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1. Introduction. Throughout this note X denotes a real Banach
space, A is an m-dissipative operator in X and {T'(¥) : t=0} is the con-
traction semigroup on D(A) (the closure of the domain of A) generated
by A. For r>0, J, denotes the resolvent of A, i.e., J,=I—7r4)"".
Consider the resolvent iteration

{xo eX
Ln=d, L0, for n>1
where {r,} is a sequence of positive numbers. The purpose of this
note is to prove the following

Theorem. T(t)x is strongly (resp. weakly) convergent as t—oo
for all x € D(A) if and only if (RI) is strongly (resp. weakly) conver-
gent as n—oo for all xye X and all {r,} e P\l'.

This theorem has been proved by Passty [1, Theorem 2] under an
additional assumption that A is Lipschitzian. We can, however,
remove the assumption on 4 by using the idea of [3].

2. Proof of Theorem. By a contractive evolution system on
C(cX) we mean a two-parameter family {U(t, s) : 0<s<t <o} of self-
maps of C satisfying: (i) U@, t)z=2 for te R*=[0, o) and ze C; (ii)
Ui,s) Us,»z=U{,r)z for t=s=r in R* and z¢ C; (iii) ||U(, s)z,
—U(t, 8)2,||<||2,—#,|| for t=s in R* and z,, #, € C.

Definition ([1]). A contractive evolution system {U(%, s): 0<s<t
<o} on D(A) is said to be asymptotically equal to the semigroup
{T@®): t=0} if for each x € D(A),

@.1) lim,. [|U{+ h,s)x — T(h)U(t, s)z||=0 for each s=0, uni-
formly in 2>0 and

2.2) lim,_, ||UE+h, )T@®)2—T({E+h)2||=0 uniformly in 2>0.

The following proposition is due to Passty [1].

Proposition 2.1. Let {U(t, s): 0<s<t<oo} be a contractive evo-
lution system which is asymptotically equal to the semigroup {T'(t):
t=0}. Then T(t)x is strongly (resp. weakly) convergent as t—oo for
all x € D(A) if and only if U(X, s)x is strongly (resp. weakly) convergent
as t—oo for all x € D(A) and all s=>0.

RI)
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Let {r,} be a sequence of positive numbers such that {r,} ¢ I'. Put
n(t)="*“the index n for which > 7l r,<t<>7.,r,” for t>0 and n(0)=0.

Clearly we have

Lemma 2.2. Define U(t, s) for 0<s<t<<oo by

UG, 9)x=1]2%0 1 -2 forxeX.

Then {U(t,s): 0= s<t<oo} is a contractive evolution system on X,
and {U, s)|pe: 058t} is a contractive evolution system on
D(A), where U(t, s)|5cp 8 the restriction of U(t, s) to D(A).

Proposition 2.3. If {r,} e P\l', then {U(, 8)|5m: 0<s<t<oo} in
Lemma 2.2 is asymptotically equal to the semigroup {T(t): t=0}.

To prove this proposition we use the following

Lemma 2.4. For o/, 2e X, ue D(4), I=1, i, =0 and 1>0 we
have

T T = T3zl SN2 —ull+ |2 —u]
A {CTEE o e A 4 T T G| Al

where |||Aul|||=inf {|y|: ¥ € Au}.

Proof. The argument of [2, Lemma 2.1] gives the following
estimate :
@.3) @ —2l=lle—ull+||Lo—ul X

+{(Zlic=1 hk—2£=1 hk)z'l' Zlic=1 hi+21{=1 h?c} : ”IAu”I

for x,, %, €X, ueD(A), %, =0 and sequences {&;}, {ﬁk} of positive
numbers, where z,=J, %, £,=J4,&,-, and 4., hy=34., h,=0. Let
2’,z2eX,l=1and 2>0. Using (2.3) with z,=J,,2/, £,=z and h,=7,,,,
ﬁ,:l, we obtain the conclusion.

Proof of Proposition 2.3. It suffices to show that (2.1) and (2.2)
hold for every x € D(A). Let x e D(A).

We first show (2.1). In Lemma 2.4, we let I=n(t), ¥'=[]"&
J,x and i=n(t+h)—n(t), z=u=U(t, s)x, and j=[h/2]. Then

AU, s)z|l|<|| Az
implies
UG+ h, s)x—JRUR, $)a || {2550 1 7 — LR/ A1)
+ 2 0 i+ TR 22| Azl
As 2—-0+,
NU®E+h, 8)x—TH)UE, $)2 | S{C B 1 Te— 1Y+ 2 aniy 1 T2} || A2 ]|
=(a(®)+ Z;}:n(c)u )| A Il

where a(t)=sup {7, : s=t}. Since a(t) and > ;_,. .1 73 are convergent
to 0 as t—oc0, we obtain (2.1).

We next show (2.2). In Lemma 2.4, we let l=n(t), i=n(t+h)
—n(t), j=[({t+h)/A1—1[t/2] and &' =z=u=J{"x. Then

1Tt +h, T — T30 |
< U@k, )T —Ut+h, 0, J3 2|
+| U@+, ), J3 =I5+ g |
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¥ =T |+ [ { St me— ([ ] - [ 2] )2}

+zpart+ ([ - [2])#] " naw

<2, ll14ali+ [{Zres o — ([ 222 ] =[] )}

1/2
reart+ (L] -[])#] " nawn.

=2|J

Here we have used that
[ o5 =T 2| S 70 || AT ||| S ||| A
Letting 2—0+,
|UGE+h, )T )z —T(E+ )|
S27 H{CoR B 1 re— B 4 2oy 1 TRF || A
<270+ @@+ 2 nw TOY || A]|].
So (2.2) holds.

Proof of Theorem. ) Let xz,e X, {r,}e*\l' and let U(¢, s) be as
in Lemma 2.2. By virtue of Propositions 2.3 and 2.1, U(t, 0)x,
=U(t, r)U(r, 0)x, is strongly (resp. weakly) convergent as t—oo. In
particular, x,=U(C ., r, 0)x, is strongly (resp. weakly) convergent
as n—oo,

&) Let x € D(A), {r,} € '\l! and let U(t, s) be as in Lemma 2.2. By
using Propositions 2.1 and 2.3 again, it suffices to show that U(¢, s)x
is strongly (resp. weakly) convergent as t—oo for every s=0. Now,
let =0 and put 7,=74.. for k=1,2, .... Then

uc, s)x=']7hm—n(u. e .JféJ"lx
is strongly (resp. weakly) convergent as t— oo by our assumption
because {r;} e I*\I'.
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