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Abstract: The main purpose of this paper is using the properties of primitive characters
and the mean value theorems of Dirichlet L-functions to study the hybrid mean value of Gauss
sums and generalized Bernoulli numbers, and give a sharper asymptotic formula.
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1. Introduction. Let q ≥ 3 be an integer,
χ denote a Dirichlet character modulo q. For any
integer n, the famous Gauss sums G(n, χ) is defined
as following:

G(n, χ) =
q∑

a=1

χ(a)e
(
an

q

)
,

where e(y) = e2πiy. Especially for n = 1, we write

τ (χ) =
q∑

a=1

χ(a)e
(
a

q

)
.

The various properties and applications of τ (χ) ap-
peared in many analytic number theory books (See
reference [1]).

Maybe the most important property of τ (χ) is
that if χ is a primitive character modulo q, then

|τ (χ)| =
√
q.

If χ is a non-primitive character modulo q, τ (χ) also
appears many good value distribution properties in
some problems of weighted mean value. It might be
interesting to study the hybrid mean value of τ (χ)
and other arithmetical functions.

Let χ be a non-principal Dirichlet character
modulo q. The generalized Bernoulli numbers Bn,χ

is defined by the following:
q∑

a=1

χ(a)
teat

eqt − 1
=

∞∑
n=0

Bn,χ

n!
tn.

This sequence of numbers has considerable fascina-
tion and importance. The definition and basic prop-
erties of generalized Bernoulli numbers can be found
in [2].
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In this paper, we use the properties of primitive
characters and the mean value theorems of Dirichlet
L-functions to study the hybrid mean value of Gauss
sums and generalized Bernoulli numbers, and give
an interesting asymptotic formula. That is, we shall
prove the following:

Theorem. Let q ≥ 3 be an integer, then for
any positive integers n and m we have∑

χ �=χ0
χ mod q

τm (χ)Bm
n,χ =

2m−1(n!)mqnm−1φ2(q)
(−1)(n−1)m (2πi)nm

×
∏
p‖q

(
1 − pm−1 − 1

pm−1 (p− 1)2

)
+O

(
qnm+ε

)
,

where
∑

χ �=χ0
χ mod q

denotes the summation over all non-

principal characters modulo q,
∏

p‖q denotes the
product over all prime divisors p of q with p | q and
p2 � q, φ(q) is the Euler function, and ε is any fixed
positive number.

2. Some lemmas. To complete the proof of
the theorem, we need the following lemmas.

Lemma 1. For any integer q ≥ 3, let χ be a
non-primitive character modulo q, and q∗ denote the
conductor of χ with χ ⇐⇒ χ∗. If (n, q) > 1, we
have

G(n, χ) =


χ∗
(

n
(n,q)

)
χ∗
(

q
q∗(n,q)

)
µ
(

q
q∗(n,q)

)
φ(q)

× φ−1
(

q
(n,q)

)
τ (χ∗), q∗ = q1

(n,q1)
;

0, q∗ �= q1
(n,q1)

,

where µ(n) is the Möbius function, and q1 is the
largest divisor of q that has the same prime factors
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with q∗.
If (n, q) = 1, then we have

G(n, χ) = χ∗(n)χ∗
(
q

q∗

)
µ

(
q

q∗

)
τ (χ∗).

Proof. See reference [3].
Lemma 2. Let q and r be integers with q ≥ 3

and (r, q) = 1, χ be a Dirichlet character modulo q.
Then we have the identities∑∗

χ mod q

χ(r) =
∑

d|(q,r−1)

µ
( q
d

)
φ(d)

and

J(q) =
∑
d|q

µ(d)φ
(q
d

)
,

where
∑∗

χ mod q

denotes the summation over all primi-

tive characters modulo q, and J(q) denotes the num-
ber of primitive characters modulo q.

Proof. This is Lemma 3 of [4].
Lemma 3. Let q = uv, where (u, v) = 1, u

be a square-full number or u = 1, v be a square-free
number. Then for any positive integers n and m we
have∑

d|v
(ud)m

∑∗

χ mod ud

χ(−1)=1

∑
t| v

d

χ(t)µ(t)φ(t)
tn

m

Lm(n, χ)

=
qm−1φ2(q)

2

∏
p‖q

(
1 − pm−1 − 1

pm−1(p−1)2

)
+O

(
qm+ε

)(I)

and

∑
d|v

(ud)m
∑∗

χ mod ud

χ(−1)=−1

∑
t| v

d

χ(t)µ(t)φ(t)
tn

m

Lm(n, χ)

=
qm−1φ2(q)

2

∏
p‖q

(
1 − pm−1 − 1

pm−1(p−1)2

)
+O

(
qm+ε

)
,

(II)

where L(s, χ) is the Dirichlet L-function correspond-
ing to χ.

Proof. We only prove (II), similarly we can de-
duce (I). Let τm(r) denote the m-th divisor func-
tion (i.e. the number of positive integer solutions of
the equation r = r1r2 · · · rm). Note that J(u) =
φ2(u)/u, if u is a square-full number. Then using

the methods of Lemma 5 in [5] and Lemma 2 in this
paper we have

∑
d|v

(ud)m
∑∗

χ mod ud

χ(−1)=−1

∑
t| v

d

χ(t)µ(t)φ(t)
tn

m

Lm(n, χ)

=
∑
d|v

(ud)m
∑
t1| v

d

· · ·
∑
tm| v

d

∞∑
r=1

× µ(t1) · · ·µ(tm)φ(t1) · · ·φ(tm)τm(r)
tn1 · · · tnmrn

×
∑∗

χ mod ud

χ(−1)=−1

χ(t1 · · · tm)χ(r)

=
1
2

∑
d|v

(ud)m
∑
s|ud

µ

(
ud

s

)
φ(s)

∑
t1| v

d

· · ·
∑
tm| v

d

∞∑
r=1

t1···tmr≡1 mod s

× µ(t1) · · ·µ(tm)φ(t1) · · ·φ(tm)τm(r)
tn1 · · · tnmrn

− 1
2

∑
d|v

(ud)m
∑
s|ud

µ

(
ud

s

)
φ(s)

∑
t1| v

d

· · ·
∑
tm| v

d

∞∑
r=1

t1···tmr≡−1 mod s

× µ(t1) · · ·µ(tm)φ(t1) · · ·φ(tm)τm(r)
tn1 · · · tnmrn

=
1
2

∑
d|v

(ud)mJ(ud) +O
(
qm+ε

)
=
um−1φ2(u)

2

∑
d|v

dmJ(d) +O
(
qm+ε

)
=
um−1φ2(u)

2

∑
p|v

[
pm−1(p− 1)2

(
1 − pm−1 − 1

pm−1(p− 1)2

)]
+O

(
qm+ε

)
=
qm−1φ2(q)

2

∏
p‖q

(
1 − pm−1 − 1

pm−1(p− 1)2

)
+O

(
qm+ε

)
.

This proves Lemma 3.

3. Proof of the theorem. In this section,
we complete the proof of the theorem. Let q ≥ 3 be
an integer, and χ be a Dirichlet character modulo q.
The generalized Bernoulli numbers can be expressed
in terms of Bernoulli polynomials as

Bn,χ = qn−1

q∑
a=1

χ(a)Bn

(
a

q

)
.
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From Theorem 12.19 of [1] we also have

Bn(x) = − n!
(2πi)n

+∞∑
r=−∞

r �=0

e (rx)
rn

, if 0 < x ≤ 1.

Therefore

Bn,χ = qn−1

q∑
a=1

χ(a)

− n!
(2πi)n

+∞∑
r=−∞

r �=0

e
(

ar
q

)
rn


= −n!qn−1

(2πi)n

+∞∑
r=−∞

r �=0

G(r, χ)
rn

.

Let q = uv, where (u, v) = 1, u be a square-full
number or u = 1, v be a square-free number. Let q∗

denote the conductor of χ with χ⇐⇒ χ∗, then

τ (χ) = χ∗
(
q

q∗

)
µ

(
q

q∗

)
τ (χ∗) �= 0

if and only if q∗ = ud, where d | v. So from Lemma 1
and Lemma 3 we have∑

χ �=χ0

χ mod q

τm (χ)Bm
n,χ

=
∑
d|v

∑∗

χ mod ud

χm
(v
d

)
µm
(v
d

)
τm(χ)

×

−n!qn−1

(2πi)n

∑
t| v

d

χ
(

v
dt

)
µ
(

v
dt

)
φ(q)τ (χ)

tnφ
(

q
t

) +∞∑
r=−∞

r �=0

χ(r)
rn


m

=
(−1)m(n!)mq(n−1)m

(2πi)nm

∑
d|v

∑∗

χ mod ud

(ud)mχm(−1)

×

∑
t| v

d

χ(t)µ(t)φ(t)
tn

+∞∑
r=−∞

r �=0

χ(r)
rn


m

=



(−1)m2m(n!)mq(n−1)m

(2πi)nm

∑
d|v

(ud)m
∑∗

χ mod ud

χ(−1)=1

×
[∑

t| v
d

χ(t)µ(t)φ(t)
tn

]m

Lm(n, χ), if 2 | n

2m(n!)mq(n−1)m

(2πi)nm

∑
d|v

(ud)m
∑∗

χ mod ud

χ(−1)=−1

×
[∑

t| v
d

χ(t)µ(t)φ(t)
tn

]m

Lm(n, χ), if 2 � n

=



(−1)m2m−1(n!)mqnm−1φ2(q)
(2πi)nm

∏
p‖q

(
1 − pm−1−1

pm−1(p−1)2

)
+O (qnm+ε) , if 2 | n

2m−1(n!)mqnm−1φ2(q)
(2πi)nm

∏
p‖q

(
1 − pm−1−1

pm−1(p−1)2

)
+O (qnm+ε) , if 2 � n

=
2m−1(n!)mqnm−1φ2(q)

(−1)(n−1)m (2πi)nm

∏
p‖q

(
1 − pm−1 − 1

pm−1(p− 1)2

)
+O

(
qnm+ε

)
.

This completes the proof of the theorem.
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