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1. Introduction. The purpose of the present article is to give a
refinement on our previous results (e.g. Theorems 6 and 7 in pp. 141-142
of [4] and a special case of Theorem in p. 100 of [1]) on the exponential
sums over the zeros of some zeta functions. Some of the consequences
resulting from this will also be mentioned.

Let L(s, q) be a Dirichlet L-function with a primitive Dirichlet char-
acter q mod k_ 1. When k= 1, we suppose that L(s, )=(s)=the Riemann
zeta function. Let 7(?) run over the imaginary parts of the zeros of
L(s, ). We shall prove the following theorem under the Generalized
Riemann Hypothesis (G.R.H.) for L(s, ).

Theorem. (Under G.R.H.) Suppose that O (( T, I (( Y T and b
be any positive number. Then we have

ebr(,)og(O(,)/e) _e(/) J A(n)(n)
-/2bY7() <T b (Yb/2a) n(Tb/2) 1/2

logkT1 +1)logkT)+O(loglogkT )

where A(n) is the von-Mangoldt function,

C(b, o, Y, T) J /-0- lo-f
if b>l

if b=l

+ (1-- .(Y))/-- if

ri.(Y)= 1 if CY, and =0 if cr_CY with some positive constant C and
B(b, k, , T)

(()b/2TlogkT ()b/(loglogkT) log kT=Min log
a (loglogkT) log((logkT)/(T/)b/2)

(_)/2( T T / logkT 1+ log log log + log log kT log((T/cr)/(logkT.loglogkT)+2)
log (T/a) log kT+ T (log log kT)

If we ignore the dependence on k and a, we get the following simpler
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expression.

Cor. 1.
have

(Under G.R.H.) For T To and for any positive b and , we

0<r(,)_<’ b 2<--n<-(Tb/2a) n1/2-1/2b

+O(T/ log T.log log T)--O(T1/-/ log T).
These improve upon our previous results in [1] and [4] as stated above

and should be also compared with Schoissengeier’s results in [9]. It enables
us to refine all of our results which have been proved using our previous
estimate on the above sum. We may pick up the ollowing corollaries in
the case o (s). We denote the imaginary parts of zeros (s) by 7.

Cot. 2. (Under the Riemann Hypothesis) Let b and be positive
numbers. Suppose that positive 0 satisfies

(n)e2n11 yO for y Yo.
ny

Then, we have
e’(r/ << T(-1/2)+/2+ T/ log T. log log T.

0TgT

In particular, we see, using Piateski-Shapiro’s constant =11/12+
(cf. [8]),

e (/)=o(T log T)

or 0 b6/5. We notice next the following corollary.
Cor. . (Under the Riemann Hypothesis) For any integer K>I,

G.R.H. for all Dirichlet L-function L(s,Z) with a Dirichlet character
mod q3 is equivalent to the relation

e(/)</((/)) e(/>C(, K)() +O(TI/2+)
0<rT

for any positive z and any integer a satisfying laq and (a, q)= 1 and
T) To, where we put

wish the Eler function (q).
We should notice that we have proved this or K5 in [2]. Thus we

have fixed our problem left open for the case K=I, 2, 3 and 4 (cf. p. 130
of [4], or example).

Some improvements on the remainder terms in the asymptotic formu-
las for the sums like

can be also obtained, although we shall not describe them here.

2. Proof of Theorem. We follow the argument in pp. 143-155 of
[4]. We put f(y)= by log (by /2zea). By the Riemann-von Mangoldt for-
mula for the number of the zeros 1/2+ir(D in 0()t, we get first
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eif(r(q,)) 1 log k ] () 1 l’ly
Y<(,)<_r 2- - e dy+- e log y dy

i [ if(y)cos (f(y))S(y, ,)dy

if(y)sin (f(y))S(y, ( log kT+ )dy+O log log kT

=S+S+S+S+O
log logT

where S(g, )=(1/) arg L(1/2+i, ) as usual.
By p. 149-190 of [4], we get

S,+S<<Min ( 1
log (bY/2)l’ 4 + 1 log kT.

We put =l/(b log(bT/2a+9)). By pp. 143-144 of [4], we get

S i log bt e.( bt log L(I+ 8+ it,

+ O(B(b, k, a, T)),
where we may notice that S, S and S, in [4] can be =O(B(b, k, a, T)).
Treating S similarly, we get

S+S- b A(n),(n) bt e.( b__)(1/+
+ O(B(b, k, , T))
S(T, Y)+ O(B(b, , , T)), say.

To evaluate S(T, Y) is the main problem. We have used before the
method of stationary phase over the shorter interals as in Hardy-Little-
wood [6]. The key idea of the present improvement is to use it for the
sueiently longer interals as in Levinson [7]. The following lemmas can
be proved in a similar manner as in Levinson [7] and Gonek [5]. r in
Lemmas 1, 2 and 3 will be taken to be (2a/b)n/ later. We put
b(1/2+8).

Lemma 1. There is a small c>0 sch that [or large br

f I ) (5)(l+c) dt e e(/) + 0exp ibt log-t bt
_

Proof. By a change of variable bt-x, the left hand side is

exp ix log
ba (-)

By Lemma 3.3 of Levinson [7] (and also Lemma 1 of Gonek [5]), this is

for large br.
Lemma 2. For large A and ArB2A,

f2 [ t l(-bt-dt-e-(;)exp ibt log
2a / a

e(/*) +E(r’ A B),

where
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A’/’ 0(. B+I

For rA or r B,

exp ibtlog dt=E(r,A,B).

By a change of variable bt=x, we get first that the aboveProof.
integral is

exp ix log dx.
b A

Then in the same manner as in the proof of Lemma 3.4 o Levinson [7]
(or the proo of Lemma 2 of Gonek [5]), we get our conclusion.

Lemma 3. For large A and Ar_B2A ((T,

___gbr(3-1/2 r+1/2 br Te(/t) log +E(r A, B) log

while for rA or

[ * 1(exp ibtlog 2a

Proof. Integration by parts and Lemma 2 gives Lemma 3 as in the
proof of Lemma 3.5 of Levinson [7].

Lemma 4. For large A and A<B2A<<T and
A(n) E(2n’/ A B)u- n o n ’
(4/ log log +

Proof.
_A A(n) + A+ A(n) 1Ua,.,: nlogn a ,=: nlogn

1
(2wqn1/) / b- BI +B/ b

B+ A(n)+-.o n o n

U+U+ U, say.
A TU <<--- log log
o 2ro
Ao+l A(n) 1
O n=2 n logn

(2ranXlb)/b--AI <-- dA/b
A+1 A(n) 1

n=2 logn l(2an/O)/b-A+JA/b(2ana]b)/b-Al JA/O

A+ A+--U+- U, say

In U, the summation is over
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A) b

Thus if a_CA, then U,=0. Thus we get
O ( )

AO/) / (/:.)o(A-- /-]-)b_nn_ (b/2ra)b(A+ /A/b)
.1

(((A) Ob ( )

Treating U similarly, we get

()0U (( log log2=a +
Similarly, we get

(). ()U3 << log log -o +.(n) - /-.

These give our Lemma.
Using Lemmas 3 and 4, we get

( T)S T, - ----e
b (1/2(Tb/2za))bn-(Tb/2ra)

A(n)+(n)
n/Z-

(( ) )) ( ( ). )+0 2.. /2
log log _T_.2ua log + 0 ].(T/2) T/2 log --a

Suppose that an integer L satisfies

y<T<2Y.
--2L

Then

S(T, Y)=-e("/) /-d A(n)+(n) e_...,/
b (Vb/2rca)bng(Tb/2a) ,1/2-1/2b
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o T /2 log)
When CY, then

(.(T/2’) T/2 << a
, , T/2 /2t

<< a/ log T/Y if b= 1
[a/T/-/ if O< b< 1.

When CY , then

,(T/2) //U<< T/2

/y-n+n if b)l

4/ log T /Y if b=l

where M satisfies CT/2 <aCT/2-’.
Combining all of our estimates, we get our conclusion as described in

the introduction.
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