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§1. Introduction. The purpose of this paper is to derive systems of
isomonodromic deformation equations associated to Appell’s systems (F,),
(F'y), which we shall present in forms that are transformed to Pfaffian
systems.

In 1880, P. Appell, generalizing Gauss’ hypergeometric equation to the
case of two variables, introduced four systems [1]:

F) {0(0+0’+T—1)z—x(0+0’+a)(0+ﬁ)z=0
0'0+6 +7r—1Dz—y@+6+a)@' +5)2=0,
(F) {0(0-}-7—1)z—x(0+0’+a)(0+13)z=0
0@ +7—Dz—y@+6 +a)(0'+)2=0,
0'+6'+717—Dz—y0 +a )0 +5)2=0,
(F) {0(0—}—7’—1)2—%‘(0+0’+a)(0+0'+ﬁ)2=0
0O +7—Dz—y@+6 +)(@+6 +pz=0,
where z=2(x, %) is unknown function and =x3/9%, ’=ya/dy. It is known
that Appell’s system (F') is transformed into a Pfaffian system on P,(C):

(LD df=C1.. A(dF (2, 9)/F.(y, %)) f, where f="(z, %dz]ox, ydz/dy),
A, e gl(38,C) and F,’s are the defining equations of singular locus of ().
(For example see [2].) B. Klares studied the isomonodromic deformation
equation of the completely integrable Pfaffian system associated to this
system (1.1) in [3]. It is also known that, as well as (F',), Appell’s systems
(F), (F,) are transformed into Pfaffian systems of type:

1.2) df=0C3-1 AdF(x, y)/F(», ¥))f, where f='(z,xdz/dz,ydz/dy,
xyd’z/oxoy), A, e gl(4,C) and F.’s are the defining equations of singular
locus of the systems (1=1,2, .- -, 6).

The author will present the systems of isomonodromic deformation
equations associated to Pfaffian systems (1.2) by the same method as in [3].
Main results of this note are obtained in [4].

The author would like to express his gratitude to Prof. T. Kori for
many valuable comments and kindly encouragement.

§2. DPfaffian systems satisfying Appell’s systems (F,), (F). Let p:
(CH*—P,(C) be a canonical projection and (X, Y, Z) be a homogeneous co-
ordinates on P,(C) with x=X/Z,y=Y/Z.

Proposition 1. Appell’s system (F,) is transformed into the following
completely integrable Pfaffian system on P(C):



No. 8]

2.1

p¥w, =

A=

A=

A=

Isomonodromic Deformation of Appell’s Systems 279

df=w,f, Jf="(z, x0z |0z, Y9z | oy, xyd°z|oxoy), where

dX , , dY dX—2) dY —2) dX+Y—-2) dz
=4, +Az +A, X—7 +A, Y7 + A, X1V_2Z +AsZ:
-0 1 0 0 00 1 0

0 1-7 0 0| ,_J0 0 0 1

0o o o 1| 7100 1—7 o [
L0 0 0 1-—7 00 0 1-7
-0 0 0 0 0 0 0 0 -
—af —a—p+7r—1 —8 —1 | O 0 0 0

0 0 0 o " |—ap —p —a—p+17—1 =1
app fla+p—7+1D) B8 F app’ Bp Bla+p —1+1) B -
- 0 0 0 0 .
0 0 0 0

0 0 0 0 ’
~—apf —fla+p—7+D —fla+pf -1+ —a—B—f+7+1"—2
-0 -1 -1 o0

af a+p B8 0

ap’ g a+p Of

—apf’ —Bp —BF «

Proposition 2. Appell’s system (F,) is transformed into the following
Pfaffian system which is completely integrable on P,(C):

df=wsf, f="(z, x0z|ox, yoz|dy, xyd‘z/oxdy), where

2.2)

dXY -YZ—-ZX)

y T X—2z Yy—2z +B XY-YZ-ZX

dz
+BS‘7’
0 1 0 0 . 0 0 0 0
0 1—7 0 —1 g0 0 0 1
0 0 0 1 ’ 10 0 1—7 -1 ’
0 a'ff 0 o'+F—7+1- 0 0 af a+p—7+1
-0 0 0 0 -0 0 0 0
—af —a—p+7r—1 0 1 B—| 0 0 0 0
0 0 0 of —a/f 0 —a'—p+71-1 1f
L 0 0 0 0 L0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0 ’
Lo —a'p afp —a—a'—B—p+7—1
-0 —1 0 0
af  a+p 0 -1
o'’ 0 o +p -1
-0 a'f’ af  ata +p+p
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Remark 1. If we transform (F,) into the Pfaffian system of type (1.2)
using the same basis as in the above propositions, 4, (1=1,2, ---,6) can
not be constant matrices.

§3. Isomonodromic deformation. Let U be a simply connected open
domain in C* and (M,r,U) be a trivial analytic fibration, with z='(u)
=P, (C) (u=(uy,, uy) € U) as its fibre. Suppose that M has an analytic hy-
persurface S, which has the form S= U$¢_;S; as its irreducible decomposition,
and suppose that S,’s are defined by F,(X,Y, Z)=0, where F,’s are homo-
geneous polynomials in (X, Y, Z) of degree 1 or 2 with coefficients holomor-
phicinu (i=1,2, ---,6). Inthe above situation we parametrize the systems
2.1, 2.2) by u=(u,,u,) and consider the following Pfaffian systems re-
spectively :

G.1) df= (jil A,(w)

where
Fu,X,Y 2)=X, F,u,X,Y,2)=Y, Fu,X,Y,Z)=X—u,Z,
F4(’I/L, X9 Y, Z)=Y'_u2Z, Fs(uy X; Y? Z)=2(u2X+ulY_uluzz)/(u1+u2),
Fe(u’ X’ Y’ Z)=Z,

dF (u, X, Y, Z)
F,u,X,Y,2)

1, A e gla, c<u)),

and
u=(u;, U;) € UCCZ\{un Uuy) 1u1u2:0’ ul+u2=0}’
s dF (u, X,Y,7Z)
3.2 =(B.)f”’,B z4,c),
(3.2) af fg (U Fj(%X,Y,Z)f () e gl(4, C(w)
where

FuX,Y,H)=X, F,u,XY,)=Y, F,u,X,Y,Z)=X—uZ,
F,X,Y,2)=Y—uZ, Fu,X,Y,Z2)=XY—uYZ—u,ZX,
Fe(u, X, Y, Z)=Z’
and
u=u, uy) € UCC*\{(uy, u;) | u,u,=0}.

If these systems satisfy the completely integrable condition, the iso-
monodromic deformation equations associated to these systems on P,(C)
coincide with the isomonodromic deformation of the same systems restricted
on a projective line in P,(C), which is in general position for S. (As for
the definition of “general position”, see [2].) Choose y=2x—1 as such a
projective line in a neighborhood of 0 on P,(C). Then the above systems
(3.1), (3.2) restricted on this line are written as follows:

3.3 df= <A1@+A4d(x— 1 +A, d(x—wu,) +A, dlx—A+u,))
x z—1 T—Uu, r—1+uy)
+A, d@—u,(1+uy) [ (U +uy) ) 1,
x—u(L-+u,) [ (uy +uy)
_(pdr  pdxz—1) d(x—u,) d(x—14uy)
G ar=(BL4p"D i p, o) g et
d@*—(1 +u1+uz)x+u1)>
+ 5 & — (14w, +u) s+, k
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respectively. Considering the isomonodromic deformation equations of
these systems (3.3), (3.4), we get the following theorems.

Theorem 1. If the system (3.1) is completely integrable, then the sys-
tem of the isomonodromic deformation equations for (3.1) is given by the
following system of non-linear partial differential equations :

dA1= [An Ae]dul/u! + [A5, Al] Uv dA2= [Azy As]duz/u2+ [A5’ Az] Uzy dAs= [Aa,
Ad]dul/ui +I[4,, A,]U,, dA,=[A,, As]duz/uz‘l' [A;, A]U,, dA,=I[A,, AJ)(du,/u,
—duy|uy) —[A4,, AJ(du, /v, —duy/uy), dAy=0, where U,=du,/u,—d(u,+u,)/
Uy +uy), Up=duy/u,— d(u;+uy) [ (u,+u,).

Theorem 2. If the system (3.2) is completely integrable, then the sys-
tem of the isomonodromic deformation equations for (3.2) is given by the
following system of non-linear partial differential equations :

dB,=I[B,, Bildu,/u,, dB,=I[B;, Bildu,/u,, dB,=I[B,, B,Jdu,/u,+[Bs, B;l(du,/u,
{+du2/uz), dB,=IB,, B4]du2/uz +IB;, BJ(du,/u,+du,/u;), dB;=I[B,, Bldu,/d,
+I[B,, Bs](du1/u1+duz/uz); dB,;=0.

Remark 2. dA,=0 and dB,=0 owe to fundamental matrices of solu-
tions of the above Pfaffian systems which are normalized at Ux {(X, Y, Z)|
X-Y-Z=0,Z=0}.
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