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1. Introduction. In this paper we consider the oscillatory behavior
of the solutions of the second order nonlinear differential equation with
damping
(1) @) +p®)2’' +9®)f(@)=0,  tel0, ),
where 7, p, q € C[0, o0), 7(¢)>0, and p, ¢ are allowed to take on negative
values for arbitrarily large ¢, f € C(R), zf(x)>0 for x=+0. We restrict our
attention to solutions of (1) which exist on some interval [z,, o0).

For the second order linear differential equation:

(%) 2" +q@)x=0,

the well-known theorem of Wintner [3] for the equation (%) to be oscillatory.
Later more general theorems were established by considering weighted
averages of the integral of q.

Recently, by the use of completing square and averaging technique,
Yan [2] gave the following oscillation theorem for the equation:

(2) r@®z") +p@)x’+q@)x=0, t € [0, oo0).
Theorem. If there exist a € (1, ) and p € [0, 1) such that
(3) Tmée [ (t—o)cq)de=oo,
t—ro0 to
(4) m [ [(E—op)r+ar—plE— )t —o)eb*dt < oo,
t—oo to

then (1) is oscillatory.

Moreover Yan [1] established two theorems as criteria for the oscilla-
tion of (2) when (3) or (4) is not satisfied.

We extend his results for (2) in [1] to the equation (1).

2. Main results. We consider the equation (1) under the following
assumption.

Assumption. (a) 7,p, and q are continuous on [0, o), and 7(¢) >0.
(b) f:R—R is continuously differentiable such that xf(x)>0 (x+0),
and f(x)>k>0 for some constant k. Our results are as follows:
Theorem 1. Suppose that there exist a positive continuously differ-
entiable function h(t) on [0, o) and a constant « € (1, o) such that
(5) Tim - H,(t, D)de= oo,

t—oo

where H(t,7)={E—12)*M()q(z)
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1 h()p(z) / o)
E[(t“) DB+ ah(s) — (1= (,)] oy

then the equation (1) is oscillatory.
Theorem 2. Suppose that there exist a positive continuously differ-
entiable function h(t) on [0, oo) a,nd an «a € (1, o) such that

(6) lim ¢ Hk(t t)dr < oo,

and there exists a continu:);; functwn o(®) on [0, o) such that
(7) lim ¢« Hk(t, 7)dz >(s),

and -

(8) lim [ 2 ey L _dr=o00

1o Jo I(z)r(r)
where ¢* (t)=max (p(t), 0), then the equation (1) is oscillatory.

Remark. Let f(x)=1 and k=1 in (1), the above Theorem 1 and
Theorem 2 imply Yan’s Theorems in [1].

3. Proofs. Proof of Theorem 1. Assume the contrary, then there
exists a solution z(t) which may be assumed to be positive on [t, o) for
some t,>0.

Let w(t)=r@)2'(t)/ f(x(t)), for t>t,, then it follows from (1) that
(9) o’ ®O+(@®)/rE)o @)+ (@) /rE)o®) +q() =0, t >t
Hence, for all t>s>1%,,

j‘ (t—z‘)"'h(t)w/(t)drﬁ—r (t—r)« MRS @) e,

7(z)

+I‘ (t—7)" h(f()f‘;(f) w(f)df+f (t—2)*h(2)q(z) dr =0.
Noting that

j’ (t— ) h(D)o'(D)dr =a f " (=) h(Do()dr

_ j " ) (o) dr— (8)(E —2)*h(s),
we obtain
(10) j‘ (t—f)ah(f)q(f)df_—_(t—s)ah(s)w(s)—f t—o)r h((f))f @@y ()de
s T\t
f [(t 2 MDp(). "(‘fg?;(f) +ah(z)— (t—f)h'(f)](t—f)« jo()de.

From the assumption (b) it follows that
j (t—2)h(0)a(e)de < (t— ) h(S)as) — kj E:f)_h(f) o(o)de

—j [(t h(f)”(f) T ah(e)—(t— f)k'(f)](t—f) o(e)de
and hence

Ry _ 1 h()p(z) B a-2 M(T)
j{(t D hDe@—— [( o) MOBD ah()—(t— ok (:)] (t—2) (T)}



284 Y. NacaBucHI and M. YAMAMOTO [Vol. 64(A),
s(t—srh(s)w(s)—f‘ {¢7(t—r>aﬂ(%)”%(t)

h(©)p(r) N a-ny2f T(2)
+277c"[(t ) MOBE. 1 ahie)— @ r)h(f)](t o) ”(h@) }dr

< (=9 h(w(s).
Therefore,

11 j‘ Hy(t, )de< t—1h®a(s), s>t
Divide (11) by ¢* and take the upper limit as {—oo, which contradicts the
assumption (b). This completes the proof.
Proof of Theorem 2. Let x(t) be a solution of (1). Without loss of
generality, we may assume x(t)0 on [¢,, o) for some £,>>0. Define
o@)=r@®)z'®)] f(x@),  t>t,.
As in the proof of Theorem 1, it follows that
1y f Hyt, )de < E— 9 h(Da(s), s>t
Divide (11) by ¢® and take the lower limit as t—oo, we have

()< h(S)w(s), s>t,,
and hence we obtain

(12) P (< h(s)w(s), s>t
Now we define u(¢) and v(¢) as follows:

u(t)=t-s j [(t 0 h(fzp)(f) +ah(e)— <t—r)h'(r)](t—f> “1(r)de

v(t) =t j(t hie) (f()f)) o()de.
From (10)
u(t)+v(t)=h(s)co(s)<1- %)a—t““ j (t— ) () q(2)dr.

According to (7),

(13) lim ¢-¢ (t—r)"‘h(r)q(t)df >(s), s>t,,
and
14) gi*m e j (t—o)h(D)a()de

RTINS h(x)p(z) PR TR &

lim - [(t BB, () — =k <f>]

X (t— )“ZZEtgdf>go(S), s>t

From (6) and (13),
- h()p(z) B a- ZT(T)d .
lim * ' [(t ) MOBD. 4o~ ¢ ah(f)] oy~ 7D de <

This implies that there exists a sequence {¢,} such that
t,>t, lim,..t,=oc0 and

[t HOEE. pahe)— b, @) tha— 3 1 D e <o,

as) s 7

e 4Ic
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Taking the upper limit as t—oco in (14) and using (13), we obtain
lim {u(¢) +v(®)} = h(s)w(s) —lim ¢ t t—1)h(x)q(x)d
t—o00 t—oo 8

<h(S)o(s)—gp(s)=a.

Hence there exists a sufficiently large N such that for any n>N,
(16) u(t,) +v(t) <a.
Considering the assumption (b), we have
an v(t)=f (1_ L)“ ) L EED) (o 2de > j ’ (1_ i)“ (o) 2® g >0,

s t 7(z) s t r(z)
and we observe easily that v(¢) is strictly increasing in ¢>>s. Now suppose
that lim,_ ., v(f)= oo and by (16),
(18) lim,_ . u(t,)=—oco.
(16) and (18) imply that for an arbitrarily positive constant 5 (0<yp<1),
there exists a sufficiently large number N’ such that for any n>N’,
19) u(t,)/v(t,)<np—1<0.

On the other hand, by the Schwartz inequality

o<tz{ [ [t MO by~ t, W @ | a0 T e}

r(z) h(z)
—a N Rh(@p([k) it vl ez (D)
g{tn j [(tn ) MO L ah0)— (1. ) (f)] (ta—12) h(f)df}
x{t,, f (b= 2 o) df}.
Hence noting (17), for any n>N’,
0<ut)!/v(t,)
2% _ 3 h(@)p() vV a—Z;l(_T_)_
<k s[(tn O MOED 4 ah(e) — (.~ (r)] (b~ 7 B,

and by (15) we have

lim,_., (u(t,)*/v(t,) <oo,
which contradicts (18) and (19). Therefore we obtain lim,_., v(t)=c<oo.
From (12) it follows that

1 -a ' )2 §D+(T)2
lim ¢ s(t 7) h_——(z‘) ) dr

Ly BOSG@E)  or 1 e
< 7 lim¢ s(t 7) (o) w(t)dr - tlimoo v(t) 7 < o0,

which contradicts (8). This completes the proof of Theorem 2.

t— o0

t—oo
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