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0. Introduction. Let X be a non-singular algebraic variety with
dim X =N over an algebraically closed field. In this paper we shall prove
the following formula

x(tKX)_ Z] ¢N ZT(t) KN ZrR
o (N—27)!

Here the ¢,(t) denote the Bernoulli polynomials, defined by

xe'® ¢n(t)

e*—1 _}n:
R,=R,(c,, - -, ¢;,) is a polynomial of Chern classes, defined by
Tyniiley -+, ) =1/2)e.R,(Cyy - - -, C3)

where T, is the r-th todd class of X.

1. Preliminaries. We start by recalling the following elementary
facts.

Lemma 1.
(1-1) P(t)=1, s(B)=t—(1/2).
(1-2) d/at)g, ) =mn-¢,_,(t).
(1'3) ¢2n+1(0)=¢2n+1(1/2)=0 fOT ngl.
(1-4) $o(t+1)— (&) =nt ",
e n-7r — e 2m 2m =27 __ 2m-

@5 pO=3(" a0t =3 (2" )p @ —mtn,

) = (2m) 2V, (0)
(1-6) Z( ) 2m—2r+1 =

Proof. We only prove (1-6). From (1-5) we have

fonai) 3 (3m) 6O unien_ Ly
2m+1 =0 2m—2r+1 2
Put £=1/2. Then
0= 5 (2", 2 1 1
Z\2r J2m—2r41 2w g
From this (1-6) follows. Q.E.D.
We define the symbols ¢, -« -, Cy ;D1 =~y Pw 21 vy By Loy -+ -, Ly 3 and
polynomials A;(p;, - -, p), Tiey, - -+, ¢) (0<i<N) and E,(c,, - - -, ¢z)) (k)
<[N/2]) as follows:
(1) 2,=13 for 1<i<N.
(2) p,is the i-th elementary symmetric function of #,, - - -, zy.

(3) ¢, is the i-th elementary symmetric function of z,, - - -, 2.
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5 2.’1/' T & € N+1
(4) Z 3 =Z (ply""pi)'T (mOdT ).
i=1 ginh 2x¢,T =0
(5) % al S Tuey -, ¢)-T*  (mod T¥*).
=l l—exp(—2T) = °7 77
(6) T21+1(cla Ty czj)—-(l/z)cle(cn Ty 021)-
From these
1=—(2/3)p,, A, =(2/45)(—4p,+TpD),
A3=(_4/945)(]—6p3 44]02]01-!—31731), e

T.=1/2)c,, T,=Q/12)(¢c,+¢c), T,=@1/24)c,c,.

R,=1, R,=Q1/12)¢,, R,=(1/720)(— cic,+ c,c;—c,+3¢)),

R,=(1/60480)(2c!c,+2¢%c,— 2cie,— 10cici+11¢,c,0,— ¢ —9c,c,— 2¢,¢4
+10¢3+-2¢,),

R,=(1/3628800)(—3cfe,+3cic,+21cic;— Bcie,— 29¢ie,c,+3cics
—42cici+-8cici+26¢ic,c,—3cics+50c cic,—16¢,c,¢5
—13e¢,¢,¢,+38¢,¢,+21ci—34cic,—8¢,ci+13¢,¢,43c,¢,+5ci—3¢y).

Remark. If we regard c, as the i-th chern class of X, then T, repre-

sents the »-th Todd class of X.

Lemma 2.
(7) Ty ye)=90 1 ~.A_«_(lcy”ﬂq( DY)
\C1y 1 6= 24 '27;(:28)! 5 1 D1y » Ds)e

Especially T,.., is a polynomial in c,, - - -, ¢, which can be devided by c;.
Proof. See Todd [2].
Hence, from the definition of R,,
1 { 1 >2r—2s
8 Rr s * "%y Cop AS [l 2 T
(8) (e Cor) = Z L S@r—os D)1\ @ ® »,)

2. Proof of the formula.
[a/2]

Lemma 3. Ty= Z %KM "R,.

Proof. If M is odd, then ¢, _,,(0)=0 for r<<[M/2]. Thus

L2 ) s 1
rZ:=0 gﬁ%cf{ ? Rr=¢l(0)KXR[M/2]=ECIR[Mm]:TM'

We assume that M is even, say M=2n. Then we shall show
T,,=> _J‘_zz@i(;)l',,cgn -vR

Actually, by (8), the right hand side is written as

< ¢2n 27(0) . 2n ZrR
= @n—2r)! “

— C ¢2n 27(0) (l >2n—2r z 22"'—27 {l )27-23A
=4 @n—2r1 \2 {Zé 2u@r—2s+DiNe }

Eat @n— 222:)'%(522"1«27(3;“)'}“zl;(;cl)zn_zsAs

=% {Z @91 (23:? §§0)2q+ D1 }21 (% c‘>2n~zsAs'
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Putting m=n—s, (1-6) yields

”Zs 2%14,,(0) _ 1
= 2q)! Cn—2s—2¢+1)! (@2n—2s)!
Hence the above sum is T,, by (7). Q.E.D.
Let
/21 t)
P t — ¢N 27( KN ZrR
(+) ®:=2 & o

If we substitute D/K, for ¢ in (x), then () can ke regarded as a polynomial
inD,K,ande¢, -, cy.

Theorem 4. Let X be a non-singular complete variety of dimension
N, D o line bundle on X, ¢, ---, ¢y chern classes of X, and let K, be a
canonical line bundle of X. Then

X(OX(D))':P(D/KX)-
Proof. By the Hirzebruch Riemann-Roch formula

r 1
X(@X(D))=3§=30 ;,—D"TN_S.

On the other hand, the term of D* of P(D/K,) is equal to a multiple of
(D/Ky)* and of the coefficient of ¢* in P(¢f). Noting that

¢N-—2r(t) ___Nir ¢N-27 - 3(0) ts

N—2r! &= rI(N—-2r—s)! ’
the term of D* of P(D/Ky) is
(**) % ¢N—2r—s(0) KN—Zr—sR Ds.

SrI(N=2r—s)! i

By Lemma 3, (x%) is equal to

yoq
2 DTy
=0 8!

This completes the proof.
Putting D=tK, we obtain the following formula stated in the Intro-
duction :

— £ ¢N ZT(t) N-2r
1K )= Z e KR,

References

[1] F. Hirzebruch and K. H. Mayer: Topological methods in algebraic geometry.
Grundlehren 181, 8rd ed., Springer-Verlag, Heidelberg, ix4232 pp. (1966).

[2] J. A. Todd: The arithmetical invariants of algebraic loci. Proc. London Math.
Soc., 43, 190-225 (1937).



