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(Communicated by Shokichi IYANAGA, M. J. A,, May 12, 1992)

§ 1. Introduction. The purpose of the present article is to give a
refinement on our previous results (e.g. Theorems 6 and 7 in pp. 141-142
of [4] and a special case of Theorem in p. 100 of [1]) on the exponential
sums over the zeros of some zeta functions. Some of the consequences
resulting from this will also be mentioned.

Let L(s, ) be a Dirichlet L-function with a primitive Dirichlet char-
acter 4 mod k>1. When k=1, we suppose that L(s, 1) =¢(s)=the Riemann
zeta function. Let y(y) run over the imaginary parts of the zeros of
L(s,v). We shall prove the following theorem under the Generalized
Riemann Hypothesis (G.R.H.) for L(s, ).

Theorem. (Under G.R.H.) Suppose that 0<agT, 1Y<T and b
be any positive number. Then we have
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where A(n) is the von-Mangoldt function,
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If we ignore the dependence on k and «, we get the following simpler
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expression.

Cor. 1. (Under G.R.H.) For T>T, and for any positive b and «, we

have
ST eI s Gr rea) _e<x/4>i_«/z_ a Am)y(n) g-2rianilt
o< (P <1 b  2<n<Toj2za)p  pl/2-1/20
+0O(T** log T -log log T)4+O(T'*-**log T).

These improve upon our previous results in [1] and [4] as stated above
and should be also compared with Schoissengeier’s results in [9]. It enables
us to refine all of our results which have been proved using our previous
estimate on the above sum. We may pick up the following corollaries in
the case of {(s). We denote the imaginary parts of zeros {(s) by 7.

Cor. 2. (Under the Riemann Hypothesis) Let b and a be positive
numbers. Suppose that positive § satisfies
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Then, we have
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In particular, we see, using Piateski-Shapiro’s constant §=11/12+-¢
(ct. [8]),
Z eileog(bT/Znea):O(Tlog T)

0<r<r
for 0<b<6/5. We notice next the following corollary.

Cor. 3. (Under the Riemann Hypothesis) For any integer K>1,
G.R.H. for all Dirichlet L-function L(s,X%) with a Dirichlet character X
mod q>3 is equivalent to the relation
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for any positive ¢ and any integer a satisfying 1<a<q and (a,q)=1 and
T>T,, where we put
C<_ql_, K) :sz(l/Z)(l_l/K) (i)_l/ﬂ{ i: e—‘lni(a/ﬂ)bl(
q (K+Do(@) \ q b=1, T =1
with the Euler function ¢(q).

We should notice that we have proved this for K>5 in [2]. Thus we
have fixed our problem left open for the case K=1, 2,3 and 4 (cf. p. 130
of [4], for example).

Some improvements on the remainder terms in the asymptotic formu-
las for the sums like

+O(T2+¢)
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2 €’<i+’ir)
o<r=r 2
can be also obtained, although we shall not describe them here.

§ 2. Proof of Theorem. We follow the argument in pp. 143-155 of
[4]. We put f(y)=>bylog (by/2rex). By the Riemann-von Mangoldt for-
mula for the number of the zeros 1/2+4y(y) in 0<y(y)<t, we get first
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where S(y, v)=1/r) arg L(1/2+1y, ) as usual.
By pp. 149-150 of [4], we get
. 1
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We put 6=1/(blog (bT/27ra+9)) By pp. 143-144 of [4], we get
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where we may notice that S;, S; and S, in [4] can be =O(B(b, k, «, T)).
Treating S, similarly, we get
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To evaluate S(T,Y) is the main problem. We have used before the
method of stationary phase over the shorter intervals as in Hardy-Little-
wood [6]. The key idea of the present improvement is to use it for the
sufficiently longer intervals as in Levinson [7]. The following lemmas can
be proved in a similar manner as in Levinson [7] and Gonek [5]. » in
Lemmas 1, 2 and 3 will be taken to be (2za/b)n'’ later. We put o=
b(1/2+49).

Lemma 1. There is a small ¢>0 such that for large br
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Proof. By a change of variable bt==, the left hand side is
1 br(1+e¢)
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By Lemma 3.3 of Levinson [7] (and also Lemma 1 of Gonek [5]), this is
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for large br.

Lemma 2. For large A and A<r<B<2A,
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where
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For r<A or r>B,

I exp lzbt log H](me) dt=FE(r, A, B).

Proof. By a change of variable bt=wx, we get first that the above
integral is
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Then in the same manner as in the proof of Lemma 3.4 of Levinson [7]
(or the proof of Lemma 2 of Gonek [5]), we get our conclusion.

Lemma 3. Forlarge A and A<r<B<2A«T,
f exp [lbt log——]( bt ) log bt dt
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while for r<A or r>B,
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44
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Proof. Integration by parts and Lemma 2 gives Lemma 3 as in the
proof of Lemma 3.5 of Levinson [7].

Lemma 4. For large A and A<B<2A«T and a=1+34,
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In U,, the summation is over
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Thus if «>CA, then U,=0. Thus we get
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Treating U, similarly, we get
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Similarly, we get
b/2 b/2
U;« (é> log log T +77a(A)(—Oi> VA.
« 2ra A

These give our Lemma.
Using Lemmas 3 and 4, we get
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Suppose that an integer L satisfies
T
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When a«<<CY, then

1<I<L
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1521 msi<r \ T /2!
QY -0 it p>1
Lla*logT)Y if b=1

N3 if 0<b<1,

where M satisfies CT /2¥ <a<CT/2"-'.

Combining all of our estimates, we get our conclusion as described in
the introduction.
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