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17. Cauchy Problems for Fuchsian Hyperbolic Equations
in Spaces of Functions of Gevrey Classes

By Hidetoshi TAHARA
Department of Mathematics, Sophia University

(Communicated by Kosaku Yo0sIpA, M. J. A., March 12, 1985)

In this paper, we deal with the Cauchy problem for Fuchsian hyper-
bolic equations with Gevrey coefficients, and establish the well posedness
of the problem in spaces of functions of Gevrey classes.

1. Problem. Let us consider the Cauchy problem :

thoru+ 35 P9, (E, 2)0{0;u= f(t, ),
(P) { J+j|2|m§m
a§u|t=0=ui(x), 7:=0) 1’ c ‘,m'—k"’ly
where (¢, )=, 2 --+,2,) €0, TIXR" (T>0), meN(={1,2,---}), ke Z,
(={0, 1, 2, te ‘}), 0‘=(“n ] an) € Zy—:-, |C¥|=C€l-|- tt +am p(jv a) € Z+ (j+]a|§m
and j<m), a,,t, x)eC> (0, TIXR") (f+|a|<m and j<m), 3,=3/0t, and
0:=(9/0x)*- - -(@/0x,)*". Assume the following condition:

(A-1) O0Zk<Zm.

(A-2) p(j,@)e Z, (j+|a|=m and j<m) satisfy

(7, )=k+ v, &), when j+|a|=m and j<m,
{p(j, a)y>k—m+7j, when j+|a|<m and |«|>0,
P, Q) =k—m+7, when j+|e|<m and |a|=0

for some v=(y,, - - +,v,) € Q" such that v,=>0 (=1, - - -, n), where {y, &)=y,
+ - v,
(A-3) All the roots 2, (¢, x, &) (i=1, ---,m) of
2"‘-|—j ; a;.(t, x)Ae =
j<m

are real, simple and bounded on {(t, x, §) [0, TIXR* X R"; |§|=1}.

Then, the equation is one of the most fundamental examples of
Fuchsian hyperbolic equations. The characteristic exponents p=0,1, - - -,
m—k—1, p,(x), - - -, p,() are defined by the roots of

0=p(o—1) - -(o—m~+1)+a,_(®)p(e—1)- - - (0—m+2)
F oo O s @plo—1)- - - (o—m+k+1),
where a,;(x) =@ M= g, o0& BD)]imo (T<mM).

2. Well posedness in C=([0, T], £(R™). Let &(R™ be the Schwartz
space on R" and let C~([0, T], £(R™)) be the space of all C~ functions on
[0, T'] with values in £(R™). Then, by applying the result in Tahara [6] we
have

Theorem 1. Assume that (A-1)~(A-3) and the condition:
¢y U, ) =k—m+7+ v, a)+|a|, when j+|a|<m and |a|>0
hold, and that p,(x), - - -, pu(x) § {A€ Z; 2z=m—k} for any x € R". Then, for
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any f(t,x) e C=([0,T], &R™) and any u,(x) e ER") ((=0,1, --.-,m—k—1)
there exists a unique solution u(t, x) € C=([0, T'1, £(R™) of (P). In addition,
the solution has a finite propagation speed.

In Theorem 1, the condition (T) seems to be essential to the well
posedness in C=([0, T1, £(R™)). In fact, when v,=-. .=y, holds, the neces-
gity of (T) is easily obtained from results in Mandai [4]. Therefore, if we
want to consider the case without (T), we must treat the problem (P) in
suitable subclasses of C=([0, T'1, E(R™)).

3. Well posedness in C~([0, T'1, &¥(R™)). A function f(x) (€ C*(R"))
is said to belong to the Gevrey class E(R™), if f(x) satisfies the following ;
for any compact subset K of R" there are C>0 and 2>0 such that

sgg [0z f(x) | CR(a|!)? for any a e Z".

We denote by C=([0, T1, £*'(R")) the space of all C~ functions on [0, T] with
values in &¥(R") equipped with the topology in Komatsu [38]. In other
words, C=([0, T'1, £“(R™)) is the space of all functions g(¢, x) € C~([0, TIX R")
satisfying the following ; for any ¢ e Z, and any compact subset K of R
there are C>0 and A>0 such that

EosTlngw;‘a;g(t, 2)|SCh(a|!)* for any a« e Z%.

Now, let us consider the problem (P) in C=([0, T1, £¥(R")) under (A-1)
~(A-3). Let p(J, @) +|a|<m and |«|>0) and v=(v,, - - -,v,) be asin (A-2).
Define the irregularity index ¢ (=1) by

g=max [1, max {min (max M, [z, r))}],

f*'-‘l‘r|>§m €8y \lS7T=7n
where &, is the permutation group of n-numbers and
_ 2 Wy = Ve ¥yt (m—j)vr(r)_p(j? a)+k
My, )= (m—j—|aD.H+1 '

Impose the following conditions:

(A-4) 1<s<o/(c—1).

(A-B) a,,.(t, ®) e C=([0, T1, EV(R™) (7+ le|=m and j<m).
When o=1, (A-4) is read 1<s<oco. Then, we have

Theorem 2. Assume that (A-1)~(A-5) hold and that p(x), - - -, px(®)
€{leZ; 2=zm—k} for any x € R*. Then, for any f(t, x) € C~([0, T],
EW(R™) and any u,(x) € EV(R™) (1=0,1, - .-, m—k—1) there exists a unique
solution u(t, x) € C=([0, T1, &(R™) of (P). In addition, the solution has o
finite propagation speed.

Remark. (1) o¢=1 is equivalent to (T).

(2) When y,=-.- =y, (=v,), 0 is given by

F=max {1, max ((m——f)v*—p(f, oc)-l—k)}.
itlaism \ (m—j—|a))yx+1)

(8 When y,=-:..=y, holds, the well posedness of (P) in C~([0, T1],
E¥Y(R") is obtained by Uryu [7]. But, even in this case, our condition
(A-4) ig better than his.
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4. Examples. We give here some typical examples of the case k=0,
that is, the non-characteristic case.

Example 1. Let P, be of the form

P, =0;—t*3;+t?a(t, )0, 4 b(t, )d,+ c(t, ),
where (t, ) €[0, TIXR and 2v, pe Z,. Then, ¢ is given by
20—p }

y+1 J°
Therefore, if v—1>p, we have ¢>1 and (A-4) is given by 1<s<(@Qv—p)/
(v—p—1). This coincides with the condition in examples by Ivrii [2],
Igari [1] and Uryu [7].

Example 2. Let P, be of the form

P2=a§""' tzua?cl_ tzwaig'l‘ tmal(t’ x)azl'l‘ tmaz(t’ x)awz'i' b(t’ x)at + C(t, x)’
where (¢, x) € [0, T1 X R? and 2v,, 2v,, p;, . € Z.. Then, ¢ is given by
20,—D 20,—D, }.
vi+1 " v+1

Example 3. Let P, be of the form

P,=0,(0;—t>0%, — t*02,) + t?a(t, 2)0,,0,,,

where (¢, x) € [0, TIX R and 2v,,2v,, pe Z,. Then, ¢ is given by

max {1, Svi—p vit+2u,—p }, when 0=y, <y,

oc=max {1,

o=max {1,

o v+l y+1
max {1, ity =P  3n—p }, when 0<y,<v,.
vi+1 v,+1

Details and proofs will be published elsewhere.
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