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1. Introduction. Let G3, Fy and Ejg be the
compact, connected, simply connected, simple, ex-
ceptional Lie groups of rank 2, 4 and 6 respec-
tively. We consider the homogeneous spaces Fy /G,
Fy/Spin(9) = I and Eg/Fy, where IT denotes the
Cayley projective plane. We denote by m;(X : p)
the p—primary component of 7;(X). In this paper we
calculate homotopy groups m;(Fy/Ga : 2), m;(I1 : 2)
ans m;(Fg/Fy : 2) for i < 45, ¢ < 38 and ¢ < 30
respectively. The caleulations of m;(Fy/Gs : 2) and
m; (I : 2) will be done by making use of the homotopy
exact sequences associated with the 2-local fibration

515 N F4/G2 _ 523
and the fibration
ST — QI — Q5%

given by Davis and Mahowald [3]. The calculation
of m;(Eg/Fy : 2) will be done by making use of the
2-local fibration

X — 8% — Eg/Fy,

where X is the homotopy fibre of the natural inclu-
sion of S? in Eg/Fy. To determine the group exten-
sion we use the following theorem which is proved by
Mimura and Toda [10].

Theorem 1.1 (Theorem 2.1 of [10]). Let
(X,p, B) be a fibration with the fibre F(= p~1(x))
and A the boundary homomorphism of the homo-
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topy exact sequence associated with the fibration.
Assume that a € m(B), B € m;(SY) and
v € m(S7) satisfy the conditions (A(a))B = 0 and
By = 0. For an arbitrary element § of Toda bracket
{A(®), 8,7} C mpy1(F), there exists an element
€ € miy1(X) such that

pse = aEB, i,0 =cE~,

where i : F' — X is an inclusion map.

The notations and the terminologies in [6], [7],
[9], [10], [11], [12], [14], [16] will be freely used in the
present paper, and we also omit for simplicity the
notation o indicating composition.

The results in the present pater shall be used to
deduce 7;(Fy) adn m;(Eg) in the forthcoming paper.

2. Homotopy groups of F;/G2. We con-
sider the 2-local fibration

15 L>F4/G2 P, 23

which is given by Davis and Mahowald [3]. Then we
have the homotopy exact sequence

- — 7Ti+1(523 :2) Qi+l 7ri(515 :2)

- mi(Fa/ Gz 2) L 7 (8% 1 2) ABi

associated with the above 2-local fibration. This ex-
act sequence induces an exact one:

(].) 0— CokerAHl g 7Ti(F4/G2 : 2) &) KGI'AZ' — 0.
Since H*(Fy/Ga; Zo) = N(w15, Sq®z15) ([1]), we have
the 2-local equivalence

Fi/Gp = S1 U P U e,

g15

Here we have the formulas
(2) A23(L23> = 015 and Ai(EOé) = 015

where t93 is the homotopy class of the identity map
of $?3 and « € m;_1(S?? : 2). By making use of the
formula (2), we calculate the kernel and the cokernel
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of the boundary homomorphism A; : m;(5% : 2) —
7;—1(S1® : 2). The results are stated in the following.

Lemma 2.1. We have the following table of
the kernel and the cokernel of ;.

) 23 24 25 26 27 28 29
KerA; 00 0 0 8 0 O 2
CokerA;41 | 2 (22 2 8 0 0 2

30 31 32 33 34 35
4 (22 (2)2 0 8 0
32+2 (22 (2 (8)2+2 8+(2)?% 8
36 37 38 39 40
0 2 16 + 2 2 (2)?
(22 8+ (2)° 16+8+(2)° (2)* (2)°
41 42 43 44 45
2 8+2 8 (22 (27
8+ (2)2 8 2 2 8+ (2)?

Here an integer n indicates a cyclic group Z,, of
order n, the symbol co an infinite eyelie group Z, the
symbol + the direct sum of groups and (n)* indicates
the direct sum of k-copies of Z,,.

Let us state our first main result.

Theorem 2.2. We have the following table of
the homotopy groups m;(Fy/G2 : 2) for i < 45.

1 1<14 15 16 17 18
7T1'(F4/G212) 0 o 2 2 8

19,20 21 22 23 24 25 26
0 2 0 oco+2 (22 2 64
27,28 29 30 31 32 33
0 (2)2 128+2 (2)* (2)¢ (8)2+2
34 35 36 37
64+(2)2 8 (2)2 8+4+(2)?
38 39 40 41 42
256 + 8+ (2)*  (2)° (2)° 8+4+2 64+2
43 44 45
8+2 (2)° 84 (2)4

Proof. From Lemma 2.1, it follows that the ho-
momorphisms i, : Coker A; 11 — m;(Fy/G2 : 2) are
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isomorphisms for ¢ < 22 and i = 24, 25, 27, 28, 33,
35, 36.

We remark that mo7(Fy/Gs : 2) = mag(Fy/Gs :
2) =0.

Consider the case i = 26. By Lemma 2.1 and
the exact sequence (1), we have an exact sequence

0 — Zg z—*> 7T26(F4/G2 : 2) AN Zs — 0,

where the first Zg is generated by (15 and the second
Zg is generated by ro3. For the Toda bracket, we
have

{o15,123,8125} 2 x(15

for some old integer x. By Theorem 1.1, these exists
an element [va3] € mag(Fy/G2 : 2) such that

Ds([23]) = va3 ix(2C15) = 8[vas).

Therefore we obtain mag(Fy/Ga : 2) = {[va3]} = Zea.
For ¢ = 30, 34, 37, 38, 41, 42, we obtain the
results of m;(F4/G2 : 2) by an argument similar to
the case ¢ = 26.
Consider the case i = 29. By Lemma 2.1 and
the exact sequence (1), we have an exact sequence

and

0 — Zp = mag(Fiy /G 1 2) 25 Zy — 0,

where the first Z, is generated by k15 and the second
Z, is generated by v2,. We consider [vo3]vag. We
have
2([1/23]V26) = [1/23]E23V, by (55) of [16]
€ [1/23]{7’]26, 2u07, 7727} by the definition
of v/ ([16])
C {[v23]n26, 2t27, M7 }-
Since 7T27(F4/G2 : 2) = 7T28(F4/Gg : 2) = O, we

have {[v23]n26, 2t27, 27} = {0, 2127, 127} = 0 mod 0.
Therefore we have

2([1/23}7/26) = O
Moreover we have

p«([v2s]vas) = (pvas])vos = l/223-
This implies that the above sequence splits.

Fori = 31, 32, 39, 40, 43, 44, 45, we obtain the
results of m;(F4/G2 : 2) by an argument similar to
the case 1 = 29. ]

3. Homotopy groups of IT = F,;/Spin(9).
We consider the fibration

ST L o1 2 0823
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which is given by Davis and Mahowald [3]. Then we
have the homotopy exact sequence

c— i1 (8% 1 2) s 7 (ST :2)
S (QIT: 2) P (823 2) AL

associated with the above fibration. This exact se-
quence induces an exact one:

(3) 0— CokerA;qq N i (QI : 2) 25 KerA; — 0.
By Davis-Mahowald [3] and Mimura [8], we have the
2-local equivalence

QH%S7 U e2ueru-..

o'014

Here we have the formulas
(4) A22 ad(ng) = 0/014 and Al ad(EQOé) = 0'/0'1404,

where ad : m3(5%3 1 2) — m(Q25?3 : 2) is the ad-
joint isomorphism and « € m;_5(S?! : 2). By mak-
ing use of the formula (4), we calculate the kernel
and the cokernel of the boundary homomorphism
A; (28?3 0 2) — m_1(S7 : 2). The results are
stated in the following.

Lemma 3.1. We have the following table of
the kernel and the cokernel of A;.

i 22 23 24 25
Ker A; 00 0 0 8
Coker Ai+1 8+ (2)2 (2)3 (2)4 8+2
26 27 28 29 30 31
0 0o 2 16 (2)? (2)?
8+2 8 (22 8+(2)% (8)*+(2)° (2)°
32 33 34 35
0 8 0 0
8+4+(2° 8+(2)°5 (8)2+2 (2
36 37
(2)? 32+2
8+ (2 (8)2+(2)°
Theorem 3.2. We have the following table of

the homotopy groups m;(II : 2) for i < 38.

i i<7 8 9 10 11 12,13
(I : 2) 0 co 2 2 8 0
14 15 16 17 18 19 20 21
2 8 (2 (2 8+2 8+2 0 2

[Vol. T7(A),

22 23 24 25 26
4 oco+8+(2)2 (22 (2)* 64+2

27 28 29 30 31
8+2 8 (22 1284+(2)% (8)2+(2)°

32 33 34 35 36
(28 8+4+(2)°% 64+(2)°¢ (8)2+2 (2

37 38

16+4+(2) 256+8+ (2)°

Proof. From Lemma 3.1, it follows that the ho-
momorphism i, : Coker A;1; — m;(QII : 2) are iso-
morphisms for ¢ < 21 and ¢ = 23, 24, 26, 27, 32, 34,
35.

Consider the case i = 25. By Lemma 3.1 and
the exact sequence (3), we have an exact sequence

O—>Zg€BZQi—*>7r25(QH:2)&>Z8—>0.

where Zg @ Z> is gencrated by (7018, n7jis and Zg is
generated by ad(re3). For the Toda bracket, we have

{0014, 101,824} 3 2Cr018
for some odd integer x. By Theorem 1.1, there exists

an element [va3] € mo5(2I : 2) such that

p*([llgg]) = ad(l/gg) and i*(x//<7018) = 8[1/23].

Therefore we have o5 (QI1 : 2) & Zgy © Zs.

For i = 29, 33, 36, 37, we obtain the results of
7;(QI : 2) by an argument similar to the case i = 25.

Consider the case i = 28. By Lemma 3.1 and
the exact sequence (3), we have an exact sequence

0—>Z2@Z2i—*>7T23(QH22)£>Z2—>0,

where Zy @ Z5 is generated by n7ks, 0'k14 and Zs is
generated by ad(12;). For the Toda bracket, we have
{0'10147 1/221, 2L27} =0.

By Theorem 1.1, there exists an element & €
ms(QII @ 2) such that p.(e) = ad(v3;) and 2¢ = 0.
Since [ve3)vas — & C Imi,, we have 2[va3lvas = 0.
Therefore we can choose [va3]ves as a generator.
Then we obtain the required result.

For 4 = 30, 31, we obtain the resuits of m; (I :
2) by an argument similar to the case i = 28. []

4. Homotopy groups of Eg/F,. Since

H*(Eg/Fy; Za) = N (g, Sq®z9), we have
Eg/F4 % S Uel”Ue.
o9
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Let X denote the homotopy fibre of the inclusion of
S% in Eg/Fy. Then we have

H*(X, ZQ) = /\($16,{L‘32, e, L1690y - - )

and
X%SlGUe&Ue‘BU--- :
Therefore for ¢ < 30, we have the homotopy exact
sequence
- — (810 . 2) T9%, (8% :2) —
mi(Eg/Fy:2) — m,l(Sw :2) Tos L,
We consider the short exact sequence
0 — Coker o9, — m;(Eg/Fy : 2) — Ker og, — 0.

For the case ¢ = 16, we have Ker o9, = Z. For
the other values of ¢ (i < 30), the homomorphisms
09x : (S0 1 2) — m;(S? : 2) are monomorphism.
Therefore we can calculate m;(Es/Fy : 2) easily.

Theorem 4.1. We have the following table of
the homotopy groups m;(Eg/Fy : 2) for i < 30.

i i<7 8 9 10 11 12
mi(EBe/Fy:2)| 0 0 oo 2 2 8

13 14 15 16 17 18 19
0 0 2 0 oo+(2)? (23 2

20 21 22 23 24 25 26 27

8+2 0 0 4 1642 2 (2 2
28 29 30
8+2 8 2

Remark. To calculate m;(Eg/Fy : 2) further,
we need to determine the homotopy type of X.
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