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8§0. Introduction. In this paper, we discuss the generic ex-
istence of certain holomorphic sections of holomorphic vector bundles
over compact complex manifolds. Moreover we study the relation
among Schubert cycles associated with holomorphic sections from a
view point of complex analytic bordism.

Let M be a compact complex manifold and E—M be a holomorphic
vector bundle of rank q. For holomorphic sections gy, - - -, 0, of E—M,
there is an associated Schubert cycle which is defined to be the subset
of M where g, ---,0, are not linearly independent. Holomorphic
sections g, - - -, 0, are said to be in general position if the associated
Schubert cycle has codimension ¢g—r+41. The bundle E—M is said to
be sufficiently ample if there are global sections z,, - -, 7y € OM, E)
such that (i) the z,(x) span all fibres F, (x ¢ M) and that (ii) the dif-
ferentials dz(x) of the sections t=3} a,r,(¢, € C) which vanish at x span
E.®9%*. Cornalba and Griffiths stated in [1] that if the bundle is
sufficiently ample, then suitable linear combinations ¢,=> a,r;
(v=1, .-.,r) give sections g, - - -, 0, which are in general position.
The usefulness of the general position requirement lies in the fact that
in this case the associated Schubert cycle represents the Chern class
of the given bundle.

One of our results is to show a stronger result by omitting the
condition (ii). Moreover it will be shown only under the condition (i)
that one can deform arbitrary sections oy, - - -, ¢, 80 that the associated
Schubert cycle has only singularities of simple type which we call
quasilinear type. In this case, the deformed sections 4, ---, , are
said to be in quasilinear position. Our generic existence Theorem 3.1
asserts the openness and density of holomorphic sections in quasilinear
position.

If two sets of holomorphic sections ¢, ---,0, and s, ---, s, are in
quasilinear position, then the associated Schubert cycles are homolo-
gous, because they represent the same cohomology class. In this
paper, we shall show that they are more intimately related. In fact,
our bordism theorem shows that there exists a complex analytic
bordism of quasilinear type which connect them. The detailed proof
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will be given elsewhere.

§ 1. Definition of quasilinear structure. A quasilinear sub-
variety VC M is characterized by its structure of stratification. The
quasilinear structure is modeled on some corns in the space of complex
matrices. We shall denote by IN(r,s) the set of all »xs complex
matrices. We set

M (r, s)={A € M(r, s) ; corank (4)>Fk},
where r<s, k=1, -..,7. Then we have a sequence of subvarieties in
M(r, s) X C* for any integer t,
Mi(r, )X CDMy(r, ) XC'D-- - DM (7, ) X C* =0, , X C*,
where 0, is the zero matrix. We regard the submanifold 0, , X C* as
a center. Our model is the structure of stratification in the neigh-
bourhood of this center.

Definition 1.1. A complex analytic subvariety VCM is said to
be quasilinear if it has a regular stratification V=V,D... DV, such
that for any point z in any stratum V,—V,,, there exist some integer
7, 8, t and a biholomorphic map ¢ of a neighbourhood U of z onto a
neighbourhood W of (0, ,, 0) in M(r, s) X C* such that

o(UNVY)=WNM(r,s) XC, k=1, ---, 1.
We also say that V has singularities of quasilinear type.

§2. Schubert cycle and quasilinear position. Given holomorphic
sections ¢y, - - -, o, of holomorphic vector bundle E—M, we define the
associated Schubert cycle S=S(o,, - - -5 g,) by setting

Sloy - --yo)={zeM;a(RN- - No,(2)=0}.
Let pe S and let gy, - - -, 0, be represented as o,(x)=> «,,(2)e,(2) for
some local holomorphic frame ¢, - - -, ¢,, ¢g=rank (E) on a neighbour-
hood U at p in M. Then «,,(2) define holomorphic map @(2)=(«;;(2))
of U into M(7, ¢). Notice that &(p) € M,(r, q¢) because p € S.

Definition 2.1. Holomorphic sections gy, - - -, g, are said to be in
quasilinear position if at any point » € S(ay, - - -, 7,), the map @ is trans-
versal to any stratum of I,(r, ¢) at any point of U.

Quasilinear position has the following meaning.

Lemma 2.2. If holomorphic sections a,, - - -, 0, are in quasilinear
position, then the associated Schubert cycle S(ay, - - -, 0,) has only singu-
larities of quasilinear type.

§ 3. Generic existence theorem. In this section we are con-
cerned with the openness and the density of holomorphic sections in
quasilinear position. In case M is a compact complex manifold, the
topology of the set of all the family of holomorphic r-sections o, - - -, o,
which will be denoted by @ I'(M, O(E)) is naturally defined including
higher order differentials. Our generic existence theorem is stated
as follows.
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Theorem 3.1. Let M be a compact complex manifold and E—M
be a holomorphic vector bundle which satisfies the condition (i) in the
introduction. Then, the set of holomorphic r-sections {o,, - - -, a,} which
arein quasilinear position is open and dense in the space ®" I'(M, O(E)).

§4. Quasilinear bordism theorem. In this section we define
quasilinear bordism for quasilinear subvarieties in M and we show the
existence of such bordism between Schubert cycles of holomorphic
sections in quasilinear position.

Definition 4.1. Quasilinear subvarieties of dimension &, X, and
X, in M are said to be quasilinearly bordant in the strong sense if there
is a quasilinear subvariety W of dimension k+1 in M X C such that
X,=WNMx{0) and X,=W N DM x{1}.

Definition 4.2. Quasilinear subvarieties V, and V, in M are said
to be quasilinearly bordant if there is a sequence of quasilinear sub-
varieties X,, ---,X, in M such that X, and X,,, are quasilinearly
bordant in the strong sense for any 0<i<N +1, where we set V,=X,,
V2=XN+1-

Now we are in a position to state our bordism theorem.

Theorem 4.3. Let M be a compact complex manifold and E—M
be a holomorphic vector bundle which satisfies the condition (i) in the
wntroduction. If holomorphic sections oy ---,0, and 8, ---,8, are
both in quasilinear position, then, their associated Schubert cycles
S(ay, -+ -0,) and S(sy, - - -5 8,) are quasilinearly bordant in M.
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