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In this note, we present two inequalities for the supremum norm and
the oscillation of a function satisfying a one-sided Lipschitz condition on
the interval E=[0, 1] and having equal values at the end points. As special
cases of them we obtain two estimates for the ¢-discrepancy of a sequence
of real numbers, with respect to a distribution function satisfying a
Lipschitz condition on E. The results generalize some inequalities of
LeVeque [3], Yurinskii [12], Niederreiter ([5], [6]), and Proinov ([7], [8]).

1. Definition 1. A real-valued function f is said to satisfy the right
Lipschitz condition on E with a positive constant L if

(1) f@y—f<Lxzx—y)  for z,y e E with 2>y.
Analogously, f is said to satisfy the left Lipschitz condition if
(2) f@)—f=—Lx—y)  for z,y e E with z>y.

The function s is said to satisfy the one-sided Lipschitz condition on E
with constant L if either (1) or (2) holds.

It is easy to prove that if a function satisfies a one-sided Lipschitz
condition on E, then it is a function of bounded variation on F. For a
bounded function f on E, we denote by || f|| and [f] its supremum norm
and its oscillation, respectively.

Theorem 1. Let a function f satisfy the one-sided Lipschitz condition
on E with constant L, and let f(0)=fQ) and || f|<L. Then for any non-
decreasing nonnegative function ¢ on [0, o),

(8) FUSDEL [ o 7@))dz
and

(4) 2F (£ 111)=L [ el r@has,
where the function F is defined on [0, o) by

(5) F(z)= f " p(byt.

Proof. We shall prove only (4) since (3) can similarly be proved. We
may assume that f satisfies a left Lipschitz condition since the other case
follows immediately from this one (replacing f by —f). Now we extend
f on R with period 1. Then it is easy to prove that the extended function
f satisfies the left Lipschitz condition on the whole real line R with constant
L. First we shall prove that the inequality
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(6) 2F(+ | 1@— 7 @) <L [ o 7@))do

holds for all «, B¢ R. With no loss of generality, we may assume that f(«)
> f(p) and a<BZa+1. There are three possible cases: f(a)>0> 1(p),
F@> f(9=0, and F(B)< f(@)<0.

Let f(a)>0>f(B). Since f satisfies the left Lipschitz condition on R
with constant L, we have

(7) f@=fl@)—Lxz—a)>0 for z € (o, '),
where «’=a+ f(a)/L. Therefore
(8) j o f(2)Dd

zj:' o(f(@)— Lz —a)dz= 1/ LF(f(a).

Analogously, we prove that

(9) f@Zf(P+Lx—p<0 for x e (8, p),
and
10 j: o(| f@)Dde =1/ LYF(— f(B),

where §'=p— f(a)/L. From (7) and (9), we conclude that the intersection
of the intervals («, o’) and (5, p) is an empty set. It is well known that if
¢ is nondecreasing on [0, co), then F' is a convex function on this interval.
Hence, from (8) and (10), we deduce

2F( 4 1/@—1®])=2F (3 G@—7®))
<F(f(e)+F(— £()
<L ([ str@pda+| o(s@Ddz)

<L j o| f@)Ddz=L j ol F@))de,

and so (6) is proved in the first case.
Now let f(a)>f()=0. We have o’=a+ f(a)/L<a+1 since || f||<L.
Hence, we obtain from (8).

F(f@— J(O)=F (/@)
<L [ o5 @)dz

=L [ o 7@)dda=L | o7 Dde.

From this, we again arrive at (6) since 2F((1/2)x) <F(x) for 2=0.

In the case f(B)<f(a)<0, the inequality (6) can be proved in the same
way as in the previous case.

Now taking supremum on the left-hand side of (6) over all «, e E,
and taking into account that f is continuous and nondecreasing, we get the
desired inequality (4). Q.E.D.

Corollary 1. Let o function f satisfy the one-sided Lipschitz condi-
tion on E with constant L. Suppose also that
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FO=71) and j F@)dz=0.

Then for any nondecreasing nonnegative function ¢ on [0, ), we have (4).

Proof. According to Theorem 1, it is sufficient to prove that || f||<L.
Let us assume that || f||>>L. Then there exists « ¢ E which satisfies either
fl@)>Lor f(a)<—L. We treat only the first alternative, the second one
being almost identical. With no loss of generality, we can suppose that f
satisfies a left Lipschitz condition. Now extend f on R with period 1.
Then from (7) and the inequality f(a)>L, we conclude that f(x)=I(x)>0
for z € (o, «+1), where [ is a linear function. Therefore, we have

[ r@ae=[" f(x)dng;“ 1(2)de>0,

which is a contradiction. Q.E.D.
Corollary 2. Let a function f satisfy the one-sided Lipschitz condi-

tion on E with constant L, and let f(0)=f(1). Then

(11 [F1ISW6L/2) i, /B | F (P,

where

Fy= j " exp @riha)d f (@)
0
denotes the Fourier-Stiltjies transform of f.
We note that the well known LeVeque’s inequality (see [3] or [2: p. 111])

is a special case of (11). A result of Niederreiter [5] which improves a

theorem of Elliott [1] and generalizes LeVeque’s inequality is also a special
case of (11).

Proof. Setting in Corollary 1 ¢(x)=2* and applying it to the function
1
1@ rwat

we obtain
12) /12D < f 1 f(x)de—( j ‘ f(x)dx)z.
0 0
This completes the proof of (11) since the right-hand side of (12) is equal to

(1/20%) S, /D) | f(R)P. Q.E.D.

We note that an inequality of Yurinskii [12] for the closeness of two

distributions (mod 1) is a special case of (3). Another inequality of the

type (11) which generalizes the well known Erdos-Turan inequality was
given by Proinov in [9].

(to be continued.)
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