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0. Let F be a field. An extension field K of F is called a (Galois)
quaternion extension of F if K/F is a Galois extension with the Galois
group Gal(K /|F) isomorphic to the quaternion group of order 8.

If F is the rational p-adic field @,, then there exists a Galois quater-
nion extension of F'=@Q, if and only if p=3 mod 4 or p=2.

In this note, we shall exhibit all quaternion extensions of @, (p=3
mod 4 or p=2) in a fixed algebraic closure of Q,.

First, we recall some results in [3].

Lemma ([3)). Let F be a field of characteristic 22 and let a, ¢ F —F*
(t=1,2, 8) with a,a,a,=0a* for some a ¢ F—F? Let M=F (,/ a,,4 05,4/ 05)
be a biquadratic bicyclic extension of F. Let ae M—M*. Then K=M(,/ «)
18 a quaternion extension of F if and only if

aa’=ala, with some o, eF(/ a))
(%) aat=aia, with some o, eF(/ a,)
ao”"=ola, with some «a,eF(/ a;)
where g, € Gal(M |F) are defined by
VG =Y, VG ==y G, 4G ==y,
\/E;T’:_'\/E;’ \/a_21='\/a—2y N/Vat=_’\/—a’;°

Proof. Suppose K=M(,/a)/F is a quaternion extension. Then,
M(y/ «)=M(,/ @), whence aa’=7" with some 7 e M. Since aa’=N y;r sz (@)
eF(/a,), r has a form «, or o,/ @, with some o, € F(ya,). If r=a,¢e
F(J/a,), then K=M(/ «)/F(y/ a;) is an abelian extension of type (2.2).
But, since K /F(,/ a;) is a cyclic extension, r must have a form a4/ a,, i.e.,
aa’=ala,. Similarly, we have aa'=oaj0, (a,e F(y/ @;)), aa"=afa, (o€
F(/ ay)).

Conversely, if the relations (x) hold, then K=M(/ «)/F is a Galois ex-
tension of degree 8 and the subextensions K /F(y/@;) (i=1, 2, 3) are all cyclic
of degree 4. Since, as is well known, a finite group of order 8 which con-
tains three cyclic subgroups of order 4, is the quaternion group, K=
M(y/ «)/F is a quaternion extension.

Proposition ([3]). Let F be a field of characteristic %2 and let M |F
be a biquadratic bicyclic extension. Suppose that K=F(,/ a) (for some a €
M) is o quaternion extension of F which contains M.

Then, F(J/ ra) with any r € F* is a quaternion extension of F' contain-
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ing M. Conversely, any quaternion extension of F' containing M is of the
form F(/ ra’) with some r € F'*.

Furthermore, F(y/ 1a)=F(/ 1), i, 1, € F*, if and only if r,[r, e M*.

Proof. If K=F(/ «)(=M(y «))is aquaternion extension of F, then,
by lemma, F(,/ ra)=M(/ ra) is a quaternion extension of F' containing M.

Conversely, let K’ be any quaternion extension of F containing M.
Then, K'=M(,/ 8) with some e M and, as is seen from the relations (x),
M(y B/a) is a Galois extension of F' and three extensions M(y g/«)/F(y/ a;)
(t=1, 2, 3) are all bicyclic. Since a finite group of order 8 which contains
three akelian subgroups of type (2, 2), is an abelian group of type (2,2, 2),
M(y BJ/a)/F is an abelian extension of type (2, 2,2). Hence, M(y/ p/a) has
the form M(,/ 7 ) with some r € F'*, whence M(y/ B)=M(/ ra).

Therefore, K'=M(,/ 8)=M(y/ ra)=F(/ ra).

Finally, as F(,/ ra)=M(/ ra) (re F*), F(y/ ra)=F(/ ra) (r,r,e F*)
if and only if », /7, e M*.

Now, we state the theorem of Witt [4].

Theorem (Witt). Let F be a field of characteristic %2 and let M=
FWa, vD) (a,be F*) be a biquadratic bicyclic extension of F. Then, M
18 embeddable into a Galois quaternion extension K of F if and only if the
quadratic form ax*+by*+abz? is equivalent over F to x*+y*+ 2%

When this is the case, if

)

with o matric P=(p,,;) (p;; € F'), det P=(ab)™*, then a field
K=FWr(l+pu @ +Duv/ b +Dv/ ab))

(with any r € F*) is a quaternion extensiton of F' containing M.

For an elementary proof of this theorem, see the paper [2].

Corollary. If a quadratic extension F(,/m) of F is embeddable into a
quaternion extension of F', then m is a sum of three squares in F'.

1. Let p=3 (mod4) be a prime number. p is expressed as a sum of
3 non-zero squares in Z, (=the ring of p-adic integers): p=a*4b*4-c?,
a, b, ceZ,, abcx0. (For example, 19=143"43", 23= 284424 (v 3),
V'8 eZy) |

We put m=p, n=a*+b*, a=y/mn(ym+s/n)(WYn +a) (in an alge-
braic closure of @,). Then K=Q,(y/ «) is a quaternion extension of @,
which contains the biquadratic field M=Q,(v D, v—1, v—p). (cf. [1]).

The field M is the unique biquadratic bicyclic extension of @, which
contains all quadratic extensions of @,.

Consequently, we see that, for any »eQ}, v 7 € Q,(v/ r)SM whence
r e M? and, in particular, vm, vy e M>ac M.

Therefore, by the proposition in 0, K=@Q,(y @) with « given above is
the unique quaternion extension of @, (in a fixed algebraic closure of Q,).




No. 8] Quaternion Extensions of @ 259

2. For p=2, there exist exactly seven quadratic extensions of ,:
QW -1, @W=x2), QKW=L5), @K x10).

Since —1 cannot be expressed as a sum of 3 squares in Q,, @,(v —1) is not
embeddable into any quaternion extension of @,. All biquadratic bicyclic
extensions of @, which do not contain Q,(v—1) are Q.v2, v5),
Q.(W2,v=5), QW5 ,v=2), /10, Y=2). Among these fields, by Witt’s
theorem, exactly three fields M,=Q.(v 2, v —5), M,=Q.(v 5, v —2), M,=
Q:(v/10, v —2) are embeddable into quaternion extensions of Q.. (cf. [2]).
In fact, the following six fields

QVEVEWI +V2)(W2 +1) DM =KW 2,V 5= 2, V3),

Q.(vV £vTII0(/11+/10) (V104 1) 2 M, = Qv 10, ¥ —2)=Q.(v10, ¥ 1)
are the quaternion extensions of @,. (cf. Th. in [1]).

If we denote by M any one of three fields M,, M, and M,, we see that
v —1¢M and, for any r e Q}, either / r e M or /—7r e M.

Therefore, by the proposition in 0, the six fields given above are ex-
actly all quaternion extensions of @, (in a fixed algebraic closure of Q,).
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