> - <U17 )‘> <U37 )‘> <U47 )‘> 7

p2(A) =

so that
w2(£,m, )
B 1 1

4) CErOCE+1+0 mrOETnT0
_ E+n+2¢
CEF QM+ OE+N+C)

3. The gradient maps. We denote by ¢
the gradient map associated to the cone 2. By (3),

Let t2 be the gradient map associated to Q2. By (4),
we have
— dlog pz
= d{log ¢ +1log(¢ + ¢) + log(n + ¢)
+1og(§ +n+¢) —log(§ +n+20)}

1 1
(€+C e e
J’_

( 1 n 1 1 )
n+¢ E4n+¢ E+n+2(

+(3+ S
¢ &+C n+¢ &E+n+(

2
‘s+n+29d¢

Thus we obtain

L2(€7777C)
:( U SR
§+¢ E+n+C EHn+20
1 n 1 _ 1
n+C SHn+C {Hn+20
LS SR SRS SR )
¢ &+C n+( S+n+C En+20)
Now we observe that ¢1(1/6,1/3,1/2) =
(3, =3, 7), and that 2(3, —=3,7) = (6/35,9/28,
69/140) # (1/6, 1/3, 1/2). Therefore we obtain

Theorem. The gradient map 1o associated to
the dual cone of Q1 is not equal to the inverse of the
gradient map 11 associated to .

This result implies that the gradient map does
not necessarily give an isometry between the canon-
ical metrics on a regular cone and its dual cone in
the sense of [4, Chapter I, §3].
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