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Abstract:

We prove a general optimal inequality for warped products in complex hyper-

bolic spaces and investigate warped products which satisfy the equality case of the inequality. As
immediate applications, we obtain several non-immersion theorems for warped products in complex

hyperbolic spaces.
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1. Introduction. Let N; and N be two
Riemannian manifolds with Riemannian metrics g1
and gs, respectively, and let f be a positive differen-
tiable function on N;. The warped product N; X
Ny is defined to be the product manifold Ny x No
equipped with the Riemannian metric given by g1 +
f?g2 (see [6]).

For a warped product Ny Xy N, we denote by
D; and D5 the distributions given by the vectors tan-
gent to leaves and fibers, respectively. Thus, D; is
obtained from tangent vectors of N7 via the horizon-
tal lift and Dy from tangent vectors of Ny via the
vertical lift.

Let ¢ : N1 x5 No — CH™(4c) be an isometric
immersion of a warped product Ny x ¢ N into a com-
plex hyperbolic m-space with constant holomorphic
sectional curvature 4c, ¢ < 0. Denote by h the second
fundamental form of ¢. Let trace h; and trace hy be
the trace of h restricted to Ny and Ns, i.e.,

ni
trace hy = Z h(ea,e€q),
a=1

ni+ngz

Z h(@t, 6,5)

t=ni+1

trace ho =

for some orthonormal frame fields ey,...,e,, and
€ni+1;-- -3 €ni+n, Of D1 and Da, respectively. The

immersion ¢ is called mized totally geodesic if
MX,Z)=0
for any X in D; and Z in Ds.
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In this article we prove the following general
result for arbitrary isometric immersions of warped
products into complex hyperbolic spaces.

Theorem 1. Let ¢ : Ny x; Ny — CH™(4c) be
an arbitrary isometric immersion of a warped prod-

uct N1 Xy No into the complex hyperbolic m-space
CH™(4c). Then we have

Af _ (m+no)?
f - 4dng
where n; = dim N;, i = 1,2, H? is the squared mean

curvature of ¢, and A is the Laplacian operator of
MN;.

(1.1) H? + nqc,

The equality sign of (1.1) holds if and only if the
following three conditions are satisfied:

(1) ¢ is mized totally geodesic,

(2) trace hy = trace ha, and

(3) JDy L Do, where J is the almost complex
structure of CH™.

As interesting applications of Theorem 1 we
have the following non-immersion theorems.

Theorem 2. Let Ny x¢ Ny be a warped prod-
uct whose warping function f is a harmonic function.
Then N1 X f Ny does not admit an isometric minimal
immersion into any complex hyperbolic space.

Theorem 3. If f is an eigenfunction of the
Laplacian on Ny with eigenvalue A > 0, then Ny Xy
Ny does not admits an isometric minimal immersion
into any complex hyperbolic space.

Theorem 4. If N; is a compact Riemannian
manifold, then every warped product Ny X ¢ Ny does
not admit an isometric minimal immersion into any
complex hyperbolic space.
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Theorem 2 is a generalization of a result of N.
Ejiri [5]. Also Theorems 2, 3 and 4 can be regarded
as partial extensions of Theorems 2, 3 and 4 of [3].

2. Preliminaries. A Kaehler manifold
M™(4c) of constant holomorphic sectional curvature
4c is called a compler space form. Let N be an n-
dimensional Riemannian manifold isometrically im-
mersed in M™(4c) with n > 2. We denote by ( , )
the inner product for N as well as for M™ (4c).

For any vector X tangent to N we put

JX = PX + FX,

where PX and F'X are the tangential and the normal
components of JX, respectively. Thus, P is a well-
defined endomorphism of the tangent bundle T'IV.

We denote by V and V the Levi-Civita con-
nections of N and M™ (4c), respectively. Then the
Gauss and Weingarten formulas are given respec-
tively by

(2.1) VxY =VxY +h(X,Y),

(2.2) Vx€&=—A¢X 4 Dxé

for vector fields X, Y tangent to N and £ normal to
N, where h denotes the second fundamental form, D
the normal connection, and A the shape operator of
the submanifold.

The mean curvature vector H is defined by
— 1
H = — traceh.
n
The squared mean curvature is given by
H>=(H,H).

The submanifold N is called minimal if its mean
curvature vector vanishes identically.

Denote by K(e; A e;) the sectional curvature of
the plane section spanned by e;,e;;1 < i < j < n.
The scalar curvature of IV is then given by

T = ZK(ei Aej).
i<j

For a differentiable function ¢ on N, the Lapla-
cian of ¢ is defined by

Ap = {(Ve,ei)e — ejejp},
=1

where ey, ..., e, is an orthonormal frame. When N

is compact, each eigenvalue of A is non-negative.
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3. Proofs of Theorems. Let ¢ : N; Xy
Ny — CH™(4c) be an isometric immersion of a
warped product Ny Xy N into the complex hyper-
bolic m-space C H™(4c¢). Denote by n1, ne and n the
dimensions of N1, Ny and N; X Na, respectively. We
use the following convention on the range of indices
unless mentioned otherwise:

Jkl=1,... n;
a,ﬁ=1,...,n1;
s,t=n1+1,...,n1 4+ no.

Since N1 x ¢ Ny is a warped product, we have
(2, 6]

(3.1) VxZ=VzX=(XWnf)Z (VxY,Z)=0

for unit vector fields X, Y in Dy and Z in D,. Hence,
from (3.1), we find

(3.2) K(X/\Z) = (V2VXX —VxVzX, Z)
_ %{(VXX)f—XQf}.

If we choose a local field of orthonormal frame
€1,...,€n,+n, such that ej,...,e,, are in D; and

€ny+1y - - -y Enitny 0 Do, then (3.2) implies that
A L
(3'3) Tf = ZK(eaAes)a
a=1
s=n1+1,...,n1+ no.

Let R denote the Riemannian curvature tensor
of N. The equation of Gauss is given by

(3.4) (R(X,Y)Z,W)
= (MX, W), h(Y, Z)) — (WX, Z), (X, Z))
+c{(X, W) (Y, Z) — (X, Z) (Y, W)
+(JY, Z) (JX, W) — (JX, Z) (JY, W)
+2(X, JY) (JZ,W)}.

It follows from (3.4) that the scalar curvature
and the squared mean curvature of N satisfy

(3.5) 21 =n*H? — ||h|)*> + n(n — 1)c+ 3¢||P||?,

where n = ny + ny and ||h||? denotes the squared
norm of the second fundamental form and

n

2
IPIP =" (e, Pey)

ij=1
is the squared norm of the endomorphism P.
If we put
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The equality sign of (3.12) holds if and only if

2
—r— Y H2 - 1)e— 2
(3.6) n=27 9 H” —n(n —1)e = 3c||P|[% the following condition:

then we obtain from (3.5) and (3.6) that (3.13)
(3.7) n*H? =2 + 2| |h]|*. B L S L
If we choose a local field of orthonormal frame | olds.
€n+ly---,€2m Of the normal bundle so that e, is .
in the direction of the mean curvature vector, then By applying (3.3) and (3.4) of Gauss, we have
(3.7) becomes (3.14)
n A
(Zhn—i-l) _2{77+Z hn+1 2 f ZKea/\eﬁ ZK(es/\et)
a<fB s<t
B ni(ny — 1) na(ng — 1)
DS WP NI R B
i#£j r=n+21i,j=1
2
(3.8) can be restated as Z—H ;6 aalizs = (hap) )
=N (03
(39) (a1 + as + a3)2 Z Z 2)
(heshiy — (hy)
:2{n+a%+a§+a§+2 Z (h?fl)2 ren+1 s<t

1<i<j<n _ Z 3¢ (Pea, %)2 _ Z?,c (Pey, e;)?

2m n
Ié; s <t
Y0 Y ) -2 Y ety o )

r=n+21i,j=1 2<a<B<ny Therefore, by applying (3.6), (3.12) and (3.14), we
obtain
oy )
ni+1<s<t<n (3.15)
where anAf <T- 7n(n2— D) c+ ningc — g
(3.10) a; = h;q“, L omo
IR DL SV
mniny?
r=n+2 j k=1
az = thilnl-i-l o byt
Thus, by applying Lemma 1 of [1] to (3.9) we find + Z Z (( 35)2 — hiolias)
r=n+2 a<f
(3.11)
2R (™ - ) + Z > ((h5)? = hihiy)
r=n+2 s<t
>n+2 > (nyt1)? Z Z — ) " 3c(Pea,ep)’ = > 3c(Pey,er)”
1<i<j<n r=n+2i,j5=1 a<fB s<t
—1
ST N Gy B S NUay A o) e
2<a<f<n, ni+1<s<t<n 2 2
. . . 2m ) 1 2m 9
which is nothing but _ Z Z (hr,)? - 5 Z (Z hga)
r=n+1 a,t r=n-+2 [l
(3.12)
2m
1 2
PORCS D DI e —5 2 (20mk) - X 8e(Peasea)”
1<a<pf<n; ni+1<s<t<n r=n+2 t a<f

= 3¢ (Pes, ),
S S SR DDA 2 sePene)

1<j<k<n r=n+2 j k=1



No. 6]

where the equality case of the inequality holds if and
only if (3.13) is satisfied.
From (3.15) we find

(3.16)
noAf n(n—1) n
< _ " ) _ 4
f <7 5 ¢+ ninasc 5
- Z 3¢ (Peq,ep)” — Z 3¢ (Pes, e1)?
a<f s<t

with the equality holding if and only we have
(3.17) h(T Ny, TNy) = {0},

Zhgazzh;:oa
e t

forr=n+2,...,2m.
Finally, by applying (3.6) and (3.16), we obtain

A 2
(3.18) nng = %HQ + ningc + 302 (Peq, )’
o,t
2
< %HQ + ningc

which implies inequality (1.1).

If the equality sign of (1.1) holds, then all of
the inequalities in (3.12), (3.16) and (3.18) become
equalities. Hence, we obtain (3.13), (3.17) and the
equation:

(Peq,er) = 0.

Therefore, we have Conditions (1), (2) and (3) of
Theorem 1.

Conversely, if Conditions (1), (2) and (3) of The-
orem 1 hold, then the equality case of inequalities in
(3.15), (3.16) and (3.18) become equalities. Hence,
we obtain the equality case of (1.1). This proves
Theorem 1.

If ¢ : Ny xy Ny — CH™(4c) is an isometric min-
imal immersion of a warped product N; X Ny into
the complex hyperbolic m-space, then Theorem 1 im-
plies that

Af

— < nyc<O0.

f

Thus, f cannot be a harmonic function or an eigen-

(3.19)

function of Laplacian with positive eigenvalue. This
proves Theorems 2 and 3.

Since the warping function f is positive, (3.19)
implies that Af < 0. Thus, if N7 is compact,
the warping function f must be constant by apply-
ing Hopf’s lemma which contradicts to Theorem 2.
Hence, we obtain Theorem 4. O
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4. Additional results. A submanifold N in
CH™ is called totally real if J(TN) C TN (see [4]).

When dim N; = dim Ny = 1, Theorem 1 implies
immediately the following:

Corollary 1. If dimN; = dim Ny = 1, then
an isometric immersion of a warped product N1 X ¢
Ny into CH™(4c) satisfies the equality case of in-
equality (1.1) if and only if it is a totally real totally
umbilical surface.

By applying Theorem 1 we also have

Corollary 2. If dim Ny = dim Na, then the
warping function f of every warped product decom-
position N1 X ¢ Ny of a real space form is an eigen-
function of the Laplacian.

Proof. Assume that Ny x ¢ V3 is a warped prod-
uct decomposition of a real space form R?*"i(g) of
constant curvature ¢ with dim Ny = dim Ny = n;.
Let ¢ be a negative number < €. Then locally there
is a totally umbilical isometric immersion j of Ny X ¢
Nj into the real hyperbolic space H*"171(c) of con-
stant curvature c.

Denote by

L HPmtl (c) — CH2"1+1(4C)

the standard totally real totally geodesic isometric
imbedding of H?"1*1(c) into CH?™"1*1(4c). Then
the composition:

totally umbilical
ey

p=107:Ny x5 Ny H*H (¢)

totally geodesic CH2n1+1 (40)
totally real
is an isometric immersion which satisfies Conditions
(1), (2) and (3) of Theorem 1. Hence, ¢ satisfies
the equality case of (1.1) according to Theorem 1.
Therefore, we have
ﬂ =n H? + nyc.
f
Since the composition ¢ is a totally real, totally um-
bilical isometric immersion, it has constant squared
mean curvature. Thus, the warping function f is an
eigenfunction of the Laplacian. Ol
Definition 1. Let 9 : Ny Xy No — M be an
isometric immersion of a warped product into a Rie-
mannian manifold. Then v is called pseudo umbilical
if the shape operator A4 at the mean curvature vec-
tor satisfies A X = AX for some function A\, where
X is an arbitrary vector tangent to Ny x No.
The immersion is called N;-pseudo umbilical if
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the shape operator A satisfies Az X = AX for tan-
gent vectors X in D; (j =1 or 2).

For warped products satisfying the equality case
of (1.1), we also have

Proposition 1. Let ¢ : Ny x s Ny — CH™(4c)
be an isometric immersion of a warped product N1 X f
Ny into the complex hyperbolic m-space CH™ (4c). If
¢ satisfies the equality case of (1.1), then we have:

(i) (W(X,Y),JZ) = 0 for tangent vectors X,
Y in Dy and Z in Ds.

(ii) ¢ is Nao-pseudo umbilical.

(iii) If dim Ny # dim Na, then ¢ is non-pseudo
umbilical.
(iv) If f in non-constant, then we have JDy #

D, i.e., Dy is non-holomorphic.

Proof. Assume that ¢ : Ny xy Ny — CH™(4c)
is an isometric immersion which satisfies the equality
case of (1.1). Then Conditions (1), (2) and (3) of
Theorem 1 holds. Let X, Y be vector fields in Dy
and Z in Dy. Then we have VxY € Dy by (3.1).
Thus, by applying Condition (3) of Theorem 1, we
have (JVxY,Z) = 0. Hence, by applying (3.1) and
Conditions (1) and (3) of Theorem 1, we obtain
41)  0=X(JY,Z)

= (JMX,Y),Z)+ (JY,VxZ)
= (JhX,Y), Z),
which implies statement (i).

From (3.3), (3.4) and Conditions (1) and (3) of
Theorem 1, we have

(4.2) (trace hy, h(Z,Z)) = % —nyc

for any unit tangent vector Z in Ds. Therefore, by
applying polarization, we find
(4.3) (trace hy, h(Z,W)) =0

for orthonormal vectors Z, W in Ds.
On the other hand, Condition (2) of Theorem 1
implies that

n—
trace hq = §H

Hence, by (4.2), (4.3) and Condition (1) of Theo-
rem 1, we obtain
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for tangent vector Z in Dy. Hence, ¢ is a Na-pseudo
umbilical immersion. This proves statement (ii).
Statement (iii) follows easily from Condition (2)
of Theorem 1.
Let h and A denote the second fundamental
form and shape operator of Ny in Ny X Na. Then,
by applying (3.1), we have

(4.4) (M(Z,W),X) = (VzW, X)
=—(W,VzX)
=—(XInf)(Z, W)

for tangent vector fields X in Dy and Z, W in Ds.

If D, is a holomorphic distribution, then each
fiber is immersed in CH™ (4c) as a holomorphic sub-
manifold. Hence, we obtain trace h = 0. Thus, from
(4.4) we conclude that the warping function f is con-
stant. U

Remark. In views of Theorem 2 and Theo-
rem 3, it is interesting to point out that there do exist
isometric minimal immersions from warped products
into complex hyperbolic spaces such that the warping
functions of the warped products are eigenfunctions
of Laplacian with negative eigenvalue.
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