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1. Introduction. The topological dynamics
on the product space of a finite set (SZ, τ) is called
one dimensional cellular automata (CA) if there ex-
ists a finite subset Λ ⊂ Z and a local map f : SΛ 7→ S

which satisfy (τx)i = f(xi+j ; j ∈ Λ) for all x ∈ SZ.
Since its transient dynamics show various phenom-
ena, the orbit structure is too much complicated to
treat using typical method of the dynamical systems
[2].

Let (X,σ) be the full shift over the symbol S.
The dynamical zeta function with potential function
V ∈ BV (X) is defined as follows [1]:

ζ(z, V ) = exp(
∑

k>0

zk

k
Zk(V )),

Zk(V ) =
∑

x∈Fix(X,σk)

e−SkV (x)

where SkV (x) = V (x)+V (σx)+ · · ·+V (σk−1x) and
Fix(X, σk) = {x ∈ X; σkx = x}.

Suppose that the potential function depends
only one site x0, i.e. V (x) = V (x0) for all x =
{xi}i∈Z, then the thermodynamical limit

P (Vn) = lim
k→∞

1
k

log Zk(Vn), Vn(x) = V (τnx)

exists for each n since Vn(x) depends at most np +1
site.

The problem is the behavior of P (Vn) as n →
∞ and the relation with the transient dynamics of
(X, τ).

In this paper we will show the structure of
ζ(z, Vn) formally by the structure matrix of the lo-
cal map f (n), where f (n) : Snp+1 7→ S is defined
naturally from f .

2. Results. At first, we define the #Snp ×
#Snp structure matrix Mn(a), a ∈ S with the index
set is {r1 · · · rnp; ri ∈ S}.

Definition 2.1. The structure matrix Mn(a)
is as follows:

(Mn(a))r1···rnp,s1···snp

=





1 if r2 · · · rnp = s1 · · · snp−1

and f (n)(r1 · · · rnpsnp) = a,

0 otherwise.

We can express Zk(Vn) using trace formula of
Mn(a) as follows:

Zk(Vn) =
∑

x∈Fix(X,σk)

e−SkV (τnx)

=
∑

x∈Fix(X,σk)
y∈Fix(τnX,σk)

τnx=y

e−SkV (y)d(y, k)

(d(x, k) = #{x ∈ Fix(X,σk);

τnx = y, y ∈ Fix(τnX, σk)})
=

∑

y∈Fix(τnX,σk)

e−SkV (y)

trace(Mn(y0) · · ·Mn(yk−1))

=
∑

y∈Fix(τnX,σk)

trace(e−V (y0)Mn(y0)

· · · e−V (yk−1)Mn(yk−1))

=
∑
y0∈S
···

yk−1∈S

trace(e−V (y0)Mn(y0)

· · · e−V (yk−1)Mn(yk−1))

= trace((
∑

a∈S

e−V (a)Mn(a))k).

Thus, the zeta function is written by the deter-
minant form.

ζ(z, Vn) = exp(
∑

k>0

1
k

trace(z
∑

a∈S

e−V (a)Mn(a))k)

= exp(trace(
∑

k>0

1
k

(z
∑

a∈S

e−V (a)Mn(a))k))

= exp(trace(− log(I − z
∑

a∈S

e−V (a)Mn(a))))

= det(I − z
∑

a∈S

e−V (a)Mn(a))−1

(|z| < e−P (Vn)).

As a result, we have the theorem.
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Theorem 2.2. For one dimensional CA, we
have the formula :

ζ(z, Vn) = det(I − z
∑

a∈S

e−V (a)Mn(a))−1.

3. Example. In this section, we assume that
S = {0, 1}, V (0) = 0 and V (1) = − log p for simplify.
We treat

Dn(z) = ζ(z, Vn)−1 = det(I − z
∑

a∈S

e−V (a)Mn(a))

which is the reciprocal of zeta function.
Each of the two examples shown below has only

one attractive fixed point 0∞ and Vn converges to
the constant function V (0) for almost every points.
These are the cases that the limit limn→∞Dn(z) ex-
ists.

Example 3.1. We take the local map f :
S3 → S

f(abc) =
{

1 if abc = 111,

0 otherwise.

Then we have

M1(0) =




1 1 0 0
0 0 1 1
1 1 0 0
0 0 1 0


, M1(1) =




0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1




and

Dn(z)

= 1− (1 + p)z − (1− p)z2(1 + z + · · ·+ z2n−1)

= 1− (1 + p)z − (1− p)z2 1− z2n

1− z

=
1− (2 + p)z + (1 + p)z2 − (1− p)z2(1− z2n)

1− z

=
1− (2 + p)z + 2pz2 + (1− p)z2(n+1)

1− z

=
(1− 2z)(1− pz) + (1− p)z2(n+1)

1− z
.

Thus P (Vn) = log 2−O(2−n).
Example 3.2. We take the local map f :

S3 → S,

f(abc) =
{

1 if abc = 111, 101, 110,

0 otherwise.

Then we get

M1(0) =




1 1 0 0
0 0 1 0
1 1 0 0
0 0 0 0


, M1(1) =




0 0 0 0
0 0 0 1
0 0 0 0
0 0 1 1




Dn+1(z) = Dn(z) + (p− 1)z3zn(z + 1)n

D0(z) = 1− (1 + p)z.

Therefore, we have

Dn(z)

= D0(z) +
n−1∑

k=0

(p− 1)z3zk(z + 1)k

= 1− (1 + p)z + (p− 1)
1− zn(z + 1)n

1− z(z + 1)

=
(1− 2z)(1− pz − pz2) + (1− p)z3(z2 + z)n

1− z − z2
.

Thus P (Vn) = log 2−O((3/4)n).
Remark 3.3. In the Example 3.2, the term 1−

pz−pz2 shows that the unstable τ and shift invariant
set Y = {y ∈ SZ; yiyi+1 6= 00} exists and (Y, τ) '
(Y, σ).
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