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Introduction. When an elliptic curve E
over @ is given by a Weierstrass model like
Y= X>+ aX?®+ bX + ¢, it is difficult to pro-
duce points of E(Q) with certainty except some
torsion points. To make such a plan work well,
we might restrict ourselves to certain family of
elliptic curves where the coefficients a, b, ¢ are
determined by a rule. Suggestéd by the antique
congruent number problem for right triangles
([7], see also [1]), we obtained, using arbitrary
triangles, a family of infinitely many elliptic
curves each of which is provided with a ‘canonic-
al’ nontorsion point P, = (x,, ¥,) (4], see also
[2]).

In this paper, we shall pursue the same
theme in a mere general setting whereby replac-
ing triangles by quadratic forms. As is stated in
the main theorem (1. 7), the canonical point P,
might possibly belong to a quadratic extension of
Q, and so we needed to call up the Hopf maps to
handle the matter.”

§1. The set W. Let k be a field of charac-
teristic ¥ 2, V a vector space of finite dimension
over k, ¢ a nondegenerate quadratic form on V
and B a symmetric bilinear form corresponding
to q. Hence we have the relations

(1.1) B(u, v) = % (qtu + v) — q(u) — q(v)),

q(w) = B(u, w), u, v € V.
To each pair w = (u, v) € V X V, we set

(1.2) P, =B, ), Q = (B, v)

_ 1B, w B(u, v)
—aq@) =~ g B(w, uw) B(,v !

Note that
(1.3) P:—4Q,= quwqW).

1) We hope there is a better way to evade quadra-
tic extensions than employing Hopf maps. By the way,
the relationship between Hopf maps and elliptic curves
in this paper is logically irrelevant to the one described
in [5]. X

2) For an element a 61 k we denote by a2 any one
of square roots of a. Here q¢2(# — v) means (q(u — v))2.

Consider a plane cubic given by

(1.4) E,:;y'=2+Pax>+ Q,x.

The discriminant of (1.4) is A = 16Q2(P2 —
4Q,). Hence,

E, is elliptic 4 # 0

& (B*(u, v) — ¢(w)q(®)q(w)q(®)) # 0.

In view of the last equality in (1.2), we have
(1.5) E, is elliptic & U, V are independent
and nonisotropic.

Let us introduce the set
(1.6) W= {w= (u,v) € VXV, E,is elliptic}.
(1.7) Theorem. For w = (u, v) € W, put
Z,=qu—v)/4,y,= ¢ — v) (q(w) — q(w))/82?
Then P, = (x,, y,) belongs to E,(k(g"*(u — v))).

Proof. Straightforward calculation using
(1.1), (1.2), (1.3).

(1.8) Remark. If we want the point P, in E(k),
we need w = (u, v) € W such that ¢(u — v) is
a square. This calls upon us to use a Hopf map.

§2. Hopf map h. Notation being the same
as in §1, we assume further that V has a vector ¢
such that g(¢) = 1. We shall fix this vector once
for all and put U = (ke)*, the orthogonal com-
plement of the line ke. For a vector v = ae + u,
a €k, u € U, we have
(2.1) q@) = a’ + qy(w)
where g, denotes the restriction of ¢ on U. Next,
let Z= XD Y be an orthogonal direct sum de-
composition of a nondegenerate quadratic space
(Z, q;) over k, and let gy, gy be the restrictions
of g, on X, Y, respectively. We assume that
there is a bilinear map 8 : X X Y— U such that
(2.2) gvB(z, ¥) = ¢x(@) g, ).

In this situation, we define the Hopf map A :Z—

V by

(2.3) h(2) = (gx(@) — gy (W) e + 2B(x, y),
z=xty€EZ.

One verifies easily, using (2.1), (2.2), (2.3), that

(2.4) g(h(2) = q;(2).

The map % sends a sphere in Z to a sphere in V.

Now we introduce a useful set:

25 Z*=L=(@,Y)e€EZ=XDY;
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X, Y, € + h(2) are all nonisotropic}.

Then, for any z € Z*, h(z) does not belong to
the line ke ; in fact, if it did, we would have a re-
lation A(z) = ae, a € k, and hence, by (2.2),
(2.3),  a&x@ay) = gy (Blz, »)) = ¢,(0) =0,
contradicting our assumption that x, y are both
nonisotropic. Therefore, if we put v = ¢ + h(2)
for z € Z*, then w = (¢, v) € V X V becomes a
pair such that &, v are independent and nonisot-
ropic, ie., E, is elliptic by (1.5) and so w € W
by (1.6). Since gle — v) = ¢(h(2)) = ¢2(2), a
square, we obtain (2.6) below which is a refine-
ment of (1.7)

(2.6) Theorem. Let k be a field of characteristic
2, (V,q, (X, q), (Y, qy) be nondegenerate
quadratic spaces over k, € a vector in V such that
qe) =1,(Z,q,) = X,q) D (Y, qy) and h: Z
— V a Hopf map defined by (2.3). Then, for z= (x,
y) € Z" in (2.5), the pair w= (¢, v), v = ¢ +
h(2), defines an elliptic curve E, over k: Y* = X°
+ P, X*+ Q,X, with P, =1+ g,(x) — ¢q,(),
Qo = — ¢x@qyW).® Furthermore, the point P,
= (&, Y,) belongs to E,(k), where

x, = q5(2)/4,

Yo = 4,(2) (¢5(2) + 2(gy @ — q,W)))/8.
(2.7) Remark. In the proof of (2.6), the follow-
ing list of values of inner product B in (1.1),
(1.2) is useful: B(g,e) =1, Ble,v) =1+
4x@ — gy, Blv, v) = (1 + gx(@) — ¢, ®)?
+ 49, (@ g, =1 + 2(gx(@) — ¢;@®) + (gx(@
+ g,

§3. Classical Hopf maps over Q. We shall
consider a special case of the situation described
in (2.6). Namely, let k=Q, V= Q3, e=(@1,0,0),
X=Y=U=@Q*?", dx = 4y = qy = f,, _ with
@) =xi+nxineZ,n+0,q0) =2+ v}
+ nv}, Bz, y) = (x,y, + nxy,, Ty, — T,y,) and
hx, y) = @+ nx’ — y> — nyl, 2(xy, + nxy,),
2(x,y, — 1y)).

Since Z* in (2.5) depends only on #, we may set

AR Z,. Then, for z = (z, y) € Q°, we have

31 z€Z,of@fQA+2¢@ — f,)
+ (,(@ + £,)D * 0.

Notice that

(3.2) if f, is positive (ie., if #> 0) then z= (x, )

3) I beg of readers to be generous with a crash of
notation X, Y, occurring in (2.6).

4) Here U = Q2 means the orthogonal complement
of ¢ = (1,0, 0) in V= @ with respect to the quadratic
form ¢(v) = vl + v} + nol.
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e€Z,ox*0andy+0.
Since w = & + h(2) is determined by z = (x, y)
€ Z, we may write P,, @,, E, instead of P,,
Q,, E,, respectively. Thus, with a binary form
(3.3) f,(©) =gy =2+ nxl,neZ,n+0,
we can associate an elliptic curve:
(34) E:Y’=X'+PX'+ QX,
P,=1+f,@ — f,(y, Q= — f,(2) f,(y)
and a point Py = (x,, y,) on it:
(%)%=mm+mw%, )
' ¥ = (f,(® + f,() (f,(® + f,(y)
+ 2(f,(x) — £,(»)))/8.

From now on, we shall restrict ourselves to the
case where z is integral: z = (x,y) € Z* There-
fore f,(x), f,(y) are integers, and so are P,, Q,,
z€ Z, N Z* Now, for any a € Z, put
(3.6) Z,(@ ={z€2,nZ,

P,=1+fw@ —f,() =a}.
From (3.1), (3.4), (3.5), we have
(3.7) Z,(a) ={z=(z,y € Z*;
iy =f,(x+1—a, f,(@(f,@ +1—a X

Afi@) +4£,@ QA — a) + 4a°) # 0}.

38 P,=a, Q,=—f@(fx +1—a),
Z, = (f,,(x) + 1 _2— a)
(3.9) Yo = (f,,(l‘) + 1 ; a) X

2

(Ff@ + @ a - a + 57 0).

Therefore by the Nagell-Lutz theorem ([6], p. 56),

we obtain

(3.10) Theorem. Let f,(x) =z} + nx), n € Z,

n# 0. When a is even, forz = (x, y) € Z,(a) in

(3.7), the rank of the elliptic curve:
E,Y'=X+aX’— @ f,WX

is positive and P, = (z,, ¥,) n (3.9) is a nontor-

sion point on E,(Q).

§4. Comments and examples. The real
heart of our problem is of course the determina-
tion of the set Z,(a). We will reserve it for
another occasion. Here, we will consider some
illustrative examples.

(4.1) Let us seek elliptic curves of the form
Y?=X>— AX with A € Z, A+ 0. Therefore
putting @ = 0 in (3.10), we find from (3.7),

Z,0 ={z=(,p €Zf, =1, +1,

(D) f,(y) # 0}.

If we choose z = (0,1), y = (1,1), then f,(x) =
n, f,(y) =n+ 1. Hence, for n# 0, — 1, we
have z = (z, y) € Z,(0), and (3.10) implies that
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all elliptic curves E,: Y =X’ —n(n + DX, n
# 0, — 1, have positive rank. For each #, a non-
torsion point Py, = (x,, y,) is given by

2
Xy = (n+%> , Yo = (n+%><n2+n—%>.

(4.2) As readers notice, we miss the elliptic
curve Y2 = X® — 36X in the family of elliptic
curves in (4.1). However, this curve is a lucky
one because g(# — v) in (1.7) is a square and so
we do not need a help of the Hopf map. In fact,
for V= Q" qw) = u’ + u’ put u= (3,0), v =
(0,4). Then g(w) = 9, ¢(v) = 16 and since B(u, v)
=0, glu — v) = qu) + q(v) =25 = 5% a square.
Therefore, by (1.7), P, = (x,, ¥,) belongs to the
curve E,, w= (u,v),:y’=X°’— 1/4) qw)gn) X
= X’ — 36X with x,=25/4 €Z. Thus, by
Nagell-Lutz, the rank of E,, is > 0.
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