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1. Introduction. Let © be a real separable Hilbert space. A cor-
respondence (=multi-valued mapping) I': [0, T1 X $—>»>9 is assumed to
be given. A double arrow —» is used in order to indicate the domain
and the range of a correspondence. The compact interval [0, T'] is en-
dowed with the usual Lebesgue measure dt. The target of this paper is
to establish a sufficient condition which assures the existence of solutions
of a multi-valued differential equation of the form:

(*) @) e ', @),  x(0)=aq,
where ¢ is a fixed vector in §.

In Maruyama, [8], I have already presented a solution of this problem
in the special case of §=R' by making use of the convenient properties
of the weak convergence in the Sobolev space 28-%([0, T'], R’) consisting of
functions of [0, T'] into R'; i.e. if a sequence {x,} in W"*([0, T], R") weakly
converges to some z* ¢ B*¥[0, T1, R, then

x,—x* strongly in £'([0, T], R"), and
t,—&* weakly in %[0, T'1, R").

However it is well-known that this property does not hold in the
space ([0, T1, ) consisting of functions of [0, T'] into § if dim H= + oo.
(Cf. Cecconi [5] pp. 28-29.) We shall first provide a new tool to overcome
this difficulty in section 2, and then proceed to the existence theorem for
the differential equation (x) in section 3.

2. A convergence theorem in T"?([0, T1, ). We denote by 9, (resp.
9,) the Hilbert space $ endowed with the strong (resp. weak) topology.

Theorem 1. Let  be a real separable Hilbert space and consider a
sequence {x,} in the Sobolev space W *([0, T'1, H) (p=1). Assume that

(i) the set {x,(®)};-, is bounded (and hence relatively compact) in 9,
for each t [0, T1, and

(ii) there exists some function + € L2([0, T1, (0, + o0)) such that

[£.@I=v@) a.e.
Then there exists a subsequence {z,} of {x,} and some x* e W-*([0, T], H)
such that

@) z,—a* uniformly in 9, on [0, T1, and

(o) 2,—z* weakly in 22([0, T1, 9).

Proof. (a) To start with, we shall show the equicontinuity of {«,}.
Since - is integrable, there exists some 6> 0 for each ¢>>0 such that
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le.® =2 @< 18,@lde<[ vdeze  for alln

provided that |t—s|<4d. This proves the equicontinuity of {x,} in the
strong topology for &. Hence {z,} is also equicontinuous in the weak
topology for .

Taking account of this fact as well as the assumption (i), we can
claim, thanks to the Ascoli-Arzeld theorem (cf. Schwartz [12] p. 78), that
{x,} is relatively compact in €([0, T, 9,) (the set of continuous functions
of [0, T] into §,) with respect to the topology of uniform convergence.

By the assumption (i), {2,(0)} is bounded in $, say

sup [|2,(0)|=C <+ oo.

And the assumption (ii) implies that
” f “b.@de| <|lvl,  for all te [0, TI.
0

Hence

13
sup | 2.(®)] =sup | 2,0+ #,@)de
<C+v for all ¢t e [0, T1.
Thus each x, can be regarded as a mapping of [0, T'] into the set
M={we Q| |w|=C+|¥}

The weak topology on M is metrizable because M is bounded and § is a
separable Hilbert space. Hence if we denote by M, the space M endowed
with the weak topology, then the uniform convergence topology on
&(o, 71, M,) is metrizable.

Since we can regard {x,} as a relatively compact subset of ([0, T1,
M), there exists a subsequence {y,} of {x,} which uniformly converges to
some z* € ([0, T1, $..).

(b) Since

7.@I=(@) a.e.,
the sequence {w,: [0, T1—9} defined by
w,@)=1D . 19, ...

¥ (t)
is contained in the unit ball of £=([0, T1, §) which is weak*-compact by
Alaoglu’s theorem. Note that the weak*-topology on the unit ball of
2= ([0, T1, §) is metrizable since ([0, T], §) is separable. Hence {w,}
has a subsequence {w,.} which converges to some w* e 2=([0, T, &) in the
weak*-topology. We shall write 2,=v, =¥ -w,..

If we define an operator 4: £=([0, T1, $)—2?([0, T1, ) by

Az g—-9,
then A is continuous in the weak*-topology for € and the weak-topology
for &2. In order to see this, let {g,} be a net in 2=([0, 71, §) such that
w*-lim, g,=9g* ¢ 8=([0, T, 9); i.e.

j: (alt), gu(t)>dt— j : (alt), g*@®>dE  for all a e 240, T1, $).
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Then it is quite easy to verify that

[ <o®, voawat=" rope, a@yat-{ wopw, s®rat
for all ge «([0, T, ), 1/p+1/g=1
since - g€ ([0, T1, ). This proves the continuity of A.
Hence
( 1 ) zn='\lf W= cw* Wea’kly in Bp([o’ T]’ '@)’
which implies
(2) <0, f ” z,,(f)df>=r <o, zn(f)>df-+j” 0, v(@)-w*(@)dde  for all de .
On the other hand, since
2.(8) —2,(s) = f “i(dde  for all m,
and z,(t) —z,(s)—x*(t) — x*(s) in ,, we get
(3) <a, j' zn(f)dr>=<o, 2aB)—2,(8))—{0, B*(®)—2*(s)y  for all de .
(2) and (3) imply that
(o, x*(t)—x*(s)>=<0, f e, -’M)*(‘L‘)dz‘> for all 6 ¢ §,

from which we can deduce the equality

(4) 2 —e* @)= v W,
By (1) and (4), we get the desired result:
2, —i*=vy-w*  weakly in 22([0, T, §). Q.E.D.

In the proof of our Theorem 1, we are making use of some ideas of
Aubin and Cellina [4] (pp. 13-14). However their reasoning does not seem
to be perfectly sound.

3. Multi-valued differential equation (x). Let us begin by specify-
ing some assumptions imposed on the correspondence I": [0, T1 X 9,—»>D,.
Special attentions should be paid to the fact that the topology on the
domain is the weak one and the range is endowed with the strong topology.

Assumption 1. [ is compact-convex-valued; i.e. I'(t,x) is a non-
empty, compact and convex subset of  for all t [0, T'] and all x € H.

Assumption 2. The correspondence x—I'(t, x) is upper hemi-con-
tinuous (abbreviated as u.h.c.) for each fixred te[0, T]; i.e. for any fixed
(t, ) e [0, T1X 9, and for any neighborhood V of I'(t, x)C9,, there exists
some neighborhood U of x such that I'(t, 2)CV for all ze U.

Assumption 3. The correspondence t—>»I'(t, x) is measurable for
each fixed x € D ; i.e. the weak inverse image I'-*(U)={te [0, T1| (¢, x)NTU
+0} is measurable for all open sets U in 9, and for each fixed x €. (For
the concept of “measurability” of a correspondence, see Castaing-Valadier
[4] Chap. III or Maruyama [9] Chap. 7-8.)

Assumption 4. There exists € L([0, T1, (0, + o)) such that I'(t, x) C
Sy, for every (¢, x) € [0, T1X 9, where S, is the closed ball in $ with the
center 0 and the radius (t).
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Remark. Among other things, the assumption that the set I'(¢, x) is
always convex is seriously restrictive, especially from the viewpoint of
applications. However there seems to be no easy way to wipe out the
convexity agssumption. (See De Blasi [6].)

We are now going to find out a solution of (x) in the Sobolev space
BWH4[0, T1, ). Define a set 4(a) in B"? by

d(a)={x e W"?| x satisfies () a.e.}
for a fixed a € . The following theorem tells us that 4(a)#0 and that 4
depends continuously, in some sense, upon the initial value a.

Theorem 2. Suppose that I' satisfies Assumptions 1-4, and let A be a
non-empty, convex and compact subset of ,. Then

(i) Ad(a*)+0 for any a* € A, and

(ii) the correspondence 4: A—>»L"* is compact-valued and u.h.c. on
A, in the weak topology for Bb2.

Outline of Proof. (I) If we define a subset ¥ of the Sobolev space
B*([0, T1, ) by

X={x e W-?| | 2(t)| <\ (t) a.e. and x(0) € A},
then X is a non-empty, convex and weakly compact subset of "% We
can also show that the set
H={(a, z, ¥y) e AXXEXX|y({) € I't, x(t)) a.e. and x(0)=y(0)=a}
is weakly compact in AX¥x¥. This fact, the proof of which is based
upon Theorem 1, provides a crucial key for the proof of Theorem 2.

(D) Fix any o* e A. If we define a set ¥’ CX by X' ={x € X|x(0)=0a*},
then ¥’ is convex and weakly compact in "2, Furthermore we define a
correspondence @: ¥ —>»X’ by

O(x)={ye X |9@®) e I'(t, x(t)) a.e.}.

Then the problem is simply reduced to finding out a fixed point of @.

1° @(x)+0 for every x € ¥'. ——This fact can be proved through
the Measurable Selection Theorem (cf. Castaing-Valadier [8] Chap. III or
Maruyama [9] Chap. 7).

2° @ is convex-compact-valued. ——This is not hard.

3° @ is u.h.c. ——If we define the a*-section H,. of H by H,.=
{(a, z, y) e H|a=a*}, then H,. is obviously weakly compact in A XX xZX.
And the graph G(®) of @ is expressed as G(®)=proj:.: H.+ the projection
of H,. into ¥ x X, which is also closed.

Summing up ——@ is convex-compact-valued and u.h.c. Applying
now Ky Fan’s Fixed-Point Theorem (Fan [7]) to the correspondence @,
we obtain an x* € ¥’ such that x* e @(x*); i.e.

z*(@t) e I'(t, 2*(t)) a.e. and a*(0)=a*.
This proves (i).

(III) Since the compactness of 4(a) can be verified by applying
Mazur’s theorem and making use of Assumptions 1-2, we may omit the
details. Hence we have only to show the u.h.c. of 4. However it is
also obvious because the graph G(4) of 4 can be expressed as
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G(4)=proj,:{(a, z, y) e H|z=1y},
which is closed in A x X. Q.E.D.
I am much indebted to Castaing-Valadier [3] for various important
ideas embodied in the proof of Theorem 2. See also Maruyama [10] for
details.

Here it may be suggestive for us to glimpse the special case in which
I' is a (single-valued) mapping.

Corollary 1. Let f:[0,TIX9,—9, be a (single-valued) mapping
which satisfies the following three conditions.

(i) The function x— f(t, x) is continuous for each fixed t € [0, T].

(ii) The function t— f(t, x) is measurable for each fixed x € §.

(iii) There exists + € &[0, T1, (0, + o)) such that f(t, x)e S, for
every (¢, ) € [0, TIX9; i.e. sup,cqll f (&, )|V () for all te [0, T1.
Then the differential equation
(xx%) r=f({, ), x(0)=a (fivzed vector in )
has at least a solution in W-*([0, T'1, H). (A solution of (xx) is a function
x € W* which gatisfies (xx) a.e.)
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