No. 8] Proc. Japan Acad., 55, Ser. A (1979) 267

63. Studies on Holonomic Quantum Fields. XV
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(Communicated by Kosaku YoSIDA, M. J. A, Oct. 12, 1979)

The aim of this article is to show that the double scaling limit ([6]
[7] [8]) of the one dimensional XY chain can be handled in the frame-
work of monodromy preserving deformation theory (ef. [1] [2] [3]).

We wish to express our gratitude to Profs. B. M. McCoy and C. A.
Tracy, who have urged us to study the topics of our present notes XV,
XVI from deformation theoretical viewpoint. In particular we are
grateful to Prof. McCoy for handing us related references, including
the thesis of Vaidya [8].

1. The one-dimensional spin —;— XY model is described by the

Hamiltonian

(1) HM————— Z (A +7anona+A—7)abol. . +2ha},)

ot =1, - Ro®- - ®I, (a=x,,%)

where o”=<1 1), o”———(i _i), az———(l __1).

In the sequel we shall be concerned with the double scaling limit
of the model (1), defined as follows ([6]):

(2) m, n—o0 3 e=+/1—h*—0, 7—0
keeping g=7/e>0, a=me, t=—;ie2 fixed.

The result is quite similar to the scaling limit of the Ising model,
except that the characteristic dispersion relation w(p)=+/p*+m? for
the latter is now replaced by ([6])

(3) o(P) =~ @ + ) (D*+ )

where p=g++v9g*—1 (9=1), =g+ivV1—¢* (0<g=<1), p*=p"'. Denote
by ¥'(p), ¥(p) the creation-annihilation operators of free fermion such
that [y'(®), ()], =276(p—p’), and set

(4) VD, ) =Y (—p)et=® + A (p)e~ito®
(5) =" (a,t)= I dp ‘/w(p) Y. (p, theterpn (1 d ) (a )
(n_‘oy 1’ 2» o )
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(6) P @)=19.(0,0,  v*(a, )=4*"(a, ).
Then we find that, in the notation of [4],
(7) Fon=2e9"p(a, t)+ O(**)
7Y, =+/2e¢"'¢"(a, )+ O(c"?)
(8) pla, t)=: e @V

¢(¢)(a’ t)= . 1]/'(*’1)(0/, t)\[/'(i)(a;, t)ep(a,z)/z :’
with

(9)  pta = [ Dy yi(B P B) R 007 (4 0)

aa’ "N —i(—d'w+o00) pialep+o’p’)~tt(co+a’w’)
B (p’p)_x/a_x? op+a'p —i0
(0,0’ =% ; 0=0(), &' =0()).
Just as in the case of the Ising model, ¢(a,t) satisfies a peculiar
equal-time commutation relation with the free fields. Namely let

(10) v.(@, )= f ‘;” Vo) ., e

where
an Va@)=vb@)-b(—=p)"  b@)=vO+ip@+ipH 7,
with va(0)=1, b(0)=—i. Then we have
(12) o(a, V. (2, t) =e(@— ). (x, Dpa, t).
In what follows we shall restrict ourselves to the case of {=0. The
operator ¢(a, 0) is abbreviated to ¢(a).
We shall give formal asymptotic expansions for the commutators
[¥.(0), o(@)] as p—+oo.

18 [0, e @] =2iv o * e-wpp( =(g) — <*>(a)+o( )
where
(14) go(*’(a)= . 1I,(i)(a,)epm,o)/z .

‘We have also

15 ), o P@)], = = z«/z*‘e-wp(;o(a) S iso(a) +0(1—;};)),

F +1 —iap ~(F ___~(=F l
16)  [(0), o™ (@], =2iv 0 e p( Tt )(a)+0<p2)>.

2. Let W(4) be an orthogonal space spanned by creation operators
¥'9(p) and annihilation operators 1(p) (j=1, - - -,2n; p € R) with the
following table of inner product:

<,\I,,(j)(p), \I’(j,)(p/)> — 0’ <¢,T(1)(p), ,\!,,T(J')(p/)> — 0’

0 1<7,7’=n
511'+n27f5(p“‘p') n+1<7<2n,1<7'<n
0yinp2mdp—p)  1Zi<n,n+1<7<2n
Ay -n2m0(p—1D") n+1<7, 7' <2n.

O, @) =
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Here A=(4;;);,j-s,...,» is & symmetric #» X7 matrix such that 2,,=0 (cf.
p. 253 in I [5] where 2,,=1). We define operators ¢’(a) (resp. ¢**(a))
by (8) (resp. (14)) with '(p), ¥(p) replaced by " (p), v’ (p) and with
t=0. Fora,, ---,a,c Rsatisfying a,< - - - <a,, we abbreviate ¢"Y*"(a,)
(resp. ¢Y*™*)(q,)) to ¢, (resp. ¢{*)), and introduce the following main
objects in this note.
an Tal@sy + 5 03 D=L01 Qudwiays
A8) w0 ay -y @ DH=Vo@S @) 0P+ sy T
A9 W@ a4 -, 0,5 H=Vo@Xp @ 0" (=D yay [T
(e=i,j,j’=l, . "n)-

Here we mean by { ), the vacuum expectation value with respect
to creation and annihilation operators '’ (p) and 4 (p).

Denote by R, (=1, - - -,n), K and ‘K the integral operators with
kernels

» ap’ 1 (o—0o ——co—co’) 1 —getwirre
20 R,(p,p") = —— dp,
@0 i, p 21 VoV \o+o —o+o/2r p+p’ —i0 p
@1 K@, 0) W —( Dow+p)ap,
27 1 0
7
@2) Ko, ) L= (0 D)ow+s)dp,
2r 0 0
respectively. We set
R, 0 2K oo 2K
R — 'K 0 e MK
R= ,  AW=| 7 X .
'R, — K 1K .- 0
Then 2n X 2n matrix W= o®) "W (—D)). . - satisfies an inte-
Frdl=1y000,m
gral equation,
(23) A—RAWMUW)W=W|,,
where Wl,.o=(0,(8,,+0_..&) 0'e¥?), ... . Hence wH(p) is ex-
Jad'=1ye00sm

pressed as the following Neumann series.
(24) ’W?j’f"(p) — 5“,(51@ + o “s/)e—za,m
SRS dp dp
+ )1 J 2 B SR
l};ljz,-;,jz:l 27t"l/(1)1 27‘[’&(0; J1d2”td2ds Jidi+1
X @101 P+ ey =ayp)prt e 440y =gy 1) 0;
X (0 —€'e5,5,0)(@1F 5,700,900 * + (@116, 11151410 (B0, — 8 _ 18515, )
1 1 1 ., .
- e . (=75 J1:1=1)
P—D,410 D,—p,+i0 P, —p,+30 R
where w,= (D)), & =¢,.¢,,» and e, =1 (if 7>5), 0 (if j=7), —1 (if
7<j4). A similar expression for r, reads as follows.

25) logr,=— >+ 3 (90 [ 9B

i=2 21 ju-i=1d 2mie, 2riw,
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x,zjm. . -zmle“%‘“h“’l*""’““n“alﬁpt
X(w1+5/1/213€02)‘ . '(wl+ej;j1hw1)
1 ... 1
—‘pz"l‘io pz—p1+i0 )

3. We define w{(p) (k=2,3) to be the right hand side of (24)
with p—p,+140 replaced by »—p,—i0 (k=2) or by p—p,—1e,;;,0 (k=3).
This amounts to setting
26) wr(p)

=@+ 3 Q=+ T 20w,

27 w§e (p) w‘”“ (20)+ Z Ay h(l —e’)w?}:"-
Define 2n X 2n matrices Y(’“ = Y"”(p) by
(28) Y = (w"”” +wBe).

Then we have
(29) Y®(p)=1 “(pla(p)ret=?,

where L=diag (éy ] %’ 0,---, 0), A.= diag(_iav t "'iam ""iafl’
-, —1ia,) and
I O o B B NP TRRER P

=1 jg,eer, J=1 271.'7:(1)1
X @ @1~ @) Prt e+ ey =gy, )Py
X (615' - 6—13’61112(01)(&)1+611]213w2) e (a’l‘l +ejl—ljljl+1wl)
X (515(‘)1 - 6—1@/;/“_1)

(jlzj,, .'it+1=j)-

1 1 o 1
p—p1+1%,0 pi—p,+10 P —p+10
Here ¢/,=1 (k=1), —1 (k=2), —e¢,,;, (k=3). Each contour of inte-
gration in (80) can be deformed either into C, or into C_ of Fig. 1.
f/‘”(p) (resp. Y"”(p)) is holomorphic and invertible in the upper (resp.
lower) half p-plane, while ¥ ®(p) is holomorphic and invertible outside
C, and C_.

. . C. 72 n
o o Q /@

Cy=—iu* C=—1ip

Fig. 1 Fig. 2
For the inverse of Y"’”(p), we have
(31 (Y(k) l)ss, )= 015100 — i Z 4, t I d??z VINRINNE 'ZJLJH,,
2w,

121 jariri=1J 2mio,
Xei(ah—a/zwx ceetilag —ap,
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X (00 _5—ls’ej1jawl)(wl+5j1jgj3w2) cee (wl—l+ejl_ljljt+1wl)
X (5110)1 _5~leejljl+l)

” 1 o 1 1

—0.+90 P —D,+10 p—p,+ief) 0

=7, 1.=17).

Summing up, Y®(p) is a multi-valued holomorphic matrix with

regular singularities at p=c, (s=1, . - -, 4) and an irregular singularity

of rank 1 at p=co. Denote by 7, the path encircling ¢, (Fig. 2), and

by 7,Y®(p) the analytic continuation of Y®(p) along y,. Then we have
7. Y O(p)=Y®(p)M,, with

(32) M=M= S )

2\—A'4 4 —A'—4

b

(1 21,22,

M3=M4=—_:L z/'l:—l_i_c/z c/:1'-1__t/z ’ /I= O ]_ ...2.,2% '
2\ttt —tf-r1_t] . . .
0 0---1

4., For w=dlogr, we have a general formula —%tracei}
1=2

X (ADR)' 'A(MDAR (see [5]). This yields an expansion in 4 of o by
using the expressions for A(4), R and

1 o—o —o—0o ,
33 dR , N - _( > taj(p+2") ]
(33)  (@R)(p,p") Tovo\ote —ota) a,
1 (co-{-w —w+w )ewj(p,rp,) > de,
4«/(0«/(0 —0—0o' = (—c)®' +c,)’

Consider Taylor expansions: Y®(p)= Z Vonp—e)™ (s=1, 2),

Y®(p)= Z Ym(p ¢,)™ (s=38,4) and Y‘s)(p) Z V.. /p™. Expansions

in 4 of Ys,,,, Y .. as well as of Ys(,1 follow from (30) and (31). We note
that Y®(p) is so normalized that ¥.,=1. We find

(84) w= SZZ; % trace f’;olf’ledcs—% trace Y1V ., dA.

by comparing the series expression for o with that for the right hand
side.
Setting Q=dY®.Y®-! we have

4
(35) Q2= Zl A dlog (p—c)+d(pA.)+6

where A,=Y LY 3!, =[Y.,, dA.]. The integrability condition for 2,
d2—2*=0, has been worked out by K. Ueno [9] in a more general
situation. The resulting completely integrable deformation equations
read

(36) dA,=— > [A,, A,]dlog (¢,—c¢,)—[A4,, d(c,A.)+6],

87 (#8)
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@7 d6=—[dA., I'+6",

with I'=3 A,dc,. We also set A.,=> 4, and A.,=> 4., Now
(34) is rewritten as - -

38) w=—;- trace (Amszw+%@Am+é_ 7 (4,4, —Lidlog (c,—c,)

+FA°°).
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