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Abstract :

We consider an ellipic curve E over the finite field F, for a prime p # 2,3.

We get the complete description of the pk-th division polynomials for any positive integer k
when E is supersingular. Also, we get a property of the division polynomials when E is

ordinary.
Key words :

Let p be a prime number # 2, 3 and ¢ = p"
for some positive integer k. Consider an elliptic
curve E over the finite field F, given by a
Weierstrass equation:

y =x2'+Axr+ B; A BEF,.
For any M = (z, y) € E(F,) and an integer m,
the point mM is given by
_ <¢m @) w,M) )

o D? ¢, (MD°

where ¢,, (M) and ¢, (M)* are relatively prime
polynomials in F,[x] [3]. Moreover, we have the
formula [1]: ,

Gn (M) = ¢, (M)" </),,( M)
(1) Gun(MD = ¢, (MD™" §, (mMD)

DD = ¢, (D™ w,(mM)
for any positive integers m, 7.

We say that E is supersingular over F, if E
has no nontrivial p-torsion point in the algebraic
closure F, of F, In this case, ¢,(M) is a
non-zero constant because ¢,(M) has no solution
in I_",,. Otherwise, we say that E is ordinary over
F,. From now on, every polynomial is considered
as an element of F,[x].

Lemma 1. Suppose that E is supersingular
over Fy. Let M = (x, y) € E(F) Then

w,(M) =y’

Proof. From Eq. (1) and the definition of

w, (M), it follows that

0o (M) = G, (MD* 4, (21D,

Doy (M) = 2¢,(M) w,(M).
Note that ¢,(M) = ¢,(2M) because ¢,(M) is a
constant. Since ¢,(M) = 2y, we get
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1 2 2
W, (M) = 5 ,(M* = ¢". O
Theorem 1. Suppose that E is supersingular
over Fy. Let M = (z, y) € E(F,). Then
G, = — 1, w, ) = ¢, $,(M) = z*".

Proof. Since E is supersingular over F,,
|E(F) |=p+1, ie. My, € E(F,) implies pM,

= — M, Let M, = (z,, ¥,) be a nontrivial ele-
ment of E(F,). Then
¢y (M) w,(My)\ _
(2) ) =— M, = (x,, — 9.
<¢p<Mo>2 ¢»<M>3> ° !
Since w,(M) =y’ , we see (/),,(MO) - 1 But
¢,(M) is a constant, so that ¢,(M)° =
Since mM = (j:((ﬂﬁgz, ;)m((AA;))E’) is a point
of E, we get
3 2
<¢,,(M)2> A $, (M) B= <w,,(M)3>
¢, (M) ¢, (D* ¢, (M)

or

$,(M)° — Ap, (M $,(MD) + B — 4" = 0.
Using y2 = 2% + Ax + B, it can be factored as
follows: ,
(3) (¢,(M) — ¢,(M)’z") (,(M)*
+ ¢, Dz, (M) — ¢, (M — Ag,(MD) = 0.

If A+ 0, the second factor of Eq. (3) is

irreducible in F,, [x] since its discriminant equals
to ¢, (M) (3x®" + 4A), which is not a square in
F,[z]. 1f A = 0, Eq. (3) is factored as follows:

(6, (M) — ¢, (WD) (¢, (M) — az®)-
(¢, — pz*) =0,
if we let a, B be two roots of the equation £+
¢,(1W) t — ¢,(M) = 0. In both the cases, @,(M)
= 2" because the leading coefficient of ¢,(M)



No. 10]

is 1. Hence we see ¢,,(M0)2 =1 from Eq. (2),
which implies ¢,(M) = — 1 since ¢,(M)° =
- 1
Corollary. Suppose that @ is supersingular
over Fy. Let M = (x, y) € E(F,). Then
9, (M) = (— D, 0, = y*, (M) = 2.
Proof. Consider the following equalities: For
any positive. integer a,
Gyos (M) = ¢,a(M>::¢, ) .
= (D" (— 1) = — ¢pa(M)
Cl)i,an(M) = (pl,a(M):pzwp(apa]mz \
= QD yp"MI” = w,a (D’
_ 2p? a
¢pa+1(1W) _ zpazgzpzqsf‘;e]xz é (Mpz
= QPpe x = 58 .
Using these and induction on a, we get the corol-
lary. O
Lemma 2. Suppose that q|n. Let M = (x,
y) € E(F,). Then ¢,(M), ¢,(M) and y'w,(M)
are polynomials of z’.
Proof. Consider the k-th power Frobenius-
map
¢ E—E; (x,y — (&', y".
Since deg ¢, = g, the multiplication:by-q map
[q]l : E— E factors through [g]l = ¢ , ° ¢,. so

that [#] = [n/q]l * @, ° ¢,. Hence %

and
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w"(]ms are rational functions of x* and y*. Since
¢:(.M) and ¢,(M)? are relatively prime polyno-
mials of z, ¢,(M), ¢,(M)* and so ¢,(M) are
polynomials of x°. Since y’w, (M) is a polynomial
of x, it is also a polynomial of x*. O

Theorem 2. Suppose that E is ordinary over
F, Let M= (z,y) € E(F,). Then ¢,(M) =
g@? for some seperable polynomial g(x) €

F,[x] of degree g 5

Proof. By Lemma 2, we know ¢,(M) =
g(x)? for some polynomial g(z) € F,[x]. Since

-1

Elgl = Z/qZ, ¢, (M) has at least qT
2
-1
distinct roots. Since deg¢,(M) < q 5 ,
-1 -1
q_(q_z__l < gdegglr) < q 5 Therefore
-1
deg g(x) = 12— We are done. U
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