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Abstract:

Let Eg be the 3-connected covering space of the 1-connected, compact excep-

tional group Eg, which is regarded as the loop space of the homotopy fibre BEg of a map from
BEjg, the classifying space of Eg, to an Eilenberg-MacLane space. The Stiefel-Whitney classes of
the adjoint representation of Eg induce elements of the mod 2 cohomology of BEg. These images

are computed.
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1. Introduction. Let E; be the 1-connected
compact exceptional Lie group of type Ej, where [ is
the rank. Let El be the 3-connected covering space
of E;. The cohomology modulo 2 of the classify-
ing space of Eg is not determined, but that of Eg,
H*(BE3y), is done. Refer to [3] for it and also [2]
for the action of A*, the mod 2 Steenrod algebra.
We need data to compute H*(BEs) with spectral se-
quences. Our main result is Theorem 4, which states
the image of the Stiefel-Whitney class of the adjoint
representation of Fg in H*(BEg).
will be found in another paper.

Throughout this paper H*(X) denotes the mod
2 cohomology ring of a space X. If S is a non-empty

Detailed proofs

subset of an algebra, (S) denotes the subalgebra gen-
erated by S.

2. Cohomology of the classifying space of
3-connected cover. Let T' be a maximal torus of
E; and ¢’ a generator of HY(BEy; Z). Let m, 7, i,
Xl, 1 and @; denote the natural maps such that the
following diagrams are commutative, where the rows
are fibrations in the left one.

BT L» BT — K(Z,4) BE1_1 7Tl—_1>BEl—1

I I TR B

BE, =+ BE, L+ K(Z,4) BE, —~BE,

Since H*(BE;;Z) = Z and BE; is 3-connected,
there is a unique non-zero element ¢ in H 4(BE5).
Let H*(BT') = Falt1,t2,...,t]. Let ¢; be the i-th
elementary symmetric polynomial in ¢;’s, and also its
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image in H*(BT"). Note that ¢ is the mod 2 reduc-
tion of ¢ and Aj*(¢) = ca. Define elements cf, ¢t and
¢y by ¢5 + cac1, c7 + cger and cgep + crel? + ce,
respectively.

The following facts are known ([2]).
(i) H*(BTl) = Fg[tl, tQ, e ,Ifl, Y3575, Y9, Y17, V2i 41
(] > 5)]/(625 3, cl55 Cé),
where degy; = 2i, degv; = i, and 7" (¢;) is writ-
ten simply as ¢; for short.
(ii) H*(BEs) = F2[y10, Y12, Y16, Y18, Y24, Y33, Y34,
Yai+1 (i = 6)],

H*(BE7) = F2[y12, Y16, Y20, Y24 Y28, Y33, Y34,
_ Y36, 9274—1 (Z Z 6)])
H*(BEg) = F2[yi6, Y24, Y28, Y305 Y31, Y33, Y34,

Y36, Y40, Y48, Yoit1 (i > 6)],

where deg y; = i.

(iii) If both H*(BE;) and H*(BE;_,) have a gen-
erator y;, ¢ (yi) = yi- @ (i) = 0 only when
1 =30,31for ] =8 ori=28 forl = 7. All the
precise values of @*(y;) are known (¢f. (v)), and
it is immediate to see that we obtain a regular
sequence (@ (y;) )i if we exclude @j*(y;) which

is null. Thus Kerg7* = (y28) and Ker gg* =
(~y30, Y31)-
(iv) A*(y;) is non-zero and contained in (t1,...,%)

only if i = 16,24,28,30 when [ = 8, only if
i = 16,24,28 when | = 7, and only if ¢ =
16,24 when | = 6. A*(y) = v; if i = 20 +
1 and 5 > 5, and Xg*(ygl) = 0. Xﬁ(ﬁ]i) S
(t1, ..., t1,7¥3, 75, Y9, Y17) in other cases. Aj*(y;)
is also known completely and hence Ker )\6 =0,
Ker )\7 =0, and Ker )\g = (y31)-
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Table I.
Sql Sq2 Sq4 qu Sqlﬁ Sq32 Sq27'

ye 0 0 0 you i 0

y4 0 0 gyog O Yo4Y16 0

y8 0 y3p O O Y28Y16 0

yso ys1 O 0 O Y30Y16 0

y3p 0 0O 0 O Y31Y16 0

ys3 ysa O 0 O Y33Y16 Y65

ysa 0 ysg O O Y34Y16 Y3630 + Y33

yse O 0 ys O Y36Y16 YaoYos + Yzd

yoo 0 0 0 s Y40Y16 Yasyo4 + Y36

Yas 0 0 0 0 Y40Y24 + Y36Y2s Y1sy16* + Yad® + Ya0Y24Y16

+ Y34Y30 + Y33Y31 + YseY28Y16 + Y34Y30Y16 + Y33Y31Y16

yi2 0 0 y16 %20 0 0

yoo 0 0 y1 vyos Yse + Y2412 + Y2016 0

yio 0 w12 0 w1 0 0

yis 0y 0 0 Y34+ YouYio + Yisyie 0

Yoiy1 00 0 0 0 0 (i >6) Yoiti 41

(v) The action of A* on H*(BE)) satisfies Table 1.
(4 <1).

= Y28Y12 + Y24Y16 +

Y20” + y1ey12 for [ = 7, and yao = y1e, yos = 0,

Y36 = Y24Y12 + y182 + y16y102 for [ = 6. (The action

and @7 (y;) are determined completely.)

(i) Ker ¢7* = (ya2s) and Ker gg* =

and the fact Squ Yoip) =
In Table I Yo — 0, Y40

Lemma 1.
(Y30, Y31)-

(ii) Ker A6 =0, Ker \7* = 0, and Ker \g* = (y31)-
(iii) Im7g" C Fa[y16, y2a], Im 77" C Falyi6, Y24, Yos],
and Im7s" C F2[yi6, Y24, Y28, Yso] © (y31).

We show here a sketch of a proof of the last
inclusion. First note that Xg*(lmﬂ'g*) C Im7g N
Ing = (tl, .. .,ﬁg) N Ing
tained in (ylﬁ, Y24, Y28, y30> @ Ker )\8* .
sions are proved similarly.

3. Stiefel-Whitney class. Let Adg, be the
adjoint representation of Fj. It is known that the re-
striction of Adg, to E7 satisfies Adp,|p, = Adg, @
A @ (3-dimensional trivial representation), where A :
E; — U(56) — O(112) is a representation. (Refer
to Case 2 in page 52 of [1], for example.) From
Corollary 4.6, Proposition 6.1 and Corollary 6.9 of

Thus Im 7g* is con-
Other inclu-

[6], and from Proposition 2.11, Theorem 2.12 and
Corollary 3.7 of [5] we deduce H*(BE?7) is generated
by x4 and the Stiefel-Whitney class wga(Adg,) as
an A*-algebra, and also by x4 and wes(X), where x4

is the generator of degree 4. The A*-subalgebra of
H* (BE7) generated by x4 has the trivial image in
H*(BE7) via m7, and also in H*(BT7). Note that
by Wu formulae 77 (w;(Adg,)) = 77 (w;(X)) = 0,
if i < 63 or 656 < i < 95. A similar fact holds for
H*(BEg): H*(BEg) is generated by x4 and wsa(p)
as an A*-algebra, where p is a representation of Fg of
degree 54. See Theorem 6.21 and Remark following
it of [4].

Proposition 2. 74 (wgg(u)) =
77 (wea(Adg, ) = 77 (wea(N)) = y16'

We sketch a proof. Lemma 1 implies that
76 (waa(i)) = ayid, where o is a scalar.
Since H*(BT®) is a finite H*(BEg)-module,
76 (H*(BT®)) is also finite. If o = 0, the image
w6 (H*(BFEg)) is trivial, and so in H* (BTG). This is
a contradiction, and therefore mg* (w3z2(11)) = Y16’

In the case of H*(BE7), w7 (wes(\)) is expressed
in the form ayi6' +By24y16 (o, B € F2) by Lemma 1.
Applying S¢®, we conclude 3 = 0 since 77 (w;(\)) =
0 when 65 < i < 95. If « = 0, we can show a
contradiction like the case of H* (BE(;). By arguing
similarly for 77 (wgs(Adg,)) in addition, we obtain
the result, and hence Proposition 3 below by Wu

2
Y16, and

formulae.

Im7g = Falyid, yof] and

Therefore Im wg* C

Proposition 3.
Imn7* = Falyig!, yod', yos*].
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Fslyi6', yad*, yos'] ®yso- F2[y16, Y24, Y2s] @ (y31)-

Thus @g* (7§ (w2i (Adg,))) = 0 by the decom-
position of Adgg|p,, if i < 6. By Lemma 1
Wg*(wgq,(AdEs)) =0ifs S 5, and 7Tg*(w64(AdE8)) =
ay31y33, where o is a scalar. Applying Sq' we con-
clude & = 0. Now 7mg*(w128(Adg,)) is computed
in a manner similar to the proof of Proposition 2.
For this computation, note that A\7*(wi28(Adg,)) =
0, which is obtained by decomposition Adg,|rr =
v & (7-dimensional trivial representation) because of
the root space decomposition, where v is a repre-
sentation of T7 of dimension 126. This ensures that
7T7* (wlgg(AdE7)) =0 by Lemma 1.

Theorem 4. 75" (wqyi(Adg,)) = 0 for i < 6,
and 7T8* (wlgg(AdEs)) = ylﬁs.

Corollary 5.  Fs[yié®, y2s®, yos®, yso®, ysi®]  C
Im7g" C Falyi6, yod’, yod, ysd®, ysi®| +Q, where Q C
y30-F2[y16, Y4, y28] © (y31)-
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