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Commutation Relations of Differential Operators
and Whittaker Functions on Sp,(R)*

By Shinji NIWA

Nagoya City College of Child Education
(Communicated by Shokichi IYANAGA, M. J. A., Oct. 12, 1995)

8§1. As usual we consider an element in the
center of the universal enveloping algebra of Lie
algebra of a Lie group G as a differential oper-
ator on G. Generators of the center of the univer-
sal enveloping algebra of 8p(2, R) are given in
[6].

Put
10 0 0 1 0 0 0
(01 0 o0 0o -1 0 o0
Hl“oo—lo’H2’00—10’
00 0 —1 0 0 0 1
01 0 O 0000
oo o0 o (o001
X1_0000’X2‘0000’
00 —10 0000
0001 0010
o010 (o000
XB_oooo’X4_0000’
0000 0000
X,='X, A <i<9).

Then the generators of the center of the univer-
sal enveloping algebra of 8p(2, R) in [6] are
AW, = HH, + HH,+ 6H, + 2H,
+4X_ X, +8X_ X, +4X X, +8X_,X,,
AL =16X_X_ XX, +16X_, X X, X,
—32X_X_,X,X,+16X_,X_, XX,
+16X_,X_, X, X, +8X_,H H,X,
+8X_,(H,— H) X, X, — 16X_ X, X, X,
+16X_,X_,X, X, +16X_,X_,X, X,
+8X_,X ,(H, —H,)X,+4X_,H,H,X,
+8X_,(H, + H)X, X, +16X_,X_,X,X,
—16X_,X_ X X, +8X ., X (H, + H)X,
+16X_,X_ X, X, — 8X_,H H,X,
+4X_H,H X, + HHHH,—16X_H X,
+ 32X_,H,X, + 32X_, X, X, + 32X_,X_,X,
—8X_,H X, +16X_,X, X, + 16X_,X_, X,
—16X_,(H, + H) X, + 24X_ H X,

*) Dedicated to Professor Hideo Shimizu on his

sixtieth birthday.

+ 2H,H,H, + 6H H,H, — 48X _,X,

—24X_, X, —48X_,X, +24X_ X, — 2H,H,

+ 12H,H, + 6H,H, — 12H, + 12H,.
We can find the generators of the centers of the
universal enveloping algebras of the Lie algebras
of classical groups by [6], [3]. The generators of
the symmetric algebra S(g) of g = 81(4, R) are
for for fo in [3, 8§13, no. 4, (VI), p. 189]. The
polynomial functions f,, f,, f¢ on g are the coeffi-
cients of the characteristic polynomial of the
identity representation of g. Identifying the dual
of g with g and applying a symmetrizer A such
that
AXX,... X,) = an@ XoXow . - Xow (X; €9

on the universal enveloping algebra U(g) of g to

fo» fur fo, We get the generators B, = A(f), B; =
A(f), B, = A(f) of the center of U(g).

§2. We define the Weil representation 7, of
Sp,(R) on SV, x V), V=V,=M,,(R) by
putting

AGES f(‘;é) = exp(2ritr (X'X,X,) f(f(:)

(207 (5) = s (34),
rn<_OE g>f<§;> =j‘:"j;”exp(27ritr

(R, + 1X0) f( I’;l) dv,dy,
2
for fedWV,xV,), X=X M,,(R), Ac

M,,(R), E = ((1) (1)) X, eV, X, eV,

Put G, = SL(2, R), G, = SL(4, R). Then we
can define representations p,, 0, of G, X G,, G,
on SV, x V), 8(V, X V,) in the following
manner. First we define linear mappings o0,, 0;
by

0,0 = (

and

Z _dc> for X="(a b c & € M,,[R)
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0O a b c
—a 0 f —e

0, (X) = b —f 0 d
—c e —d 0
a
b
for X = 2 € M,,(R).
e
f

Then (g, ) € G, X G, acts on V, X V, by

for

g a
X b b
()20 Jemam - v,

dd
and g € G, acts on V; X V; by

a
b
('Xl >g — o -1 t o c
)('2 3 g 3 d g ’
e
f
a/
b/
-1 ¢ ¢’
03 g 03 d/ g
e/
for
aa
b b
X\ _| ¢cc _
<X2> d d, S MG.Z(R) - V3 X Vs.
e e
fr
Put

0,(@) FX) = F(X*)
for f€ SV, X V,), g € G, X Gy, and put

S. Niwa [Vol. 71(A),

0, F(0 = f(X®)
for f€ S(V, X V), g € G;. Then the repre-
sentations 7,, 7, 0,, 03 induce the representa-
tions (differential representations) of the centers
of the universal enveloping algebras of 3p(2, R),
3p(2, R), 81(2, R) ©31(2, R), 38((4, R) which we
denote by the same letters 7,, 7;, 0,, 05 Let 7 be

(5 0)(Y o)+ (1 0)(5 0))
(o Z1)(o 21

Then by using a computer machine for instance
we can check
Theorem 1.

1
03(582) = - 1_2—_8-73(1 (Ll)), ps(.Ba) =0,

3 1
03(,34) = - m 73(/1(142)) + —2—64_873(/1(141)),

7,(A(L)) = p,(7, 0) + p,(0, N — 38,
7,(A(L,)) = p,(7, 0)0,(0, 7) — 2p,(7, 0)
— 20,(0, 7) + 16.

83. By using Theorem 1 we can construct
standard Whittaker functions on Sp,(R). First
we consider same theta functions @(g, z;, 2,) as
in [8] attached to the Weil representation 7, and
define a lift

F@ =F,, () = fr y f L0 2 2

01(2) 9,(2,) dy2,dy2,
where ¢,, ¢, are Mass wave forms on the upper
half plane H. We consider the case where the
level is one and I' = SL,(Z). Define a character
7, by

1z, 0 O 10 x x
T 01 0 O 01 x, x
ffoo0o 1 o 001 0
00 —x1 0001

= exp(2ri(z, + x;))
of the unipotent radical N of a Borel subgroup of
Sp,(R). Considering

f F(ng) ¥,(n)dn,
NNSp(D\N
we get a following Whittaker function
1z, 0 O 1 0 z/y x,/y,
W 01 0 00 y x/y, x3/9,
Wil 0 0 1 0 0 0 1/yy O
00 —x 1 00 0 1/y,

= exp@ritz, +2)) [ [
vy 'v; iy, K, 2rv) K, (27,)
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exp(— my; /v,0, — 0,0, /Yy, — TV, /v,
— mvyE /vy dv,dv,

for k € SO(4) N Sp,(R) with the modified Bes-
sel function K,. (See [5].) The latter part of
Theorem 1 or a direct computation implies

Theorem 2. Forv,, v, €EV— 1R
A(L) Wy, = 4(A, + A, — 2) |
A(L,) W, = 8QAA, — A, — A, T 2)W,
with 4, = v,> — 1/4, 2, = v, — 1 /4.

When we put y, = uu,, Yy, = #,, we can
easily see that W,,l,,,2 is rapidly decreasing as #u,
or #, tends to infinity. The uniqueness of the
function having these properties is well known
and so we have got an explicit formula of the
class one Whittaker function. By Theorem 2 and

2 2
T exp(— Y _EE W\ (2w dy
./(; exp( 2 2y )K"< Y ) ]
= 2K, (2K, (w),
we can easily show

Theorem 3. For v, v,, vEVY—1 R aund
sufficiently large Re (s)

vy, O 0 0

e 0 vy, O 0
j; fo Wor, gz 1/vy, O

0
0 0 0 1/,
Vi K, 2ry) vy "y, “dy,dy,

1Yz

— —Sn_sr(s)—l

—as + y, + -y, +

() p(s =0ty
P ()

7[_231,(3+x:)22+v>r(s—u22+u>
S (=Y

We note that the right hand side of the above
equality equals the I'-factor of the product
L-function associated with a Siegel wave form
belonging to the same eigenvalues as in Theorem
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2 and a Maass wave form belonging to the eigen-
value 40> — 1 of the Casimir operator 7 defined
before Theorem 1.
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