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1. Introduction. Our aim is to extend our previous work [2] and
establish some uniqueness results for spectral and evolutional inverse prob-
lems of multi-dimensional space variables. Thus, let )cR be a bounded
domain with smooth boundary 32 and Pu--17. (alTu)_+- cu be a second order
formally self-adjoint uniformly elliptic differential operator with smooth
coefficients a-(a.(x)) and c--c(x) on 2. We consider the parabolic initial
boundary value problem

u F(,( 1 ) u -Pu (in 9 (0, )) ut=o=O,

where /3,e=,,a(x)(3/x), =() being the outer unit normal vector
on 3. Our concern is to determine the coefficients a=(a) and c through
the boundary input F=f($, t) and output u=u(, ) ( , OtT), where
T0 and F3 with F[0. Hence let Q be a similar elliptic operator and
take the equation

(2) v -Qv (in (0, )), v=0=0, 8 =F(, t).

Then, our uniqueness question is ormulated as ollows" Does
( 3 ) v(, t)=u($, t) ( e F, 0< t< T)
imply Q=P?

2. Reduction to spectral problems. Let P and Q be the realiza-
tions in X=L(9) of the differential operators P and Q under the Neumann
boundary conditions /,.=3/3,.=0, respectively. The eigenvalues and
eigenfunctions of -P and -Q are denoted by {2}, {} (- <2,<2g.

+,--<,<Z’"+) and {),{} ()-- ()=1), re-
spectively. Then, supposing F(, t)=h(t)f() with h0, we can deduce
(e.g. [2]) rom (3) that
( 4 ) r(, t)= s(, t) ( e F, 0 t ),

()

[()8. TaRin (, ) (, ) ()[() with 0 or e N, we suppose
the ollowin condition, where J={j2= 2) nd
(5) he mtrices (:)e,e nd ():,e re both o ul-rnk when

or L , where ,, a[ ,()f,()d@ andJ
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From the first condition of (5) and the asymptotic behavior as toc of
both sides o (4), we can urthermore deduce or 2 e R, e S and x e F that

because {}e and (+}e are linearly independent systems on F rom
]F[0 and CalderSn’s uniqueness theorem. Therefore, the relation (x)=

(x)--5(x) on x e F for ] e J holds, where (Y) are real numbers.
Hence we recall that (fl#)e,es is ull-rank.

Now we suppose the important assumption that supp fcF or each
e S. Then the second relation in (6) reduces to ,eyfl=fl or

k e J and e S again by CalderSn’s theorem so that r()ff)=(). Hence
() (] e J) becomes an L-orthonormal system. Taking instead o , we
arrive at
(7) 2= and ?(x)=+(x) or ]eNand xeF.. Isospectral deformation. For given integer m, we take sufficiently
large 2 and s so that L(x, y;)={(x)--(x)}(y)(2+2)-e C(9
and M(x, y; 2)=(x){(y)--(y)}(p+) e C(D) and put L(x, y)
=(--P+2)L(x, y; ) e C(’(9)) and M(x, y)= (-Q+2)M(x, y; ) e
C(9(9)). Then, L and M are independent o and s and the first
relations in (7) implies K(x, y)--L(x, y) M(x, y) e C
2(9)) as two elements in 2’(9 9) as well as
(8) K=0 in xgD and 9D,
where =-Q+Pr and D=((x, x)]x e g} ([2]).

The second relation o (7) implies L,=0 on F9 so that Kr,=0. On
the other hand, the ultra-hyperbolic equation (8) gives QK=PK on
so that QK[r=O for 0, 1, 2, However, we have the identity for 0t

that

( 9 ) Ft(x, y)= QK(x, y)

where
F(x, y)= ,

Namely, in the right-hand side of the first equality, the series converges in
’(9) or each fixed x e to the smooth unction F=F(x, y) in y e/2 given
in the second equality.) Therefore, Ftlr--O holds or 0t4c. Now,
comparing the behavior as t-+c, we can conclude that ,e(x)((y)--
(y)}--0 for 2 e R and (x, y) e F/2, and hence ---- again by CalderSn’s
theorem. Thus, we obtain Pv-Qv as two operators in X, so that the coeffi-
cients o P and Q coincide with each other.

4. Remarks. (i) So ar we have proved that (7) implies P=_Q. This
is regarded as a multi-dimensional version of the Gel’and-Levitan theory [1].

Formally, this relation reads as K(x, y)= Fj (j(x)-q.(x)}q(y)-- F,j (x)((y)--j(y)}
E.i .(x)j(y)--3(x--y).

Formally, this relation reads as F,je-t..j(x){.](y)--C,.](y)}-m,.i(t/m!)(--2.t)’..i(x)
{p(y)-(y)}.
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(ii) Our result suggests that identifiability is guaranteed in most cases
when input and output are taken from the same area. Actually, a similar
method implies the uniqueness in the parabolic inverse problem

(10) U--Pu+h(t)f(x) (in2(0, oo)), ul=0=0, u]--0
t

with the output uL, where9 is a non-void open subset. Namely, identi-
fiability holds even or this problem under a certain algebraic condition as
(5) i h0 and supp fc.
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