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Abstract:  Explicit form of Fourier expansion of automorphic forms plays an important role
in the theory. Here we investigate the case of SU(2,1) and give an explicit formula of generalized
Whittaker functions for the standard representations of the group. Together with a result of [2],
we obtain a form of fully developed Fourier expansion of automorphic forms belonging to arbitrary

standard representations.
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Introduction. In the theory of automorphic
forms, Fourier expansion of modular forms is a fun-
damental tool for investigation. In spite of this im-
portance, the theory of Fourier expansion of auto-
morphic forms seems still in very primitive state.

In this short note we give an explicit form of
fully developed Fourier expansion of modular forms
on SU(2,1). The peculiarity of the case of SU(2,1),
different from the case of SLy(R), is that the maxi-
mal unipotent subgroup NV is not abelian. It is iso-
morphic to the Heisenberg group and has infinite di-
mensional irreducible unitary representations. To-
gether with unitary characters they constitute the
unitary dual of N. The Fourier expansion of auto-
morphic forms on SU(2,1) is to consider irreducible
decomposition of the restriction 7|y of automorphic
representations 7. Therefore we have to handle those
terms which correspond to infinite dimensional rep-
resentations. As for the terms correspond to uni-
tary characters, Whittaker functions, a quite explicit
result is obtained by Koseki-Oda [2]. The remain-
ing problem for our purpose is to consider the gen-
eralized Whittaker functions. We investigate these
functions for standard representations and obtain
an explicit formula for their A-radial parts (Theo-
rem A). Simultaneously, we have the Archimedian
local multiplicity one result. Putting all together, we
lastly obtain an explicit form of the Fourier expan-
sion of automorphic forms not necessarily holomor-
phic (Theorem B). This gives the first published form
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of Fourier expansion of automorphic forms contain-
ing the terms corresponding to infinite dimensional
representations of N. The full paper is already pub-
lished in Journal of Mathematical Sciences The Uni-
versity of Tokyo 6. For details, see [9].

The difficult part of our investigation is the case
where 7 is of the large discrete series representation
of SU(2,1), which is most interesting because it is
classically unknown.

Notation. We fix notation used through this
note. Put I := diag(1l,1,—1). We realize SU(2,1)
as {g € SL(3,C)| 'glo,1g = I>1}. We denote the
group by G and its Lie algebra by g. And gc is the
complexification of g. Let G = NAK be the Iwasawa
decomposition of G. Then in our realization,

K = {diag(k1, ko) € G|
ki € U(Q), ko € U(].), kodet ki = ].}

P4l r—r1
2 2
A=<a, = 1 r € Rso
r—rt r4+ort
2 2

And the maximal unipotent subgroup N is isomor-
phic to the Heisenberg group H(R?) of dimension
3.

We denote the unitary dual of N by N and a
standard representation of G by w. In our case 7 is
either a discrete series or a principal series represen-
tation.

Let T be an arithmetic subgroup of G, contain-
ing an element
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1 1 1 1 1 equivalence class of p, in Nis completely determined
c! 1 C with C:= — V2 by its central character, S is the centralizer of Z(N)

1 \@1 -1

and ® be an automorphic form on G with respect to
I belonging to = with K-type (7, V,).

1. Naive Fourier expansion. Let Np :=
NNT. As Np\N is compact, the decomposition of
the right regular representation Regy of N is given
by

L*(NP\N) = & mg - S,

gEN
where (0,S,) is an Np-invariant unitary representa-
tion of N and m, is the multiplicity of the represen-
tation o in Reg,. This reads that a naive Fourier
expansion of a V;-valued automorphic form & along
N should be

Mo

O(ng) =Y > FIi(ng),
oceN =1

where ¢ runs through the Np-invariant unitary rep-

sT

resentations of N. Here F:(i) is an S[(,i) ®c Vr-valued

smooth function in g € G and S((,i) means the ¢-th
copy of Sy (i=1,...,mq).

Famous Stone-von Neumann theorem tells that
N is exhausted by unitary characters 1, , parame-
terized by (u,v) € R? and infinite dimensional ir-
reducible unitary representations p,, determined by
their nontrivial central characters 1s’s. When o is
a unitary character, its multiplicity my, , is one.
Hence

S SN ITED 3) S

Yu,v Pyg =1

The functions F["" are the Whittaker functions and
we study F;:pj’(l). ’

2. Generalized Whittaker functions.
Naive formulation of the problem is to investigate
intertwiners in Homn (7|n, py) which is isomorphic
to Homg (7, Ind$ py) by Frobenius reciprocity. But
this fails in general, because the intertwining space
in question is infinite dimensional. And so we intro-
duce a larger group R containing N to formulate the
problem rightly.

Let P be a minimal parabolic subgroup of G
with Levi decomposition: P = L x N, where L is
the reductive part of P (i.e. Levi subgroup). The
action of L on N by conjugation induces its action
on N. Let S be the stabilizer of py in L. Because the

and independent of p,. It is easily checked that S is
isomorphic to SO(2). Put R:= S x N.

We extend representation p,, of NV to R by using
the Weil representation wy, X py : Sp,(R)x H(R2) —
Aut(L?3(R)). The semidirect product R =S x N is
regarded as a subgroup of Spl( ) x H(R?). Let
R be the pullback S x N = SO( ) x H(R?) of
R by the covering pr x id : Spl( ) x H(R?) —
SLy(R) x H(R?). Then tensoring an odd character
Xy of SO(2) to (wy X py)|p, we have a representa-
tion X, ® (wy X py)|z of R. We denote this repre-
sentation by (n, L?(R)). A character X, of SO(2) is
called odd, if it does not factor through the covering
§6(2) — S0O(2). That is, the parameter is of the
form p=m+1/2 (m € Z).

Here is a diagram explaining the above construc-
tion

R < Sp,(R) x HR?) 2% Aut(L2(R))
prxid

R — SLy(R) x H(R?).

Definition. We call Hom(gcyK)(W,Indg n) =
I:, the space of the algebraic generalized Whit-
taker functionals. Here we identify the underlining
(gc, K)-module of m with 7 itself.

In order to investigate algebraic generalized
Whittaker functionals { € I.,, we specify a K-
type of m to (7,V;). Choose an injection ¢,
T* — 7|k, and pullback I by ¢,. We study func-
tions F' € Cp9 (R\G/K) := {¢ : G — S(R) ®c
Vi | @ is O, ip(rgk) = n(r)r(k)~".p(g)} represent-
ing «*1 € Homg (7%, nd% n|x) =: I7 . By defini-
tion, (Xl(v*)(g) = (v*, F(9))k, v* € Vo«. Here (, )k
means the canonical pairing of K-modules V.« and
V:, 7* the contragredient to 7. We call the above
function F' the algebraic generalized Whittaker func-
tion associated to m with K -type 7. This modification
corresponds to a fine expansion F), = ZX F,.

Let (p1,p2) be the highest weight of 7 then
we can realize V; as C-span of {v} Z o (dy =
p — pe) with to action 7,(Z2)vl = (u1 + p2)vy,
ru(Hin)ol = (2k — dy)ol', T (Highol = (k + oot
Tu(Xpp)v = (b + Dy, 7u(Xpp vy, = (b -

d, — 1)v},_,. Here H{, = diag(1,—1,0), Hi3 =
diag(1,0,-1), Z = 2H|3 — H{,. As for n we take
{hj | j =0,1,2,...} as its basis. Here h; is the j-
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th Hermite function. Note F is determined by the
A-radial part Flg € C*(A;S(R) @c V;) = {¢ :
A — S(R) ®c V; | C™-function} because of its
equivariance and the Iwasawa decomposition. Ex-
pand F|4 with respect to basis of S(R) and V;:
Flala) = 3272 ZZio cjk(a)(h;®vl). The compati-
bility of S-action and K-action implies the vanishing
of many coefficients c;y.

Lemma. The restriction of F in C*°(A;S(R)
®c V;) is zero unless (—A\1 +2X2)/3 € Z and (=1 +
2X2)3 > (1/2) 4+ p. When the condition above holds,
the A-radial part is written as

dx
F|A(a?”) = Z Ck(ar)(hjk ® Uli\)»
k=0

where ci’s are C*°-functions on A and the indez jy
is gwen by ji = —k + (2A\1 — A2)/3 = (1/2) — p.

Proof. Calculate F|a(mam™1), m € S = M,
a € A in two ways. First, since M = Zg(A),
mam~! = a, therefore F|a(mam=') = F|a(a).
Second, because M = S C R and Flag is a
function which comes from F' € Cp° (R\G/K),
Fla(mam™) = n(m)rax(m)F|a(a). Compare coef-
ficients of these two, we have the assertion. ]

3. The case of discrete series represen-
tations. Let t be the compact Cartan subalgebra
{diag(ﬁhl, /—1hs, \/—71h3) | hi € R, hy + ho +
hs = 0} and (;; be a linear form on tc defined by
ﬁij : diag(tl, tz, t3) —t; — tj. Then Harish-Chandra
parameterization claims that there is a bijection be-
tween the set = of all Y-regular ¥ T-dominant T-
integral weights and the set @d of all equivalence
classes of discrete series representations of G. Here ¥
and ¥} denote the root system associated to (gc, tc)
given by {8;; | i # j, 1 <,7 < 3} and the positive
compact root system fixed as {12} respectively. We
can identify = with {A = (A1,A2) € Z%2 | Ay >
As, AjAs # 0}, We fix XF compatible positive sys-
tems as X} = {B12, B13, B2}, Xf; = {Br2, Bs2, Bus},
E?H = {B12,032,051}. Then = decomposes into
three disjoint subsets ZF = {A € Z | A; > Ay > 0},
E={A€E | A >0>M}LE,={AeE|
0 > Ay > Ay} correspond to Ej. We call represen-
tations parameterized by Z} (resp. Z7;;) the holo-
morphic (resp. the anti-holomorphic) discrete series
representations. In the remaining case, representa-
tions whose Harish-Chandra parameters A’s belong
to EE are the large discrete series representations in
the sense of Vogan [7].
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The Blattner formula tells us the K-type decom-
position of the discrete series 7a as follows. mp|x =
@MEL}F(A) [TA : Tu|Tu, where the set L}' (A) of parame-
ters of the K-types of is given by {A\4+m1 313+maFa3}
when A € 3?7 {)\ 4+ mq 0613 + mgﬁgg} when A € E;FI,
{\+m1 831 + mafB32} when A € E}FH. Here mq, mo
run through Z>,. And X is the highest weight of the
minimal K-type of wp and called the Blattner pa-
rameter. About the multiplicity we remark that all
[mA : 7] is one.

Define V, : md%7r — Id%(r ® Ad,g) as
@ — St Rx,p ® X;, where {X; (i = 1,...,4)}
is an orthonormal basis of p with respect to the
Killing form and Rx means the right defferential by
X. Clebsch-Gordan’s theorem tells the following de-
composition 7, ® Ady, = ®gex, Tu—g- Denote the
projector onto 7,3 by p_g. Here is a variant of
a result of Yamashita which is fundamental for our
purpose.

Proposition 1 ([8]). Assume A is far from
walls, then the image of Hom g x) (T;,Indg n) in
Cro (R\G/K) is characterized by

(D): (p—ﬁ ) VT)\)'F =0 (VBe Z}_ N En)

Naturally our generalized Whittaker functions
satisfies the above system of defferential equations

(D).

Restricting to the A-radial part, we write down
the action of p_g - V, by the coefficient functions.
Denote the Euler operator r(d/dr) by 0.

Proposition 2. Ezpand 2(p_g - V;)F|a(a,)
as EZ:()B (@) (hy, ® vy~ 7) then the coefficient
functions are given as

c,:623 =(dyx—k+1)(0+Ek— Xy —2r%)cy
+k(1 4 28)reg_1/V2,

c,:ﬂ” =04k —2dy — Xy — 1 —2r%8)crq1
—(1+28)rer/V2,

c,:ﬁ” =(0—k+ Xy —2+2r%s)cy
—V2(1+ 25)(ji + Drexa,

P = k(0 =k + Ao+ 2dy + 1+ 2r%8)cpy
+(dy — k 4+ 1)V2(1 + 25) (ji + 1)reg.

We omitted the variable a, of ci’s.

Now let us define the generalized Whittaker
model for the representation m of G with K-type T
as Why(m) := {F € C;9.(R\G/K) | Fla(a,) is of
moderate growth when r — oo, I(v*) = (v*, F("))k,
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l € Iy, v €V} We call the elements in the space
above the generalized Whittaker functions associated
to the representation w with K-type 7.

Let A, (R\G) be a (gc, K)-submodule of Ind% 7
defined by {f € Ind%7 | ¢y is right K-finite and
¢f,nla(ay) is of moderate growth when r — oo, Vh €
(1, S(R))}, where ¢7(g) == (£(g), h).

Theorem A. The dimension of the space
Homye, iy (7ma, Ap(R\G)) of generalized Whittaker
functionals is at most one. Moreover

Ay (B\G)) =

if and only if €5 = (2M\1 — X2)/3 € Z, €5 + (1/2) +
w < 0. Under this condition, the minimal K-type
generalized Whittaker model Why>(mwa) has a base
F7x whose A-radial part is given as follows.

i-1) ma

dimc Hom(gc,K) (7TA,

. a large discrete series

F*(ar) Z rOTIW, gy 2(2]s)r? )(hjk ®Uﬁ),
where k = {—(A\ —k—1)s—(jr+1)(25+1)2/4}/2|s|,
s € R\{0}.

i-2) A = a holomorphic discrete series

Zr)\erk sr2 (hjk ®v,§),

FT* (ar)

where s < 0.
i-3) T

an antiholomorphic discrete series

dx

Z )\szefsr2 . (hjk ®'Ul/c\)7

k=

FT* (ar)

where s > 0.

Proof. 1In the large discrete series case A €
=11, the system (D) of defferential equations, which
characterizes the minimal K-type F, is equivalent
to ¢;”* = 0, ¢, = 0. Eliminating difference
term, we have a defferential equation of second order
{62 - (Qd)\ + 4)8 + Gk(r)}.ck(ar) = 0 with Gk(T‘) =
—48%rt —{4(Ma —k+dx—1)s+ (i +1)(1+25)?}r? —
(k—2dy — A2 — 2)(k — A2 + 2)., which turns into the
classical Whittaker defferential equation. Under the
growth condition of Wh7*, we can find unique so-
lution ¢ (a,) = (const.) X r™TEW, 5y /2(2]s|r?),
k=0,...,dx. In other cases A € Z;, =;77, we ob-
tain a first order defferential equation for c¢; whose
solution is essentially given by exponential function.

O
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4. The case of principal series represen-
tations. Let P = NAM be the Langlands decom-
position of P. For characters €” : a, — r*72 (v € C)
of A and Yy, : diag(e?,e=2? ¢i?) s eir? (), € Z)
of M, the induced representation 7y, , = Ind%(1y ®
e’ ® X»,) is called the principal series representa-
tion of G. By the Frobenius duality, the K-type de-
composition is given by mx, |k = B e Lt (o) T with
L1 (Mo) = {(=Xo, —Ao) + m1B13 + mafs2 | mi,me >
0 € Z}. The K-type Tp := T(_xy,—2,) Only has di-
mension one and called the corner K-type of mx, u.
In this case, thanks to the one dimensionality of 7y,
we can obtain the defferential equation satisfied by
the generalized Whittaker function only by calculat-
ing the Casimir operator.

Proposition 3. Let F be the generalized
Whittaker function corresponds to l € ITO - Then
the coefficient function ¢y of F|a satzsﬁes the def-
ferential equation {9% — 40 + G(r)}.co(a,) = 0 with
G(r) = —4s%r* + {—4Xgs — (2jo + 1)(1 + 4s?)}r? —
(1?2 —4).

Theorem A. The irreducible principal series
representation Ty, ,, has multiplicity one property i.e.

dimc Hom g, 1) (Trg,05 Ay (R\G)) = 1

if and only if (Ao/3) — u — (1/2) € Z>¢. Under this
condition, the corner K-type generalized Whittaker
model Why'(mx, ) has a base FJ° whose A-radial
part is given by

F(ar) = Weua(2slr®) - (R @ 10),

where k = {—Xos — (2jo + 1)(4s? + 1)/4}/2|s| and
the index jo is given by jo = (Ao/3) — u — (1/2).

5. The Fourier expansion. Now we can
give an explicit form of the Fourier expansion of an
automorphic form belonging to an arbitrary stan-

dard representation m with special K-type.

Theorem B. Let ® be as above.

i) When m is a discrete series representation my
take the minimal K-type Ty as 7.

i-1)  The case of large discrete series

P(na,) =
+ 0y (kz_:

(€,)eZ2

0 T2 v (n)vy,

D29 Ly (4nLr)

X Uarzne ()07
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/ 2|€| dx

D,k
+ Z(Z > Gl
(€Z i=1 k=0 puc(1/2)Z\Z
P (Al - 650 (n)vg),
where kK = {—(Aa—k+dy—1)270 — (ji +1)(4nl +
1)2/4} /4x|é| and L = /P + (0)2.

i-2)  The case of holomorphic discrete series

oo 2|

ZZ(Z >, Gl

—0=01i=1 k=0puc(1/2)Z\Z
¢, (4) A
0 (n)vk>

i-3)  The case of antiholomorphic discrete series

O (na,)

,,,Ag-l—keZTrZT

o0 20 dA

=32 X anb

0=0 i=1 k=0 pe(1/2)Z\Z

94 (n)vﬁ‘)

Ik

®(na,)

« pA2—k g —2mer?
In this case, the index p runs over half integers
which satisfy ji > 0.

ii) When 7 is a principal series representation

Tx,vs take the corner K-type 19 as 7.

®(na,) = Co‘i)o VT2 In(n)vo
+ Z Cy 1P W (4 Lr) - tame(n)vo
(e0")ez?
r 2]¢

+ZZ< Y Oy Wt rllr®)

0€Z i=1 pue(1/2)Z\Z
¢, (i
X OjO( )(n)vo),

where k = {—Xo27l—(2jo+1) (167202 +1)2 /4} /4x ().
In this case, the index p runs over half integers such
that 1 < (M\o/3) — (1/2).

Here the generalized theta functions Gé @ are
given by

J

= Z hy(
keZ
with dy = (i + 2|£|k:)/( 0) and e[X] = e*™V=IX | We
call C’[};, ’s, C' 1l ’E) s the Fourier coefficients of ®.
Proof. Almost all is clear from the result of
[2] and Theorem A. The remaining task for us is

o4 @ (exp(ng,Jr +yE,_ + zEl))

x4 dg) - e[(i + 2|0k)y + lxy + 2],

construction of the base {Hpjws (i)}jEN of the i-th copy
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ngp)s C L?*(Np\N) of S, corresponding to {h;} by
an N-intertwiner 7 : S(R) — L?*(Nr\N). For the
purpose, we only have to write down the Hermite
descending operator by elements of U(n) and trans-
late it by 7. Then we have the defferential equation
which is satisfied by the image 0')" @ = = T(hg) of
ho. Using quasi-periodicity of HPOW @) come from Nr-
invariantness, we can solve the defferential equation
and obtain the explicit form of 6/ @ By the as-
sumption on I', we have the multiplicity m, = 2|¢|.
Next, by using the raising operator recursively, we
obtain the form of 9‘;‘”5 ® T'(h;) as above. []

Remark. The case of holomorphic or antiholo-
morphic discrete series, our discussion of the Fourier
expansion of automorphic form accords with the
Fourier-Jacobi expansion obtained by Shintani [6],
Murase-Sugano [3].
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