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Abstract:

Let (R,m) be a Noetherian complete local ring with unequal characteristic,

and let (P,pP) be a discrete valuation ring contained in R. Then, under some assumptions of
separability on the residue fields, the following conditions are equivalent: (1) R is a regular local

ring and p € m?. (2) The m-adic higher differential algebra D, (R/P,m) is a polynomial ring

over R for some ¢ (1 <1).
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1. Introduction. The note isa continuation
of [FN2]. In [NS], Y. Nakai and S. Suzuki showed the
following theorem:

Let (R, m,K) be a Noetherian complete local
ring with char(R) = 0 and char(K) = p # 0, and let
(P,pP, k) be a discrete valuation ring contained in
R. Then, under some assumptions of separability on
the residue fields K and k, the following conditions
are equivalent:

(1) R is a regular local ring and p ¢ m?.

(2) The module Dp(R) of m-adic P-differen-
tials in R is a free R-module.

In the paper [FN2], we showed that these con-
ditions (1) and (2) are equivalent with

(3) The me-adic higher differential algebra
D, (R/P,m) of R/P of length ¢ is a polynomial ring
over R for every t (t =1,2,...).

The purpose of this note is to prove that the
condition (3) is also equivalent with

(4) The algebra D;(R/P,m) is a polynomial
ring over R for some ¢ (1 < t).

2. Preliminaries. Allrings in this paper are
commutative rings with identity elements. A ring
homomorphism will always a ring homomorphism
which sends identity element to identity element. We
always denote by t a natural number.

Let P be a ring, R a P-algebra with a ring ho-
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momorphism p : P — R and m an ideal of R.

Let S be an R-algebra with a ring homomor-
phism f: R — S. For an integer n > 1, by a higher
P-derivation of length n from R into S, we mean a
sequence (Dg, D1, ..., D,) of mappings D; : R — S
such that

(1) Dy = fa ]

(2) Di(ab) = 375_y Dj(a)Di—j(b), Di(a +b) =
D;(a) + D;(b) for any a,b € R and i > 0,

(3) Dip=0foralli>1.

We denote the set of all higher P-derivations of
length n from R into S by H Derp(R, S).

We shall say that R is an m-adic ring or R has
the m-adic topology, if R has the topology with the
fundamental system of neighborfoods of zero {m" |
r=1,2,...}. Let Abean R-algebra or an R-module.
We shall say that A is an m-adic R-algebra or an
m-adic R-module (or A has the m-adic topology),
if A has the topology with the fundamental system
of neighborfoods of zero {m"A | r = 1,2,...}. The
m-adic topology of A is not necessarily Hausdorff.
The m-adic topology of A is Hausdorff if and only if
NZom A= (0).

We denote by Dy(R/ P, m) an m-adic higher dif-
ferential algebra of R over P of length ¢, that is, an
R-algebra charaterized by the following conditions:

(1) D¢y(R/P,m) is a Hausdorfl me-adic R-
algebra.

(2) There exists an element ER/ p =
(do,dy,...,ds) € HDers(R, Di(R/P,m)) (dg/p is
called the associated derivation of D;(R/P, m)).

(3) ﬁt(R/ P,m) is an R-algebra generated by
{dn(a)|a € R,n=0,1,...,t}.
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(4) Let A be an arbitrary Hausdorff m-adic R-
algebra and (D, D1, ..., D;) € HDer’s(R, A). Then
there exists a ring homomorphism g : Dy (R/P, m) —
A such that D,, = gczn for all n.

It is known that an m-adic higher differential
algebra of R/P of length ¢ exists and uniquely de-
termined up to isomorphism and up to homeomor-
phism. The R-algebra D;(R/P,m) is a graded R-
algebra, D;(R/P,m) = b, D;(R/P,m),,, where
Dy(R/P,m), is the R-submodule of D;(R/P,m)
generated by the homogeneous elements

{Cznl(a’l) e 'Czns(as) | a; € R, 0<n; <t,

ny+---+ns =n for some 521}

The module (Dp(R),d) of m-adic P-differ-
entials in R, defined in [NS], coincides with
(D¢(R/P,m)1,dy) for every t.

3. Main result. The following lemma is a
key to proof of our main result.

Lemma. Let P be a ring, R a P-algebra
and m an ideal of R. Put K := R/m. We
denote by Z the ideal m@ >, Di(R/P,m);
of the graded R-algebra ﬁt(R/P, m). Then
(2%); := Z2(\Dy(R/P,m); is an R-submodule of
Di(R/P,m);. Let A; (i = 2,...,t) be the R-
submodule of Dy(R/P, m); generated by the set {zy |
z € Dy(R/P,m);,y € Dy(R/P,m);_j;,j=1,... i—
1} and Ay := (0). Put ER/p = (czo,czl,...,czt).
Then the mapping 0; : R — ﬁt(R/P, m)/A; (x —
di(z)+4;) is a P-derivation of R into the R-module
Dy(R/P,m);/A; for every i (i =1,...,t), where A;
is the closure of A; in ﬁt(R/P, m); with respect to
the m-adic topology. Furthermore we get the follow-
mg: R R

(1) (D¢(R/P,m);/A;,8;) = (Dp(R),d) for ev-
ery i (i=1,...,1).

(2) There exists a K-module isomorphism

Dy(R/P,m);/(Z?); R
~ Dy(R/P,m),/mD,(R/P,m),

for every i (i=1,...,t).

Proof. The proof is similar to that of [FNI,
2.5. O
Now we are ready to prove our main result.

Theorem. Let (R,m,K) be a complete
Noetherian local ring with char(R) = 0 and
char(K) = p # 0, and let (P,pP, k) be a discrete
valuation ring contained in R. Assume that K is
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separably generated over k and Tr.deg(K/k) is fi-
nite. Then the following conditions are equivalent:

(1) R is a regular local ring and p ¢ m?.

(2) Dy(R/P,m) is a polynomial ring over R for
every t (t=1,2,...).

(3) Dy(R/P,m) is a polynomial ring over R for
some t (1 <t).

(4) Dp(R) is a free R-module.

Proof. By Theorem 3.4 of [FN2], it only re-
mains to show that (3) implies (4). Suppose that
ﬁt(R/ P,m) is a polynomial ring over R for some
t. From [FN2, 2.8], there are finite eclements
{a1,...,an} of R with n := dimK(ﬁt(R/P, m),/
mD,(R/P, m)1) such that Dy(R/P,m) is generated
by the tn elements {d;(a1),...,di(a,) |i=1,...,t}
as an R-algebra, where ER/p = (czo, ch, e th) We
denote by Z the ideal m @ @;°, Di(R/P,m); of
the graded R-algebra ﬁt(R/P, m). Then Z/Z% =
m/m? @@E:l Z;/(Z?);, where Z; := ﬁt(R/P, m);
and (Z?); are the same notations as in Lemma. Fur-
thermore we have that dimg Z/Z? = dimgx m/m?+
tn by Lemma. On the other hand, since D;(R/P, m)
is a finitely generated R-algebra, there are finite
variables {X1,...,X,} such that D;(R/P,m) =
R[X1,...,X,] := R[X]. We may assume that X, €
Z (j =1,...,s). It follows that Z = mR[X] +
(X1,...,Xs), and dimg Z/Z? = dimg m/m? + s
(cf. [0, 3.1]).
that D, (R/P,m) is the polynomial ring over R
with variables {d;(a1),...,di(an) | i = 1,...,t} by
[ZS, Ch.I, Theorem 15]. Therefore ﬁt(R/P, m); =
Dp(R) is the free R-module with a free basis
{di(a1),...,di(an)}. O

We end this note by the following remarks.

Remarks. 1) In case of equal characteristic,
an analogous result of the equivalency of (3) and (1)

Therefore s = tn. This means

in Theorem is not true in general as follows:

Let k be a field of char(k) = p # 0 and R =
E[X]/(XP) := k[z]. It is clear that R is a Noethe-
rian complete local ring with the maximal ideal m =
(). Then Dy (R/k,m) is a polynomial ring over R,
ﬁp(R/k:, m) is not a polynomial ring over R and R
is not a regular local ring.

2) As a corollary to Theorem 3.1 (resp. The-
orem 3.4) of [FN2], we have another version than
Corollary 3.2 (resp. Corollary 3.5) of [FN2]. Under
the same notations as in [FN2], we have the follow-
ing:
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In Theorem 3.1 (resp. Theorem 3.4) of [FN2], let
us remove the condition that R is complete, instead,
let us assume that the differential module Qg of
R/ (resp. the differential module Qg /p of R/P) is
finitely generated. In this case, we have the same
conclusion as in Theorem 3.1 (resp. Theorem 3.4)
of [FN2]. Because from Section 2.5 of [FN1] and
Section 2.4 of [FN2], the conditions of Corollary 3.2
(resp. Corollary 3.5) of [FN2] are satisfied.
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