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70. Examples of Elliptic Curves over Q with Rank = 17

By Koh-ichi NAGAO™

(Communicated by Shokichi [IYANAGA, M. ]. A., Nov. 12, 1992)

Abstract: We construct some elliptic curves over @ with rank = 17.

Recently, Mestre [1,2,3] constructed large rank elliptic curves. We
summarize his results in the following three propositions.

Proposition 1 ([1]). Let € be the curve over rational function field Q (T) of
the form
Y? = (4297° + 55260)X* — (5434T* + 1239000) X*

+ (— 34327T* — 2451 7% + 1222156)X* + (21736 T* — 3637984 T"

+ 134780352) X
+ 6864T° — 1074992T* + 53200096 T* — 758849264.
Then Q(T)-vank of € is = 11.

Proposition 2 ([2]). Let € be the curve over Q(T") (Q(T’) also means
rational function field) which is obtained by specializing & to T = (3T —
478T’ + 1287)/(T"* — 429). Then Q(T")-rank of & is = 12.

Proposition 3 ([3]). Let C be the curve defined over @ which is obtained by
specializing € to T” = 77. Then Q-rank of C is = 15.

Let N be a fixed positive integer. For an elliptic curve E defined over @,
we define ([4])

S=SW)=2@+aplogp/p+1—a,)

S"=S(N)=2%2Z —a,logp

where @, = p+ 1 — # E(F,) and p moves over prime numbers satisfying p
< N. We experimentally know that elliptic curves whose S and S’ are suf-
ficiently large have large ranks ([4]).

For a rational number £, let E, be an elliptic curve defined over @ which
is obtained by specializing & to T = {. We consider the family of elliptic
curves {E,, } where (f, t;) moves over coprime integers satisfying 1 <
t, <1000 and 1 £ ¢, < 100. By selgcting the curves in this family satis-
fying S, > 39, Sipe > 54, and, S, > 17000, we obtain four curves
Eoqe1/500 Eseerssr Esazraer and, Eggr .

Theorem. (1) @-rank of Egyy)py is = 17.

(2) Q-rank of Egge 55 is = 17.

Proof of (1). Esg;/71 is @-isomorphic to the following minimal Weiestrass

curve of the form y* + a,xy + ay = x° + a,x” + a,x + a; where

a, =1
a, =0
a; =0

a, = — 1895782483362476188247825431
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a; = 42810746555185028468846212199762991367145
and the following p; (1 < ¢ < 17) are independent points of this curve.
P, = [9529946590244278 /81, 877339317930179132982349 /729]
b, = [20121870453749702 /169, 2695230693436703340441017 /2197]
b, = [832895565844694, — 24005332929074426761579]

p, = [170323128927446, — 2158931233727022802795]

bs = [2705247588331766 /49, — 111897080628880491318877 /343]

ps = [42800399533958, — 200188548806606122939]

b, = [911893195333944758 /22801,
— 605810297183101189471167469 /3442951]

ps = [826902562282742 /49, — 42873975604122721153117 /343]

b, = [1381131197535594758 /32041,
1163925394071743348949284359 /57353391

b = [232185357760483651238 /4923961,
2637393845318100394599410665999 /10926269459]

pu = [75026691547561127 /1444,
15957698316628635168731107 /54872]

b1, = [565048888392278, 324451948662567802901]

b1; = [566063905437398, 335773236821174910101]

P = [222469439971613318 /3721,
85887675571396806667576841 /226981]

b1s = [892018268333445638 /961,
841577165574425466532140971 /29791]

p1s = [1087869867462051014 /29929,
— 766682063863902139838061287 /51777171

b1, = [1403950398237398, 52580177817811779812501]

There is calculation system PARI which is useful for number theory
calculation and which runs on ordinary work stations. By using PARI, we
have that the conductor of this curve is
2% 3% 5% 11 % 13%% 31 % 71 % 32059793 *

69880275538796967770686936178147450273527
and that the determinant of matrix ({p;, p;> 1<;;<17), where {,> means
canonical height pairing, is 14813374499818820.0325557329... . Since,
above determinant is non zero, we have that p,(1 < ¢ < 17) are independent
points of this curve.
(2) Similarly, Egg,q5 is Q-isomorphic to the minimal Weiestrass curve y° +
axy + azy = x° + a,x’ + a,x + a, where

a, =0
a,=1
a, =0

a, = — 18478018087690013395692891145
as = 966788754934919721471057668405679651084743

and the following p,, p,,...,p;; are independent points of this curve.
b, = [987132393978079331954 /12581209,

44155864801840452651790531875 /44625548323]
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b, = [6360438106451911 /81, 832408927123396980500 /729]
ps = [13270945713669554 /169, 2555271033060881176965 /2197]
b, = [857729078027047559 /10609,
39912099554742671720961420 /1092727]
ps = [79430124839906, 14615920705150940175]
s = [4607314783851323, — 312597047325749802318252]
b, = [2573692194283109 /4, — 127862522511653550016935 /8]
bps = [17056161852252119 /49, — 2078193005890922295589500 /343]
b, = [4301027702330981171 /52441,
— 656366039306811393976716300/12008989]
D10 = [81650469905306, — 48961061265151525875]
b1 = [14515046737185390509 /187489,

1323774083443035484317172500 /811827371
b1, = [951024572107238604431 /12243001,
528074563286919141440933947500 /42838260499]
b1 = [63250318746985598981 /811801,
6402633724575591190797301500 /7314327011
b1, = [383087327491229 /4, — 2199020909677353716955 /8]
ps = [1738525538929581791 /22201,
9310903033909158740238180 /3307949]
s = [443811832334711, — 8954505736358951228460]
b1, = [4025605174011254909 /27889,
— 5324653812843602019420280500 /4657463]

We have that the determinant of matrix associated to height pairing is
4806705005919007.180831854947... and that the conductor of this curve
is2"%3%5%7%11%13%17% 19 % 831851 * 2768847967255212871560
64626403852388034812821.

Remark. We see in the same way that the @-rank of Eq,,, .9, Eggr/59 are
> 16, 14 respectively.
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