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1. For the heat eguation on an arbitrary bounded domain D
located in the (n+1)-dimensional Euclidean space R**'(=R"X R) (n=>1),
we can solve the Dirichlet problem in the sense of Perron-Wiener-
Brelot. Because of this, there exists the harmonic measure », on the
boundary oD for every p € D. The support supp (v,) of w,, however,
does not coincide with 4D, so the Dirichlet problem and the minimum
principle should be considered on a relevant part of the boundary.
From the standpoint of the Dirichlet problem, an intrinsic part of the
boundary would be | J,c,supp (w,). This is also available for the
minimum principle of superharmonic functions (see Corollary 9).

On the other hand, for the heat equation two kinds of significant
boundary part are known. One is the parabolic boundary 3,D and the
other is the essential boundary ess (6D) (see Definitions 2 and 3).

Our purpose of this paper is to show that our relevant parts
Uypeon Supp (@,), ess (3D) and 3,D are equal except for negligible sets.
This throws light on a geometrical property of (,c, supp (v,).

Theorem 1. (1) ess (3D)=4d,D.
polar.” Furthermore Z C D*\D, where D* is the interior of the closure
of D.»

2. Since a bounded domain D associated with the heat equation
is a Bauer harmonic space, we follow C. Constantinescu and A. Cornea
[1] for basic notation and terminology in potential theory.

We denote by (x,t) a point p in R**!, where x=(x,, - - -, x,) are
the space variables and ¢ the time variable.

1) This ﬁleans that there exists a positive measure ¢ on R**! such tﬁat the

potential Gp(p):j G(p, Q)du(q) on Rm*! takes the value +oo on Z, where for

p=(,1), ¢=,8)
_ [Mr(t—s8))""/? exp (—||x—y[|/4(t—s)) if t>s
G(p,q)—{o if t<s,
and ||«|| denotes the Euclidean norm of x ¢ R™,
2) This is an affirmative solution of a question proposed orally by Professor
M. Itd.
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Definition 2. For an open set £ in R"*!, the parabolic boundary
9,F is the set of points of 9 which can be connected to some point of
E by a closed curve having strictly increasing ¢-coordinate.

For p, e E, we denote by A(p,, ) the set of all points p € E'\{p,}
which can be connected to p, by a polygonal line in E having strictly
increasing t-coordinate. In particular, if B=B(p,, ) is an open ball
with center p,=(x,, t,) and radius »>0, then A(p,, B) is the open half-
ball {(x, t); [[x—x, [P+ {E — )2 <7, <8y}

Definition 3 (cf. [2, p. 252]). Let E be an open set and put

ess (0E)={q € oE ; A(q, B(q,¢))#B(q,¢) N E for all ¢>0}.
We call it the essential boundary of E.

Note that ess (9F) is closed.

For a continuous function f on the boundary of a bounded domain
D, we denote by H? the solution of the Dirichlet problem with bound-
ary condition f, which is represented by

HY )= sdo,
where o, is the harmonic measure on oD for p € D.

Lemma 3. Let p,=(x,,t,) € D and A= A(p,, D). Then

(1 supp (0,) C{(x,t) € 3D ; t <1}

(2) supp (w,,)Cess (0D).

(3 supp (0,)=ye SUPP (@,).

4) w,=y% for any pe .

Here o denotes the harmonic measure for p with respect to the
domain .

Proof. (1) The potential w(p)=G(p, p,) on R"*' (see footnote") is
strictly positive on A(p,, R**') and zero on (A(p,, R"*'), which implies
).

(2) Let geodD\ess (dD); then there exists a ball B=B(q,r) such
that A(q, B)=BND. For a continuous function f on oD, we put g=f
on dDNB and =H? on aBND. Then
@.1) HP®—H?  on D\B.

In particular, if supp (f)CBNaD, then by (1), we have H?(p)=0 for
any p € BND. This and (2.1) imply H2=0, which shows ¢ & supp (v,,)
and we obtain (2).

(3) By the Harnack inequality,” we see that o, is absolutely con-
tinuous with respect to w,, for any p e 4, which implies supp (w,)
Csupp (w,,). On the other hand, for any harmonic function 2 on D,
h(py)=0if h=0 on 4. Thus, we obtain (3).

(4) Let f be a continuous function on dD. Putting g=f on a4
NoeD and =H? on d4ND, we have H?=Hj; on A. Since ess(3D)

3) See [2, Lemma 2].
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Dess (04),Y a4NDCdA\ess (04), so Hf is uniquely determined by the
restriction of f on d4NaD, which is denoted by f. Hence, putting
J=0on dD\3A we have H?=H% on A, which shows (4).

We describe the following four lemmas which are known on
harmonic spaces.

Lemma 4 ([1, p. 45, Cor. 2.3.2]). Let u be a hyperharmonic func-
tion on a bounded domain D. If lim inf,,g%l, u(p) =0, then u=0 in D.

P

Lemma 5 ([1, p. 32, Prop. 3.1.2]). Let U, U’ be open sets with
U cU, and u,w be hyperharmonic functions on U, on U’, respectively.
Put w*=inf (u,w) on U’ and =u on U\U'. If w* is lower semi-con-
tinuous, then it is hyperharmonic on U.

Let (p,).=: be a sequence of points in D converging to a boundary
point g € 0D as n—co. We say that (p,),., is regular (resp. non-regular)
if w,, converges (resp. does not converge) vaguely to ¢,, the Dirac
measure at ¢q. A strictly positive hyperharmonic function on D is
called a barrier of (p,),., if it converges to 0 along (p,),x:-

Lemma 6 ([1, p. 56, Prop. 2.4.7D. A sequence (p,),s, in D is
regular if a barrier of (p,),s, exists.

Let v be a potential on D. A positive hyperharmonic function u
on D is called an Evans function of v if for any ¢>0, the set {peD;
u(p) < cv(p)} is relatively compact in D.

Lemma 7 ([1, p. 41, Prop. 2.2.4]). Let v be a continuous potential
on D. Then there exists an Evans function u of v which is a con-
tinuous potential.

We put

R(D)= {q €dD; there exists a regular sequence Which}.
converges to q

Note that R(0D) is closed.

Let v, be a strictly positive continuous potential on D and «, be an
Evans function of v, in Lemma 7. 1In the sequel, v, and u, are fixed.

Proposition 8. R(0D)=\,c, supp (w,).

Proof. Let g e\ J,cpsupp (o,) ; then there exists a ball B=B(q, r)
such that 9D NBC( U,ep supp (w,). For any continuous function f
on 9D with supp (/)céDNB and f(¢)=1, H?=0. This implies ¢

¢ R(9D), that is, R(0D)C,cp Supp (w,).

Next we shall show the inverse inclusion. Let ¢,¢ R(@D); then
there exists a ball B=B(q,, r) such that 6D NBC{R(@D). We take an
arbitrary non-negative continuous function f on oD satisfying supp (/)
CcoDNB. Forany >0 and any q € 3D, we shall show
2.2 lim inf (eu,(p) — H2(p)) = 0.

p—q
PED

4) See [2, Lemma 1].



384 N. Suzuki [Vol. 56 (A),

If ¢ €edDN B, then, by Lemma 6 lim,_, #,(p)= + oo, which gives (2.2).
pPED

Suppose that there exist ¢ in 6D\B and a sejuence (p,),s, in D with
lim,_.. p,=g¢q such that
2.3 lim (eu(p,.) —H?(®,)) <O0.

N> 00

Then, H? being bounded on D, we see that (u,(p,)).z, is bounded, which
implies that v,(p,) tends to zero as n—oco. By Lemma 6, (9,),s; is
regular, so lim, ... H2(p,)=f(¢)=0. This contradicts (2.3) and hence
(2.2) holds also for g €9D\B. By Lemma 4 we have «u,>H? in D.
Letting ¢—0, we conclude H2=0, which gives ¢,&(J,cp Supp (@,).
This completes the proof.

Corollary 9. Let u be a superharmonic function on D and assume
that u is bounded below. If there exists a constant A such that

2.4) lim inf w(p)=A for any q € g) supp (v,),
p—q b
pPED

then u=A in D.

Proof. Put u,=u+A/n)u,—A (n=1). By Lemma 4, we have
u,=0in D. Letting n— oo, we obtain Corollary 9.

Remark 10. In the above corollary the assumption that u is
bounded below is indispensable. For example, let D, be a bounded
domain, p,€ D, and D=D,\{p,}. Since supp (w,) 2 p, for any pe D,
on D satisfies (2.4) for some constant A, however, u=>A in D does not
hold evidently.

3. In this paragraph, we shall prove Theorem 1.

Proof of (1). We have easily d,DCess(@D). Let q,=w,, Sy
€ 0D\3,D ; then there exists a ball B=B(q,, r) such that 6D N BCaD\3,D.
For any p=(x,t) e DN B, we have t<s,. In fact, let ¢,=(y,, s) be the
nearest point from p in the intersection of 4D and the closed segment
[p,q]. Then q,edDNB. If t>s, then £>s,, which contradicts ¢,

¢o,D. Let B'=B(q,7/2) and ¢'=(¥,s)€dDNB. Similarly, we
obtain t< ¢’ for any p=(x,t) e DN B, s'=s,and A(q,, B’)=B'ND. Thus
ess (9D)Cd,D, that is, ess (3D)=3,D.

Proof of (2). By Lemma 3 and Proposition 8, we see ess (0D)
DUpep Supp(w,)=R(GD). Put K=ess(3D)\R@D)andZ=D*NK. Then
DUZ=D*\R(@GD), so DUZ is a bounded domain. Put «*=wu,o0on D and
=+4oc0 on Z. Since u* is lower semi-continuous, Lemma 5 shows that
u* is hyperharmonic on DUZ. Besides u* is finite on the dense set of
DUZ, so u* is superharmonic on DUZ. The inclusionZc{peDUZ;
u*(p) =+ oo} implies that Z is polar.®.

Next, we shall show that K=Z. Suppose q,€ K\Z; then there

: 5)mFrgm Theorem 25 in [2], it follows that there exists a positive measure
# on R+t such that {pe DUZ; u*(p)=+o}={pe DUZ; Gu(p)=+co}.
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exists a ball B=B(q,,r) such that BNaDC(R(®D) and B\D is a non-
empty open set. Put w**=u, on BNDand =+oc0 on B\D. Similarly
as above, u** is hyperharmonic on B. Since g,€ess(@D), we can
choose p,=(z,,t) e BN D and p,=(x,, t,) € B\D such that ¢,>¢,. This
implies that #** is superharmonic on A(p,, B),® however, u** is infinite
on a neighbourhood of p, € A(p,, B), which is a contradiction, that is,
K=Z. This completes the proof.

4. In this last paragraph, we shall give a corollary and some
remarks to our theorem.

Theorem 1 and Lemma 3 (3), (4) give following

Corollary 11. For any p, € D, supp (v,,) Cess (04), Z,,=ess (04)\
supp (w,,) s polar and Z,,C A*¥\ A, where A= A(p,, D).

Remark 12, Theorem 1 is valid for any bounded open set in B**'.

In fact, noting that a countable union of polar sets is polar ([2,
Theorem 26]) and applying our theorem to each component of this open
set, we have the above remark.

Remark 13. For any bounded open set E, we have

(1) ess OE) 2 U,cx supp (0,).

(2) ess(PEHR0,E.

In particular |, supp (v,) and d,E are not closed.

In fact, let t,=max {t; (x,t) €9E}. Since 6F\ess (0E) is open in
oF, there exists a point p, € ess GE) N {(x, t) € oE ; t=t;}. By Lemma
3 (1), we see that p, ¢ \_,cz supp (0,). Easily, we see also p, ¢ 9,E.

Remark 14. By the same manner, our theorem is valid not only
for heat operator but also for more general parabolic operator, which
induces a Bauer harmonic space and possesses the Doob convergence
property and has the Green function (cf. [1, p. 95)).
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